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decade has passed since our last edition and with it has come both change 

and constancy in the world of graduate-level convective heat and mass 

transfer. One important change is our new coauthor, Bernhard Weigand, 
educated at Darmstadt University in Germany, and currently Professor and Direc- 
tor of the Institute for Aerospace Thermodynamics at Stuttgart University. 

As we have always done in the classroom, we assign a certain number of 
problems that promote the ideas of approximate analytical solutions to convec- 
tion. One example is the classic unheated starting-length problem, which has an 
integral solution that can be easily solved by incorporating gamma and beta func- 
tions, once the integrals are properly transformed. The resulting answers are quite 
compact and somewhat intuitive. So how does this relate to change? Beginning 
around the early to mid-1990s, graduate students began submitting solutions that 
were strictly numerical, as if the thought of analytical integration had never oc- 
curred to them. Had they done both, their transformed integrals would have been 
much easier to numerically integrate. This seems to coincide with the gradual 
departure of graduate-level engineering education away from higher-level math- 
ematics per se. In fact, numerical solutions can be economical and are often easy 
to produce, yielding valuable but sometimes unintended consequences. 

Students entering graduate-level convection courses have already been in- 
troduced to the world of convective heat and mass transfer through correlations 
for the heat-transfer coefficient, and their educational focus is mostly about how 
to make judicious choices for the correlations. This “handbook approach”’ per- 
mits an order-of-magnitude estimation for a large class of engineering problems, 
but it falls far short in understanding the relationship between the surface fric- 
tion, heat, and mass transfer and the corresponding flow fields for momentum, 
thermal energy, and mass concentration. And turbulent flow further complicates 
the understanding. 

In the classroom, as we strive to merge academic convection with “real- 
world” heat and mass transfer problems, we find that we usually need to focus on 
complex thermal boundary conditions and variable-property effects because of 
large temperature differences or high-speed flow. These issues, along with three- 
dimensional effects, are usually well beyond handbook analysis techniques. No 
matter what approach we take to solving these real-world problems, the solution 
format is similar: we develop a model for the problem based on assumptions, we 
solve the modeled problem, and then we compare the model performance to the 
real-world performance. To create a convective solution we utilize convective 
tools of various kinds, including approximate and/or exact analytical analysis, 
numerical analysis via computer codes, physical experiments and data analysis, 
and the powerful concept embodied in the heat-mass-momentum analogy. 
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There are several challenges facing heat-transfer engineers if they choose a 
numerical computer code as the tool appropriate to a given problem. They need 
to understand how the code works and what assumptions are embodied in the 
code. To some degree they need to know the trend of the answer before they 
begin to search for it. And as they choose a numerical code for solution they have 
to keep in mind the time and monetary cost of the choice. Often a simple time- 
and money-cost choice leads to an answer that is nearly the same as a more time- 
or money-cost-intensive solution (the 10-minute analysis versus the 10-hour 
analysis). 

There exists a strong analogy between numerical experimentation and 
physical experimentation, and the study of one enhances the effectiveness of 
performing the other. With either class of experimentation there are two essential 
requirements: the numerical/physical tool must be calibrated and the user of the 
tool must be “calibrated.” And with either class, the answers must be checked for 
plausibility, and an uncertainty analysis must be carried out to accompany the ac- 
quired data. Calibrating the user can usually be carried out by having him or her 
perform benchmark experiments that yield data which can be compared against 
benchmark results. Ideally the class of benchmark results will be drawn from 
approximate or analytical methods as well as “accepted” numerical or experimen- 
tal data. Convective examples might include reproducing fully developed heat 
transfer data or Blasius/Falkner-Skan data, or their turbulent counterparts. The 
end result is that the user learns how to not misuse the tool. Calibrating the tool 
requires the user to understand the limitations of the tool, and in the case of a nu- 
merical tool, to understand what physics are incorporated into the code contain- 
ing the numerics. This is an especially important check because, for commercial 
codes, experience shows that what is advertised is not a guarantee of what has 
been correctly implemented into the code. The end result is that the user gains 
confidence about how the limits of the tool match the assumptions that underlie 
the model. 

One of the grand masters of experimentation is Professor Peter K. Stein,’ a 
highly regarded expert on mechanical instrumentation. During his long career, he 
developed a unified approach to the engineering of measurement systems, and his 
belief is that one can and one must develop the knowledge to obtain “valid data on 
purpose.” We extend his philosophy to apply to the world of numerical convective 
heat and mass transfer, and it is in alignment with the ideas of calibration of the tool 
and the user (of the tool) before the tool is applied to convective problems. To this 
extent, the analogy between numerical experimentation and physical experimen- 
tation converges. 

New to this edition of the textbook is an increased emphasis on using nu- 
merical tools, and we have specifically focused on TEXSTAN. a boundary-layer 
teaching code for solving two-dimensional convective heat- and mass-transfer 
problems. The compiled code (together with extensive test data sets and an input 
Iegfesson Peter K. Stein can be located via his website at http://home.globalcrossing.net/~meas-sys/ 
index.html 
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manual) is freely available to the worldwide academic and research community. 
We hope that by incorporating numerical solutions in your study of convective 
heat and mass transfer you will enhance your understanding of the relationship 
between the surface friction, heat, and mass transfer and their respective flow 
fields. 

Also new to this edition, in response to reviewers, is an enlarged chapter on 
convective heat transfer with body forces. And this edition presents a completely 
rewritten set of mass-transfer chapters, including more engineering examples for 
both low and high transfer rates. By rewriting these chapters, we hope to provide 
the reader with more insight into a seemingly difficult subject. 

We note that the two chapters on heat exchangers have been removed from 
this current edition, because extensive material can be found in a republished 
form of the classic text on the subject by Professors Kays and London.’ 

We would !ike to thank the following reviewers for their feedback regarding 


the fourth edition: Sumanta Acharya, Louisiana State University; Srinath Ekkad, 


Louisiana State University; Pei-feng Hsu, Florida Institute of Technology; James 
R. Leith, The University of New Mexico; Ramendra P. Roy, Arizona State Uni- 
versity; Brian Vick, Virginia Tech; and Donald Wroblewski, Boston University. 
One of us (B. Weigand) gratefully acknowledges the many helpful discus- 
sions with Prof. J. von Wolfersdorf from Stuttgart University about the new edi- 

tion of the present book. 

W. M. Kays 

M. E. Crawford 

B. Weigand 


*Kays, W. M., and A. L. London: Compact Heat Exchangers, 3rd ed., Krieger Publishing Company, 
Melbourne, Florida, 1984. 


he trends in the development of the science of convective heat transfer, as 

described in the Preface to the Second Edition, 1980, have continued un- 

abated. The influence of the digital computer has become even more per- 
vasive since the personal computer came upon the scene, and today students and 
engineers can carry out computations at home or at their desk that 20 years ago 
would would have required a large mainframe computer and a well-staffed com- 
puter center. 

One must pose the same question as in the previous edition. Where does this 
leave the older analytic approach with its classical solutions for particular bound- 
ary conditions and its many approximate procedures for more general boundary 
conditions? And the answer to this question is the same: the classical approach 
has become less important, but it has still not lost its importance. 

This new edition has been prepared in response to this answer, but also in 
recognition of the continually growing importance of computer-based finite- 
difference solutions and new mathematical models, especially in the calculation 
of turbulent boundary layers. However, this is not a book on numerical methods, 
but rather, as before, an introduction to boundary-layer theory, recognizing the 
increasing importance of computer-based solutions. 

The old Chapter 4 on the differential equations of the boundary layer has 
been subdivided into two chapters, with all of the material on the turbulent 
boundary layer equations now in a new Chapter 5, and with a considerable ex- 
pansion of that material. 

The four chapters on the turbulent boundary layer and turbulent flow in 
tubes have been completely rewritten to reflect new methods and new exper- 
imental data. Most of the other chapters have been revised only moderately. 

A major change has been the inclusion of two new chapters on heat- 
exchanger analysis and design (Chapter 18) and on compact heat-exchanger 
surfaces (Chapter 19). The rationale for this addition is that heat-exchanger 
analysis and design provides one of the most important applications of convec- 
tive heat-transfer theory, and this is particularly true for heat exchangers 
involving gases. An introductory course in convective heat transfer should 
include a section on heat exchangers, and it is inconvenient to require students 
to have two textbooks. 

McGraw-Hill and the authors would like to thank the following reviewers 
for their many helpful comments and suggestions: Ralph Grief, University of 
California—Berkeley; John Lienhard, Massachusetts Institute of Technology; 
Jack Lloyd, Michigan State University; Terry Simon, University of Minnesota, 
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Brent Webb, Brigham Young University; and Ralph Webb, Pennsylvania State 
University. 
The authors would like to express their thanks to Kiran Kimbell for her 


editorial assistance in preparing the third edition. 
W. M. Kays 
M. E. Crawford 


hen the first edition of this book was being prepared in the early 

1960s, the art and science of convective heat transfer were well into 

what might be called the second phase. The first phase was the period 
of almost exclusive reliance on experimental correlations of overall heat-transfer 
behavior, with the pertinent variables reduced to the nondimensional groupings 
so familiar to all heat-transfer engineers. In the second phase the effort was in- 
creasingly to develop mathematical models of the basic phenomena and then to 
deduce system behavior through mathematical reasoning, an effort which greatly 
expanded the ability of the analyst or designer to handle new and complex appli- 
cations and which also enhanced understanding of the phenomena involved. The 
primary objective of the first edition was to bring together some of these analytic 
methods and results, to encourage their routine use by heat-transfer engineers, 
and perhaps also to encourage the development of a new breed of heat-transfer 
engineer with a somewhat different point of view. 

Since publication of the first edition in 1966, two closely related developments 
in convective heat transfer are having a profound influence. The large-capacity 
digital computer, together with new and better finite-difference techniques, has 
largely removed the mathematical difficulties of handling boundary-layer flows, 
and this has been especially significant in the case of turbulent flows. When it 
was no longer necessary to make mathematical compromises, it became possible 
to focus attention on the basic transport mechanisms, and thus our knowledge 
and our ability to model the basic mechanisms have greatly improved. It is 
now possible and practicable to routinely calculate both laminar and turbulent 
boundary layers, and tube flows, with high precision for a very wide variety of 
conditions. 

The question now is: Where does this leave the older analytic approach with 
its classical solutions for particular boundary conditions and its many approxi- 
mate procedures for more general boundary conditions? The authors have two 
answers to this question. Intelligent use of computer-based methods requires an 
understanding of both the basic processes and, in at least a general way, the con- 
sequences of particular sets of conditions. This understanding is difficult to ob- 
tain when the computer is relied on exclusively. Equally important is the fact that 
a very high percentage of engineering heat-transfer problems do not require the 
high precision and detail genera!ly available from a computer solution, but they 
are problems for which quick, low-cost answers are essential. For such problems 
the computer-based finite-difference solution is elegant, but overkill. The point at 
which overkill occurs is moving inexorably away from the classical methods, but 
in the authors’ view the distance to go is still large, and in any case is going to 
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vary greatly with local conditions. It is a question of engineering judgment; an 
engineer must optimize not only the system being designed but also his or her 
own expenditure of time. 

In this second edition the authors have retained the basic jobjectives of the 
first edition, while at the same time modernizing it and shifting emphasis where 
appropriate, but they have also tried to provide a theoretical framework for finite- 
difference methods. The relevant differential equations are developed, and sim- 
ple turbulent transport models applicable to finite-difference procedures are 
discussed. Since the literature abounds with references to computer programs 
and model developments, the authors have tried mainly to refer to survey articles 
in the discussions. 

As before, not everything can be covered. The topics chosen and the depth 
of coverage represents a personal judgment as to what is of first importance for 
a mechanical, aerospace, or nuclear engineering student at about the fifth-year 
level. A chapter on free convection has been added, and the discussion of the 
effects of surface roughness has been greatly expanded. Several chapters have 
been reorganized to completely separate laminar and turbulent flows, and the ap- 
proach to turbulent transport processes has been drastically modified. Because of 
their continuing evolution, though, higher-order turbulence closure models are 
not discussed. Finally, it should be emphasized that only two-dimensional 
boundary-layer flows are treated, and only single-phase systems are considered. 

Finally, the second author would like to express his gratitude to Professor 
Kays for the honor and privilege of being asked to coauthor the second edition. 
Professor Kays’ style of teaching, both in the classroom and otherwise, and his 
approach to the subject of heat transfer will be forever with me. I would also like 
to express my indebtedness to Professor R. J. Moffat at Stanford, who taught me 
all I profess to know about experimental heat transfer and the art of written and 
oral communication. Lastly, I would like to express appreciation to two more 
colleagues, Professor A. L. London at Stanford and Professor J. L. Smith, Jr, at 
M.LT., who have taught me the closely allied field of thermodynamics and the 
general methodology behind engineering problem solving. 

W. M. Kays 
M. E. Crawford 


empirical sciences, and engineering design was accomplished almost ex- 

clusively by the use of experimental data, generalized to some degree by 
dimensional analysis. During the past two decades great strides have been made 
in developing analytical methods of convection analysis, to the point where 
today experiment is assuming more its classical role of testing the validity of the- 
oretical models. This is not to say that direct experimental data are not still of 
vital importance in engineering design, but there is no question that the area of 
complete dependence on direct experimental data has been greatly diminished. 
With this change our understanding of convection phenomena has been greatly 
enhanced, and we find ourselves in a position to handle, with confidence, prob- 
lems for which experiment would be time-consuming and expensive. This book 
has been prepared as a response to this trend. 

It is axiomatic that the engineering student must learn to reason from first 
principles so that she or he is not at a loss when faced by new problems. But time 
spent solving a complex problem from first principles is time wasted if the solu- 
tion already exists. By their very nature analytic convection solutions often tend 
to be lengthy and difficult. Thus familiarity with, and an understanding of, some 
of the more important of the available analytic convective solutions should be an 
important part of the background of the heat-transfer engineer. One of the objec- 
tives of this book is to bring together in an easily usable form some of the many 
solutions to the boundary-layer equations. Although these are available in the 
heat-transfer literature, they are not always readily accessible to the practicing 
engineer, for whom time is an important consideration. 

The author feels that a study of these solutions, in a logical sequence, also 
provides the best way for a student to develop an understanding of convective 
heat and mass transfer. Thus it is hoped that this book will serve both as a class- 
room text and as a useful reference book for the engineer. 

This book is the outgrowth of a set of notes which the author has developed 
over the past ten years to supplement lectures in the “convection” portion of a 
one-year course in heat transfer for first-year graduate students. The students in 
the course have been largely mechanical, nuclear, and aeronautical engineers, in- 
terested in problems associated with thermal power systems and thermal envi- 
ronmental control. 

It is assumed that the student has a typical undergraduate background in 
applied thermodynamics, fluid mechanics, and heat transfer. Heat transfer, al- 
though not mandatory, is usually of considerable help in orienting the student’s 
thinking and establishing a sense of need for a deeper study of the subject. In 
particular, some familiarity with the commonly employed empirical methods of 
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calculating convection heat-transfer rates is assumed, but only so that the student 
has an appreciation for the usefulness of a heat-transfer coefficient and some 
grasp of the basic physics of the convection process. 

The choice of subject matter reflects quite frankly the author’s own interests, 
and the depth to which each topic is pursued represents a compromise made nec- 
essary by what can be practicably accomplished in approximately one semester (or 
perhaps two quarters). It will be found that the momentum boundary layer is heav- 
ily compressed, with only sufficient material presented to support the heat- and 
mass-transfer sections. The student desiring to concentrate heavily in boundary- 
layer theory will undoubtedly want to take a separate course on viscous fluid 
mechanics, for which adequate texts exist. And, for that matter, there is certainly 
a great deal more to convective heat and mass transfer than is presented here, not 
only in the topics considered but also in those net even mentioned. In the latter 
category the reader may miss such topics as natural convection, heat-exchanger 
theory, rotating surfaces, nonsteady flows, two-phase flows, boiling and conden- 
sation, non-Newtonian fluids, internally radiating gases, rarefied gases, magne- 
tohydrodynamic flows, and coupling between heat and mass transfer. But this 
only suggests why second editions are usually bigger than first editions. 

Finally, I would like to acknowledge my indebtedness to some of my col- 
leagues, without whose assistance, conscious or otherwise, this book could never 
have been written. First, Professor A. L. London taught me all that I profess to 
know about teaching, introduced me to heat transfer, and has been a constant 
source of help and inspiration. Professor W. C. Reynolds has. worked with me on 
some of the research that is summarized in the book, and substantial parts of 
it are the result of his work alone. Several months spent with Professor D. B. 
Spalding at Imperial College in London were a rare privilege, and his influence 
will be found throughout the book. But most specifically, Spalding’s generaliza- 
tion of the convective mass-transfer problem forms the entire basis for the last 
three chapters. Although available in Spalding’s many papers, it is hoped that its 
inclusion here will encourage its more extensive use. Lastly I would like to ex- 
press appreciation to Mr. R. J. Moffat, who read the manuscript and made many 
helpful suggestions. 

W. M. Kays 
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Van Driest constant 

flow cross-sectional area, m? 

surface area, m? 

mass transfer driving force 

transpiration parameter 

heat transfer transpiration parameter 

Boussinesq number, Gr Pr’ 

Brinkman number, V?/(q”D) 

transpiration parameter 

transpiration parameter 

surface curvature in flow direction, 1/R, 1/m 

drag coefficient 

V/Uo.R, a curvature parameter 

specific heat at constant pressure, J/(kg - K) 

molar concentration 

local friction coefficient 

mean friction coefficient with respect to length 

apparent mean friction coefficient 

value of local friction coefficient with vanishingly small mass- 
transfer rate 

specific heat at constant volume, J/(kg - K) 

specific heat at constant pressure for component j of a mixture, 
I/(kg - K) 

inside diarneter of a circular tube, m 

hydraulic diameter, D, = 4r;, = 4A,L/A,m 

mass diffusion coefficient for component j in a multi-component 
mixture, m*/s 

outside diameter of a circular tube, m 

mass diffusion coefficient for a binary (two-component) mixture, 
m’/s; note that D,, = Bj; 

rate of energy transfer by convection across a control surface, J/s, W 
internal thermal and chemical energy, J/kg 

mass flux ratio, m”/G 

resultant of all external forces acting on a control volume, N 
mass flux, or mass velocity, pu, kg/(m? - s) 

Clauser shape factor 
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mass velocity in the free-stream, OUco, kg/(m* - s) 

mass flux, or mass velocity vector, pV, at any point in the stream, 
kg/(m? - s) 

components of the mass flux vector, kg/(m? - s) 

mass flux of component j transported hs sues kg/m? 

local Grashof number, g8(7; — To.) W3 fv v 

modified Grashof number, gBq/’x*/kv? 

Grashof number based on diameter 

Grashof number based on L = surface area/surface perimeter 
mass transfer conductance, kg/(s - m7) 

enthalpy conductance, kg/(s - m?) 

acceleration due to gravity, m/s” 

value of mass-transter conductance for vanishingly small mass- 
transfer rate, kg/(s - m7) 

boundary layer shape factor 

heat of combustion, per unit of fuel mass, at a reference temmpera- 
ture To, J/kg . 

heat-transfer coefficient, or convection conductance, W/(m? - K) 
roughness heat-transfer coefficient, W/(m7 - K) 

static enthalpy, and enthalpy of a mixture, e + P/p, J/kg 
fluctuating component of static enthalpy, J/kg 

time-mean static enthalpy, J/kg 

partial enthalpy of component j of a mixture, J/kg 

stagnation enthalpy, i + 5u*, J/kg 

time-mean stagnation enthalpy, J/kg 

reference enthalpy for evaluation of fluid properties, J/kg 
acceleration parameter 

equilibrium constant 

instantaneous value of turbulence kinetic energy, Sulul, m?/s? 
fluctuating component of k, k’ = k — k, m?/s? 

time-mean value of k, u/u}, m*/s* 

thermal conductivity, W/(m - K) 

k+k, 

equivalent “sand grain” roughness, m 

eddy or turbulent conductivity, W/(m - K) 

thermal diffusion ratio 

flow length of a tube, m 

characteristic length 

Lewis number, yj / I, Pr/Sc; (sometimes defined as the inverse 
of this) . 

mixing length, m 

turbulence length scale, m 

blowing-rate parameter 

Mach number 

mass, kg 
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exponent 

mass concentration (mass fraction) of substance j in a mixture 
mass flow rate, kg/s 

total mass flux (mass-flow rate per unit area) at surface or phase 
interface, kg/(m? - s) 

mass flux of substance j at surface or phase interface, kg/(m? - s) 
rate of creation of substance j, per unit volume, by chemical reac- 
tion, kg/(m? - s) 

molecular weight, kg/kmol 

mass fraction of element a in a mixture of compounds 

mass fraction of element a in a compound substance j 

Nusselt number, hD/k, 4r,h/k,hD,/k, xh/k 

pressure, Pa, N/m? 

partial pressure of substance a in a gas mixture, Pa, N/m? 
fluctuating component of pressure, Pa, N/m? 

local time-mean value of pressure, Pa, N/m? 

tube perimeter, m 

nondimensional pressure gradient (wall coordinates) 
conserved property of the second kind 

Péclet number, Re Pr 

turbulent Péclet number, ¢y/v 

Prandtl number, uwc/k, w/T, v/a 

Mest / (Kett/C) 

turbulent Prandtl number 

heat, energy in transit by virtue of a temperature gradient, J 
heat transfer rate, W 

heat flux vector, heat-transfer rate per unit area, W/m? 

heat flux, heat-transfer rate per unit area, at surface or phase inter- 
face, W/m? 

universal gas constant, J/(kg - K) 

radius of a body of revolution, radius of a cylinder or sphere, m 
radius of curvature in flow direction, m 

universal gas constant, J/(kmol-kg) 

Rayleigh number, Gr Pr 

Richardson number, (u/R)/(du/dR) 

radial distance in cylindrical or spherical coordinates, m 
boundary layer thickness ratio, A/é 

mass ratio of oxidant to fuel in a simple chemical reaction 
recovery factor 

hydraulic radius, A-L/A, m 

inner radius of annulus, m 

outer radius of annulus, m 

radius of a circular tube, m 

nondimensional radial coordinate, r/7r, 

r,/rj, radius ratio for annulus 
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Reynolds number, 47;,G/, DG/L, XUgo P/M, XUco/V, b2Uc0/V, 
AnUoo/V, ete. 

roughness Reynolds number, k,u,/ 

Reynolds number of turbulence 

energy source in control volume, J 

source function, thermal energy created per unit volume, W/m? 
strain rate tensor, 1/s 

Schmidt number, ./y;,m/o Dp 

Schmidt number for diffusion of turbulence kinetic energy 
Schmidt number for diffusion of turbulence dissipation 
Sherwood number, gx/y 

Stanton number, h/ Gc, h/(upc) 

value of local Stanton number with vanishingly small mass- 
transfer rate 

roughness Stanton number 

entropy, J/(kg - K) 

temperature, °C or K 

boundary layer shape factor 

reference temperature for evaluation of fluid properties, K 
turbulence intensity 

time, s 

fluctuating component of temperature, °C or K 

time-mean value of temperature 

apparent turbulent heat flux, (K - m)/s 

adiabatic wall temperature, °C or K 

fluid temperature at entrance to a tube, °C or K 

mixed mean fluid temperature, °C or K 

fluid temperature at surface or phase interface, °C or K 
temperature in the free stream at the outer edge of the boundary 
layer, °C or K 

stagnation temperature, K 

dry-bulb temperature, °C 

wet-bulb temperature, °C 

nondimensional temperature in wall coordinates 

velocity component in the x direction, m/s 

fluctuating component of velocity in the x direction, m/s 
time-mean velocity in the x direction, m/s 

velocity at centerline of tube, m/s 

turbulent shear stress in a two-dimensional boundary layer, N/m?” 
turbulent velocity—body force correlation, N/(s - m*) 
generalized velocity in tensor notation, m/s 


turbulent stress tensor or Reynolds stress tensor, N/m? 


enthalpy flux vector, J/(s - m?) 
nordimensional velocity in wall coordinates; also nondimensional 
velocity in a tube, u/V 
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Uz “shear velocity” or “friction velocity,” m/s 

Use velocity in the free stream at the outer edge of the boundary layer, m/s 

V volume, m3 . 

V mean fluid velocity in a tube, m/s; also uniform velocity upstream 
of a blunt body, m/s 

V velocity vector, m/s 

Vv’ fluctuating component of the velocity vector in a turbulent flow, m/s 

Vv local mean value of the velocity vector, m/s 

v velocity component in the y direction, m/s 

v’ fluctuating component of velocity. in the y direction, m/s 

es local time-mean velocity in the y direction, m/s 

pcv'T’ turbulent heat flux in a two-dimensional boundary layer, J/(s - m*) 

v fluid specific volume, m?/kg 

Us normal fluid velocity at a surface, m/s 

vt nondimensional form of v, in wall coordinates 

U; velocity component in the r direction, m/s 

W mechanical or electrical work, J, N - m 

W rate of doing mechanical work, J/s, W 

w velocity component in the z direction, m/s 

w’ fluctuating component of velocity in the z direction, m/s 

Ww local time-mean velocity in the z direction, m/s 

x body force acting on a fluid in the x direction per unit of volume, 
N/m? 

x’ fluctuating component of body force in the x direction, N/m? 

Xx body force acting in ‘e x; direction, N/m* 

x a spatial coordinate in Cartesian and cylindrical systems; also flow 
length in a tube, or distance measured along the surface of a body, m 

ae mole fraction, c;/c 

x vector location (x, y, Z) or (%1, X2, x3) 

hl nondimensional axial distance inside a tube, (x/r,)/(Re Pr); also 
nondimensional form of x in wall coordinates 

Xi ak; generalized coordinates in tensor notation, m 

¥ upper-bound value of spatial coordinate y in integral-equation 
control volume analysis, m 

y a spatial coordinate in a Cartesian system, distance normal to the 
surface in a boundary layer, m 

ye nondimensional distance from wall in wall coordinates 

z a spatial coordinate in a Cartesian system; also elevation with 
respect to a given datum in a gravity field, m 

Greek letter symbols 

o! molecular thermal diffusivity, k/pc, m?/s 


DDD 


a pressure-gradient parameter 
wedge angle 
volumetric coefficient of thermal expansion, | 
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thermal diffusion coefficient, k/c, kg/(m - s) 

gamma function 

ratio of specific heats, c/c, 

mass-diffusion coefficient for substance j in a mixture, pDj, 
kg/(m - s) 

designates a difference when used as a prefix 

thickness of a thermal boundary layer, m 

enthalpy thickness of a thermal boundary layer, m 

conduction thickness of a thermal boundary layer, k/h, m 
thickness of a momentum boundary layer, m 

differential displacement of the variable ( ) 

displacement thickness of a momentum boundary layer, m 
momentum thickness of a boundary layer, m 

Clauser boundary-layer thickness, m 

shear thickness of a boundary layer, m 

99 percent boundary-layer thickness, m 

Kronecker delta function 

roughness displacement in mixing length 

turbulence dissipation rate, N/(s - m*) 

eddy diffusivity for heat transfer, m?/s 

eddy diffusivity for momentum transfer, m?/s 

eddy diffusivity for the diffusion of turbulence kinetic energy, 
m?/s 

eddy diffusivity for the diffusion of turbulence energy dissipation, 
m?/s 

dependent variable in Blasius equation, u/u. = ¢'(n) 

similarity parameter; independent -variable in Blasius and other 
similarity solution equations 

film-cooling effectiveness 

(T, — T)/(Z, — T.), nondimensional fluid temperature in a tube 
nondimensional temperature used in full-coverage film cooling 
(T, — T)/(T, — T,.), nondimensional fluid temperature in an 
external boundary layer, for the case of a step change in surface 
temperature 

temperature difference, °C or K 

angular coordinate in a spherical system 

mixing-length constant 

inclination angle of a flat plate 

nondimensional boundary-layer parameter 

mixing length constant . 

dynamic viscosity coefficient, Pa - s, N - s/m? 

eddy or turbulent viscosity, Pa - s, N - s/m? 

+ pe ; 

kinematic viscosity, j4/, m7/s 
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g distance from beginning of tube or plate to point where heat trans- 
fer starts; also a dummy length variable; may be dimensional or 
nondimensional, according to context 


p fluid density, mass per unit volume, kg/m? 

o Stefan—Boltzmann constant, W/(m? - K*) 

oO normal stress on an element of fluid, Pa, N/m? 
Gi; fluid stress tensor, Pa, N/m? 

€ shear stress, Pa, N/m? 

Ti; viscous stress tensor, Pa, N/m? 

TG shear stress evaluated at wall surface, Pa, N/m? 
gp angular coordinate in cylindrical and spherical coordinate systems 
go dissipation function 

Q relative humidity 

® diffusion coefficient, I, y; 

wv stream function, m?/s 

wo absolute humidity, kg (vapor)/kg (dry air) 

25; rotation tensor 

Superscripts 

* value at vanishingly small mass-transfer rate 
Subscripts 


evaluated at centerline of tube 

evaluated within the boundary layer or considered phase but at the 
surface or wall 

O refers to the outer surface of an annulus 

oo outer surface of an annulus when outer surface alone is heated 
lee) evaluated at the free stream 

D evaluated based on diameter 
e 

m 

R 


Aa GS 


evaluated ai the tube entrance 

evaluated at the mixed mean state; also denotes other mean values 
refers to reference temperature, or properties evaluated at refer- 
ence temperature; radius of cylinder 


3 evaluated at a particular point along the surface 

aw evaluated at “adiabatic” wall state 

L evaluated at the surface but within the neighboring phase 

‘i evaluated at the transferred-substance state 

J refers to a substaice j that is a component of a mixture 

a refers to a particular chemical element a in a compound and/or 
mixture 

i refers to the inner surface of an annulus 


il inner surface of an annulus when inner surface alone is heated 
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CP refers to constant-property solution with all fluid properties intro- 
duced at either mixed-mean or free-stream state 

® refers to solution for constant heat rate per unit of tube length 

® refers to solution for constant surface temperature 


(The meanings of other subscripts should be apparent from the context of their 
use.) 


Note ‘ 


The dimensions of all quantities listed are given in standard SI base or derived 
units, or both. Some quantities are customarily expressed in decimal multiples or 
submultiples of these units, and care should be taken to note this fact in making 
arithmetic calculations. Typical examples are pressure, usually expressed in kilo- 
pascals, kPa, specific heat capacity, kJ/(kg - K), and enthalpy, MJ/kg or kJ/kg. 


Introduction 


mong the tasks facing the engineer is the calculation of energy-transfer 

rates and mass-transfer rates at the interface between phases in a fluid 

system. Most often we are concerned with transfer at a solid—fluid inter- 
face where the fluid may be visualized as moving relative to a stationary solid 
surface, but there are also important applications where the interface is between 
a liquid and a gas. 

If the fluids are everywhere at rest, the problem becomes one of either sim- 
ple heat conduction where there are temperature gradients normal to the interface 
(which will be subsequently referred to as the surface) or simple mass diffusion 
where there are mass concentration gradients normal to the surface. However, if 
there is fluid motion, energy and mass are transported both by potential gradients 
(as in simple conduction) and by movement of the fluid itself. This complex of 
transport processes is usually referred to as convection. Thus the essential feature 
of a convective heat-transfer or a convective mass-transfer process is the trans- 
port of energy or mass to or from a surface by both molecular conduction pro- 
cesses and bulk fluid movement. 

Popular usage forces us to use the term convection somewhat loosely. We 
will speak of the convective terms in our differential equations, as opposed to 
diffusive terms; here we refer to that part of the transport process attributable to 
the bulk fluid motion alone. 

If the fluid motion involved in the process is induced by some external 
means (pump, blower, wind, vehicle motion, etc.), the process is generally called 
forced convection. If the fluid motion arises from external force fields, such as 
gravity, acting on density gradients induced by the transport process itself, we 
usually call the process natural ccnvection. 

Engineering applications of convective heat and mass transfer are extremely 
varied. In a multifluid heat exchanger we are concerned solely with heat-transfer 
rates between the fluids and the solid surfaces of the heat exchanger separat- 
ing the fluids. Calculation of the temperature of a cooled turbine blade or the 
throat of a rocket nozzle involves convective heat transfer alone, but if a fluid is 
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injected through the surface (transpiration cooling), the problem is also a mass- 
transfer one. If the surface material is allowed to vaporize and/or burn to protect 
it from a high-temperature gas (ablation), we have another combination convec- 
tive heat- and mass-transfer problem. The aerodynamic heating of high-speed 
aircraft is a convective heat-transfer process, but it also becomes a mass-transfer 
process when temperatures are so high that the gas dissociates, forming mass 
concentration gradients. The sling psychrometer presents a combination heat- 
and mass-transfer process. Combustion of a volatile fluid in air involves heat and 
mass transfer as well as chemical reaction within the transfer region. 

Obviously the combination heat-transfer, mass-transfer, and chemical reac- 
tion problem is the most challenging of the convection problems. Nevertheless, 
the bulk of this book is devoted to convective heat transfer, for it will be shown 
that for many applications the mass-transfer and the combination problems lead 
(after suitable simplifying assumptions) to the same differential equations as 
simple heat transfer. Thus much of convective heat-transfer theory can be used 
directly in mass transfer, and it is perhaps simpler to develop the solutions on the 
heat-transfer framework than to employ a more general approach. 

In simple convective heat transfer, it is convenient in most cases to define a 
convection heat-transfer conductance, or coefficient, such that the heat flux at 
the surface is the product of the conductance and a temperature potential differ- 
ence. Thus 


q, = h(T; — Tr) (1-1) 


The conductance h is essentially a fluid mechanic property of the system, 
whereas the temperature difference is, of course, a thermodynamic quantity. The 
usefulness of Eq. (1-1) lies largely in the fact that in a great many technical 
applications q’ is close to being directly proportional to T, — T», as the linearity 
of the applicable differential equation reveals. Nevertheless, numerous nonlinear 
problems are encountered where h itself is a function of the temperature differ- 
ence. It is important to note that this does not destroy the validity of Eq. (1-1) as 
a definition of h, although it may well reduce the usefuliess of the conductance 
concept. 

In convective mass transfer we find it convenient to define a convective 
mass-transfer conductance-such that the total mass flux at the surface is the 
product of the conductance g and a driving force B. Thus 


m" = eB (1-2) 


The conductance g is again essentially a fluid mechanic property of the system, 
whereas the driving force B is a thermodynamic property.’ However, it is a some- 
what more subtle property than the simple temperature difference of Eq. (1-1), and 
it has quite a different meaning depending on the nature of the problem. As a 


‘The mass-transfer development here is based largely on the work of D. B. Spalding while at the 
Imperial College of Science and Technology, London. 
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matter of fact, Eq. (1-1) can be extracted as a special case of Eq. (1-2), but con- 
sideration of the rather general nature of Eq. (1-2) is deferred until after simple 
convective heat-transfer theory is developed. The mass-transfer problem can 
also be nonlinear, which simply means that g becomes a function of B as well as 
the fluid mechanics of the system, but this again does not destroy the validity of 
Eq. (1-2). 

In relatively simple mass-transfer applications where there are no chemical 
reactions, and where the mass concentrations of the transferred substance are 
small relative to 1, Eq. (1-2) will be shown to reduce to 


m” = g(m;,— m;) (173) 


where the m; are mass concentrations. Equation (1-3) has the same form as 
Eq. (1-1), and this fact has given rise to heat- and mass-transfer analogies. How- 
ever, it is important to realize that Eq. (1-3) is but a special case of the more 
general Eq. (1-2). 

Stated in the simplest possible way, the primary objective of this book is to 
develop methods to evaluate the functions h and g for a variety of engineering 
applications. Knowing h, we can evaluate q’ given the temperature difference, 
or vice versa. For the mass-transfer, or combination, problem we also have to 
learn how to evaluate B, since B is not quite so simple as the temperature differ- 
ence of the heat-transfer problem. 

Almost all of the applications considered in this book are those for which the 
so-called boundary-layer approximations are valid. That is, consideration will be 
restricted to a thin region near a phase boundary where most of the resistance to 
momentum, heat, and mass transfer resides. The vast majority of heat- and mass- 
transfer problems of engineering interest are subsumed under this restriction, but 
certainly by no means all. However, the solution of convection problems, usually 
three-dimensional, for which the boundary-layer approximations are not valid is 
beyond the scope of this book, although the basic differential equations for such 
problems are indeed developed. 

In the solution of practically all heat- and mass-transfer convection ptob- 
lems, the corresponding fluid dynamic problem must first be solved, provided it 
is not completely coupled to the heat- and mass-transfer problems. Although this 
is not intended to be a book on viscous fluid dynamics, it will prove convenient 
to develop a considerable portion of viscous momentum boundary-layer theory 
to provide the foundation on which convection theory can be built. The criterion 
for selection of topics is simply that only those parts of momentum boundary- 
layer theory are developed that contribute directly to convection solutions to 
follow. 

A final introductory note should be added about the manner of development 
of the various partial differential equations. In their most general form the equa- 
tions are large and cumbersome, and the basic physics going into their develop- 
ment is often obscured by algebraic complexity. To provide a simple and clear 
development, we derive all differential equations in two dimensions and at the same 
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time introduce the conventional boundary-layer approximations. Following this, in 
each case we extend the equations to three dimensions, dropping the boundary- 
layer approximations, and finally we render the equations in vector notation, and 
in some cases Cartesian tensor notation. Nothing is really lost by this procedure, 
for the extensions will be perfectly clear and obvious, and much is gained in 
algebraic simplicity. And, of course, it is generally the boundary-layer equations 
that we solve later, although we have the more general equations at our disposal 
when we need them. 


Conservation Principles 


appropriate conservation principle and one or more flux laws. In this chap- 

ter we set down the ground rules that we will employ for application of the 
conservation principles and then introduce these principles and a suitable system 
of nomenclature. 


T he solution of a convection problem starts with the combination of an 


THE CONTROL VOLUME 


Consider a defined region in space across the boundaries of which mass, energy, 
and momentum may flow, within which changes of mass, energy, and momen- 
tum storage may take place, and on which external forces may act. Such a region 
is termed a control volume, and the boundary surfaces are called the control surface. 
The contro] volume comprises our region of interest in application of the various 
conservation principles discussed below. The volume may be finite in extent, or 
all its dimensions may be infinitesimal. 

The complete definition of a control volume must include at least the implicit 
definition of some kind of coordinate system, for the control volume may be 
moving or stationary, and the coordinate system may be fixed on the contro! vol- 
ume or elsewhere. 

A control volume across whose surface no matter passes during the process 
in question is sometimes referred to as a fixed-mass system, or a simple thermo- 


dynamic system. 


PRINCIPLE OF CONSERVATION OF MASS 


Let the term creation have the connotation of outflow minus inflow plus increase 
of storage: then the principle of conservation of mass, when applied to a control 
volume (Fig. 2-1), may be expressed as 


Rate of creation of mass = 0 (227) 
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Figure 2-1 Control volume for application of conservation-of-mass principle. 


If, in a flow system, the relative velocity normal to the control surface is 
designated as V, m/s, the total mass flux crossing the surface is 


G=pV,_ kg/(s-m’) (2-2) 


where p is the fluid density. 
If G is constant over a cross-sectional area A, the total rate of mass flow 
across A is then 


m=GA=pVA, kg/s (2-3) 


THE MOMENTUM THEOREM 


The momentum of an element of matter may be defined as a quantity equal to the 
product of the mass of that element and its velocity. Since velocity is a vector 
quantity, momentum is also a vector quantity. The momentum theorem may be 
expressed either in vector form or, using a Cartesian coordinate system, as sepa- 
rate equations for the x, y, and z directions, employing the components of 
momentum and external forces in each of these respective directions. The 
momentum theorem, when applied to a control volume, as in Fig. 2-2, may be 
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Figure 2-2 Control volume for application of momentum theorem. 
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expressed vectorially as 
Rate of creation of momentum = F (2-4) 


with the following notation: 


mV Momentum 


m mass, kg 

Vv velocity, referred to an inertial or nonaccelerating coordinate 
system, m/s 

mV momentum rate across control surface 

m rate of mass flow across control surface, kg/s 

F resultant of all external forces acting on control surface or volume, N 


Again the term creation has the same connotation as for Eq. (2-1), that is, 
outflow minus inflow plus increase of storage. 

Application of Eq. (2-4) involves a summation of the momentum flux terms 
over the entire control surface to evaluate the outflow and inflow terms, a sum- 
mation of rates of changes of momentum over the control volume to evaluate the 
increase-of-storage term, and a summation of the external forces over the surface 
and/or volume to evaluate the resultant external force. 

Note that the velocities associated with the outflow and inflow terms are, in 
general, different from the velocities involved in the storage terms, and all must 
be referred to a nonaccelerating coordinate system. 


PRINCIPLE OF CONSERVATION OF ENERGY 


The principle of conservation of energy is a general expression of the first law of 
thermodynamics as applied to a control volume. Consider the energy that might 
cross the control surface and the changes of energy storage that might take place 
in the control volume shown in Fig. 2-3. The principle of conservation of energy 
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Figure 2-3 Control volume for application of conservation-of-energy principle. 
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can then be stated as 
Rate of creation of energy = S (2-5) 


where S is the energy source within the control volume, in joules. 

Application of Eq. (2-5) involves the same kind of summation as required for 
Eqs. (2-1) and (2-4). Energy can cross the surface in the form of work or heat trans- 
fer, or it can cross as energy stored in any mass that flows across the surface. Some 
of the forms of energy frequently encountered in flow systems are as follows: 


Energy that can cross a control surface 


Mechanical W 
(or electrical) work 
Flow work Work done by each unit mass of flowing fluid 


on the control volume, or by the control volume, 
as it flows across the control surface. In general, 
the flow work done by a unit mass is equal to 
the product of the normal fluid stress and the 
fluid specific volume, both evaluated at the 
control surface. If velocity gradients are not 
large, the normal stress is essentially the simple 
thermodynamic pressure, and the unit flow work 
becomes merely Pv, where v is the specific 
volume of the fluid. 


Heat ~  q, energy transferred by virtue of a temperature 
gradient 


Energy stored per unit mass as it crosses the control surface 


Internal thermal e (including stored chemical energy) 
energy 
Kinetic energy 3V? 
Potential energy gz, where z is elevation with respect to some 


datum in a gravity field of constant strength g 
Enthalpy i, a thermodynamic property, the sum e + Pv 


Fluid Stresses and Flux Laws 


stresses and the shear stresses in a viscous fluid as well as the basic flux laws 

we will use to evaluate local heat flux and local mass diffusion flux. In Chap- 
ter 4 we combine these relations with the conservation principles of the previous 
chapter to develop a set of differential equations that must be satisfied in the region 
of interest. 


I n this chapter we set forth the equations we will use to evaluate the normal 


VISCOUS FLUID STRESSES 


Let us draw a rectangular box around a point in a viscous fluid flow field, as 
illustrated in the Cartesian coordinate representation in Fig. 3-1. This two- 
dimensional box defines the stress nomenclature to be employed. Normal 
stresses are designated by o and shear stresses by t. The subscript convention 
follows that of elastic body mechanics. Notation is shown for the xy plane, with 
a similar scheme employed for the xz and yz planes. 

For a Newtonian fluid (and only Newtonian fluids are considered here), the 
shear stresses are postulated to be directly proportional to the time rate of defor- 
mation of a fluid element, the proportionality factor being the dynamic viscosity 
coefficient jz. In Cartesian coordinates, with u, v, w representing the components 
of velocity in the x, y, z directions, again as shown in Fig. 3-1, the shear stresses 
then become 


dv. ou 

Tay = Ton Ft \ a ats ay (3-1) 
dw dv 

-=jmH= Ee 3-2 


0 Ow 
Tex = Txz = M (= 2h | (3-3) 
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Figure 3-1 Stresses acting on element of fluid; components of fluid velocity. 


The equations for the normal stresses in a viscous fluid are simply postulated 
here without development or further argument. They can be derived for a simple 
gas by the kinetic theory of gases, but require certain critical assumptions for a 
more general development. In particular, the use of — § pz as the coefficient of the 
second term appears to be strictly limited to the low-density gas regime.’ 
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P is the simple thermodynamic pressure under these assumptions and, for 
the majority of applications, is the only term of real significance. For a constant- 
density fluid it is seen later that the second term in each equation is always zero 
and that only when there are very large velocity gradients in the direction of the 
stress (last term) does o differ appreciably from P. Analysis of a normal shock 
wave is an example where all the terms are of significance. 

Equations (3-1)—-(3-6) can be compactly written using Cartesian tensor 
notation’ as 


Ou; OU; Zin 0 
oi; = —PSi;, + u (s fs 7) ae Rees (3-7) 
j k 


Some representative data on viscosity coefficients of fluids are given in 
App. A. The viscosity coefficient varies somewhat with the temperature of a fluid. 
Generally for a liquid it is a decreasing function of temperature, whereas for a gas 
it is an increasing function. jz has the dimensions Pa - s, or kg/(m - s). 


FOURIER’S LAW OF HEAT CONDUCTION 


Fourier’s law of heat conduction states that heat transfer by molecular interac- 
tions at any point in a solid or fluid is proportional in magnitude and coincident 
with the direction of the negative gradient of the temperature field. Conduction 
heat transfer is thus a vector quantity, and the basic Fourier equation for the heat 
flux vector is 


q’ = —-kVT (3-8) 


where k is the thermal conductivity of the conducting media and has the dimen- 
sions W/(m - K). 

Fourier’s law is the simplest form of a general energy flux law and is strictly 
applicable only when the system is uniform in all respects except for the temper- 
ature gradient; that is, there are no mass concentration gradients or gradients in 
other intensive properties. 

Given a system with gradients of temperature, pressure, mass concentration, 
magnetic field strength, and so on, there is no a priori justification for ignoring 
the possibility that each of these gradients might contribute to the energy flux. 
The simplest expression that could describe this relationship would be a linear 
combination of terms, one for each of the existing potential gradients. Experi- 
ence shows that there are, in fact, measurable “coupled” effects, such as energy 


"In using tensor notation the indices in the subscripts can have the values 1, 2, 3, and they have the 
following meaning: x; = x, x2 = y, x3 =z, and uy =u, u2 = v, u3 = w. Repeated indices in a term 
of an equation imply summation of the term over the three values of k (summation convention). The 
Kronecker delta is 6;; = 0,i # j, and 6;; = 1,1 = j. In the symbol 0; the subscript i is the direction of 
the outward normal to the surface on which the stress acts, and the subscript j indicates the direction of 
the stress itself. By symmetry of the stress tensor, 012 = 92] = Txy, 023 = 032 = Tyz, 031 = O13 = Tex, 
O11 = Ox, 022 = Dy, 033 = Oz. 
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fluxes due to mass concentration gradients, and that this more general form of the 
linear rate equation is necessary under certain conditions. 

The relationships among the coefficients of this equation have been the sub- 
ject of several investigations” “ in irreversible thermodynamics. These relation- 
ships fall into the domain of irreversible thermodynamics by the very nature of 
the diffusive transport process. One of the principal contributions of irreversible 
thermodynamics has been to show that, for example, if energy is transported be- 
cause of a concentration gradient then mass will be transported because of a tem- 
perature gradient, and the coefficients of these two coupled interactions will be 
the same, provided that the driving potentials are appropriately chosen as a ther- 
modynamically consistent set. 

Since we are primarily concerned here with temperature gradients and mass 
concentration gradients, only the coupling between these effects is discussed. An 
explicit relation for the energy flux can be derived for a low-density gas from ki- 
netic theory. The following equation for the thermal flux in a binary gas mixture 
(two components of the gas only) is given by Baron? and follows from the de- 
velopment by Chapman and Cowling’®: 


RT kr 
mmr 


where | and 2 refer to the two components of the mixture, i is the enthalpy, m is 
the mass concentration, ‘)/¢ is the mean molecular weight of the mixture, R is the 
universal gas constant, Guise; 1s the mass diffusion flux of component 1, and kr 
is a “thermal diffusion ratio.” The effect incorporated in the last term is fre- 
quently known as the diffusion-thermo, or Dufour, effect. 

Information on kr is rather meager and largely derived from kinetic theory 
for gases, but calculations to establish the importance of this effect in typical 
boundary-layer flows have been made.*”” In this book, however, we assume that 
this effect is negligible in all the applications considered, although the transport 
of enthalpy by mass diffusion (first term in the first set of parentheses) is included 
where appropriate. With this exception, then, Fourier’s law of heat conduction is 
assumed to represent the heat flux in all cases. 

Some representative data on the thermal conductivity k of fluids are given in 
App. A. The thermal conductivity of liquids is relatively independent of temper- 
ature, but for gases it is an increasing function of temperature. similar to the vis- 
cosity coefficient. 

In some applications the thermal conductivity occurs naturally in combina- 
tion with specific heat. In these cases it becomes convenient to define 


ie k/c, kg/(s - m) (3-10) 


where c is the specific heat of the fluid, J/(kg - K). (For gases c will be under- 
stood to be the specific heat. at constant Papesute Cp-) Thus if is employed, 
Eq. (3-8) becomes 


q’ = -kVT + (i + ig+ ) Gan.) (3-9) 


q” =—I'cVT (3-11) 
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FICK’S LAW OF DIFFUSION 


Before introducing Fick’s law, it is useful to discuss some definitions, and to 
make a distinction between mass transfer by convection, or bulk fluid movement, 


and mass transfer by diffusion, which is primarily caused by concentration gra- 
dients. We will define 


G = total mass flux vector, kg/(s - m7) 
V=G/p 
= total velocity vector, m/s 


where / is the mixture density, kg/m’. 

These terms have the same meaning whether the fluid has one component, 
multiple components, or multiple components with concentration gradients. 

If there are multiple components in the fluid, we will define the total mass 
flux vector for some component j as 


Gio,j, kg/(s- m’) 


We will then define the convected mass flux of component j as the flux of j at- 
tributable to bulk fluid movement, i.e., 


Gepayaj = mG 


where m,; is the mass concentration of component j, kilogram of j per kilogram 
of mixture. Also m; = p;/P. 

Finally we will define the diffusion mass flux of component j as the differ- 
ence, if any, between the total and convected fluxes: 


Girt, j ce Got, j i Gicony.j 


It follows from these definitions that 


ym =! 
j 
dot Groot, j =G 
J 
ei Benny. j = G Sim; =G 
: j 


and thus 
Y_ Gait, = 0 
J 


Note then that even if there is no bulk movement of the fluid, it is still possi- 
ble to have diffusion taking place, but the vector sum of the diffusion of the var- 
ious components of the mixture will be zero. 

It is found that the rate of diffusion of any single component of a mixture of 
fluids, Gui, ;, is a function of the concentration gradient of that component, and 
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is also a function of certain other potential gradients acting on the system, such 
as temperature and pressure gradients, and the concentration gradients of each of 
the other components. An exact equation can be developed from kinetic theory 
for the mass flux of one component in a multicomponent mixture of low-density, 
simple gases,® although it is a rather complex expression. 

A more restricted relation, which is exact for mass-diffusion in a binary mix- 
ture in the absence of other potential gradients, is Fick’s law: 


Gite, j = —pD;Vm; (3-12) 


where D; is a mass diffusion coefficient, m7/s. 

The corresponding energy relation, Fourier’s law, was restricted to cases in 
which the system was completely described by the specification of one gradient, 
the temperature gradient. Similarly, the description of the mass-diffusion system 
must be fixed by Vm, alone before Fick’s law is strictly applicable. 

Most of the specific applications considered in this book involve only binary 
mixtures, so that Fick’s law is applicable (in the absence of the Soret effect dis- 
cussed later). However, we would like to develop the differential equations 
somewhat more generally, and we would like to consider at least some applica- 
tions of diffusion in multicomponent systems. Knuth’® shows that Fick’s law de- 
scribes accurately the diffusion of one component in a multicomponent mixture 
provided that the binary diffusion coefficients for each pair of components in the 
mixture are all the same and equal to D,, that is, 


Die Dis = 2. axe Dis 


where the 2);; = Qj; are the diffusion coefficients for a binary mixture of i and j 
alone. 

We use Fick’s law exclusively, and the degree of approximation introduced 
in multicomponent applications then depends on the actual differences present in 
the 2;;. Generally, binary diffusion coefficients are rather strongly dependent on 
relative molecular weight, and thus the molecular weight differences provide an 
approximate measure of the applicability of Fick’s law to multicomponent sys- 
tems. It should also be added that in a turbulent flow the simple transport model 
that we use also leads to approximate equality of the diffusion coefficients. 

We find it convenient to write the coefficient in Fick’s law in combination 
with the fluid density as follows: 


— pD; (3-13) 
Thus Eq. (3-12) becomes 
Gaite,;| = —yj Vm; (3-14) 
Then y; is dimensionally similar to 4 and I’. Some representative data on y; for 
binary mixtures are given in App. A. ~ 
As discussed earlier, mass diffusion is a function not only of concentration 
gradients but also of the other potential gradients acting on the system. Here we 


are primarily concerned with the coupling effects of mass concentration and tem- 
perature gradients. Although pressure gradients and body forces, among others, 
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can also induce mass diffusion, they are not generally important in the types of ap- 
plications considered. For a gas, explicit relations can be derived from kinetic the- 
ory. The following equation for the diffusion of component 1 in the binary mixture 
under the influence of both a concentration gradient and a temperature gradient is 
given by Baron’ and follows from a development by Chapman and Cowling’: 


Me, 
Gait, j = —pD1 (vm, + kr In r) (3-15) 


The effect incorporated in the last term is frequently known as the thermo- 
diffusion, or Soret, effect. Again, in this book we assume that this effect is negli- 
gible in the applications considered. 


DIMENSIONLESS GROUPS OF 

TRANSPORT PROPERTIES 

The shear-stress equations and the two flux laws can each be written in terms of 
one coefficient; and each coefficient is dimensionally the same as the viscosity. 


Thus we can form three dimensionless groups by simple ratios, which appear 
later as parameters in our differential equations. 


Prandtl number 


ic 
Pr= — = — (3-16 
r= k (3-16) 
Schmidt number 
feet ope 
Sc; = — = — (3-17) 
ea, ar 
Lewis number’ 
PPars 
eA Soe 3-18 
ti | Sc; ( ) 


TURBULENT-FLOW TRANSPORT COEFFICIENTS 


The three transport coefficients defined above are all associated with molecular 
transport processes. In a turbulent flow these definitions are still valid, but they 
are involved in time-dependent terms in the differential equations. It proves 
mathematically convenient to postulate a model of the turbulent transport 
process that will lead to shear and flux laws similar in form to the molecular laws 
given. These, in turn, give rise to turbulent transport coefficients, which are di- 
mensionally similar to the molecular coefficients but are functions of the dynam- 
ics of the flow field rather than being simple fluid properties. Consideration of 
the turbulent transport mechanism is deferred until later. 


‘The inverse, I’/y;, is also frequently defined as the Lewis number. 
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Differential Equations for the 
Laminar Boundary Layer 


in the flow field about a body when there is heat transfer and mass transfer 

between the fluid and the body. From the conservation-of-mass principle we 
develop two equations: the continuity equation and the mass-diffusion equation. 
From the momentum theorem we develop the momentum equation of the lami- 
nar boundary layer and the Navier-Stokes equations. From the conservation-of- 
energy principle we develop various forms of the energy equation of the laminar 
boundary layer and the general viscous energy equation. 


I n this chapter we develop the differential equations that must be satisfied 


THE CONCEPT OF THE BOUNDARY LAYER 


A complete viscous fluid solution for flow about a body poses considerable 
mathematical difficulty for all but the most simple flow geometries. A great prac- 
tical breakthrough was made when Prandtl discovered that for most applications 
the influence of viscosity is confined to an extremely thin region very close to the 
body and that the remainder of the flow field could to a good approximation be 
treated as inviscid, that is, it could be calculated by the methods of potential flow 
theory. 

The thin region near the body surface, which is known as the boundary layer, 
lends itself to relatively simple analysis by the very fact of its thinness relative 
to the dimensions of the body. A fundamental assumption of the boundary-layer 
approximation is that the fluid immediately adjacent to the body surface is at rest 
relative to the body, an assumption that appears to be valid except for very low- 
pressure gases when the mean free path of the gas molecules is large relative to 
the body. Thus the hydrodynamic or momentum boundary layer may be defined 
as the region in which the fluid velocity changes from its free-stream, or poten- 
tial flow, value to zero at the body surface (Fig. 4-1). 
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Figure 4-1 Momentum or viscous boundary layer on an 
external surface. 


In reality there is no precise “thickness” to the boundary layer defined in this 
manner; and until we have developed a precise definition for boundary-layer 
thickness, we simply imply that the boundary-layer thickness is the distance in 
which most of the velocity change takes place. 

If the boundary-layer thickness is very small relative to all other flow dimen- 
sions, it is apparent that, for the two-dimensional boundary-layer representation 
shown in Fig. 4-1, the following conditions must prevail within the boundary layer: 


u>v 
du Ou dv dv 
ee > FF Shadi ay 
These conditions in turn simplify the application of Eq. (3-1) to the momentum 


theorem, and, although not so readily obvious, they also lead to a simplification 
of Eq. (3-4), namely, 


0, ~—P 
and 
oP 0 oP dP 
gyre ax dx 


We develop the momentum equation of the boundary layer on this basis; 
then, after solving the equation for a particular case, we can show the conditions 
under which the boundary layer is truly “thin.” We refer to the above conditions 
as the boundary-layer approximations. 

Flow inside a tube is a form of boundary-layer problem in which, near the tube 
entrance, the boundary layer grows in much the same manner as over an exter- 
nal surface until its growth is stopped by symmetry at the centerline of the tube 
(Fig. 4-2). Thus the tube radius becomes the ultimate boundary-layer thickness. 

When there is heat transfer or mass transfer between the fluid and the sur- 
face, it is also found that in most practical applications the major temperature and 
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Figure 4-2 Development of a momentum boundary layer in the hydrodynamic entry 
region of a tube. 


concentration changes occur in a region very close to the surface. This gives rise 
to the concept of the thermal boundary layer and the concentration boundary 
layer, and again the relative thinness of these boundary layers permits the intro- 
duction of boundary-layer approximations similar to those introduced for the 
momentum boundary layer; for example, 


oT oT 
ae > pes 
dm; dm; 
ei ecg Fe 


The thermal and concentration boundary layers are not necessarily the same 
thickness as the momentum boundary layer, and the conditions under which the 
boundary-layer approximations are valid are consequently different. 


THE CONTINUITY EQUATIONS 


Consider a two-dimensional flow in the xy plane, and cut out a control volume 
of infinitesimal dimensions (Fig. 4-3). Consider the total mass rate of flow across 
the control surface, and the rate of change of mass storage within, for a unit depth 
normal to the plane of the figure. 

Let G represent mass flux (mass flow rate per unit of normal area), where G, 
and G, are the x and y components, respectively. The development of the prin- 
ciple of conservation of mass in Chapter 2 requires formulation of the outflow, 
inflow, and increase in storage terms, 


dG dG, 
Outflow = (6, + “2 5y) bx + @ + sx) dy 
oy Ox 


Inflow = G, dy + Gy bx 
a) 
Increase of storage = 5 58 dy 


where ¢ is time. Application of the principle of conservation of mass, Eq. (2-1), 


yields 9G 9G 9 
2 fee 0 


Py ae ae) 
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Figure 4-3 Control volume for development of the continuity equation. 


The appearance of time in the equation suggests that, in general, density can 
vary with both space and time. There are two conditions for which the time term 
disappears. The first is based on the assumption that the fluid is incompressible, 
typically for a liquid such as water or oil, and the second is based on the as- 
sumption that the fluid is constant density, typically for gases with small changes 
in pressure or temperature within the flow field. 

The assumption of steady flow requires both the density and velocity com- 
ponents not to vary with time, applicable to both liquids and gases, but the den- 
sity can have spatial variation due to changes in the temperature or pressure 
fields. The usual condition for steady flow is to have the pressure field be inde- 
pendent of time. With the energy equation we will introduce the assumption of 
steady state, which will require the temperature field to be independent of time. 

With the assumption of steady flow, or the assumption of incompressible 
flow, or the assumption of constant-density flow, the continuity equation for two- 
dimensional flow in Cartesian coordinates becomes 


cise Ns Ley (4-1) 
Ox dy , 


The corresponding three-dimensional continuity equation must then be 


2G ai, dGy | OG, _ 0 sin 
Ox Oy Xs. OZ oe) 


or, in vector notation, 
V-G=0 (4-3) 
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The vector notation allows the coordinate system to remain unspecified. 
Appendix D summarizes the vector and scalar operations implied by the V oper- 
ator for Cartesian, cylindrical, and spherical coordinate systems. 

In Cartesian tensor notation the continuity equation (4-2) or (4-3) becomes 


0 


For a constant-density flow Eq. (4-3) reduces to 
V-V=0 (4-5) 
and Eq. (4-4) becomes 


GAT TIE OE LC (4-6) 
Oxf OX peo Verte BE oi. 
For constant-density flow in a two-dimensional boundary layer the continu- 
ity equation becomes simply 


0 a) 

“+ =9 (4-7) 

ox  dOy 
For flow in a circular tube with axial symmetry it is convenient to employ 


a cylindrical coordinate system with nomenclature as defined in Fig. 4-4. Then 
Eq. (4-3) reduces to 


a) ie) 
eH + = rpv,) =0 (4-8) 
Ox r or 
and, for constant-density flow, to 
0 1o 
~ += (rv,) =0 (4-9) 
0x) Sr lar 


Note that the continuity equation does not involve any boundary-layer assump- 
tions and thus is generally applicable. 


sin ote iad 
| 
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Figure 4-4 Coordinate system and velocity components 
for axisymmetric flow in a circular tube. 
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THE MOMENTUM EQUATIONS 


The Steady-Flow Momentum Equation of the Boundary Layer 


Consider steady flow along a semi-infinite two-dimensional surface of small cur- 
vature with a free-stream velocity uv... Let x be measured along the surface and 
y normal to the surface. The requirement of zero tangential velocity at the sur- 
face results in the development of a momentum boundary layer, defined as the 
region in which u changes from 0 to ua (Fig. 4-5). 

Cut out an infinitesimal stationary control volume of unit depth within the 
boundary layer, and consider the external forces acting on this control volume in 
the x direction and the x momentum fluxes crossing the control surface (Fig. 4-6). 


Up =Ue(x) 


Figure 4-5 Coordinate system, velocity components, and control 
volume for development of the momentum differential equation of 
the boundary layer. 
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Figure 4-6 Control volume, momentum fluxes, and external forces for development of the 
steady-flow momentum differential equation of the boundary layer. 
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(For brevity let us omit body forces such as gravity, although these can simply be 
added if desired.) 


Note that the stipulation of steady flow implies a laminar flow, since a tur- 
bulent flow is by its nature unsteady. 

The development of the momentum theorem in Chapter 2 requires formula- 
tion of the outflow, inflow, and increase-in-storage terms, along with the various 
external forces on the control volume. For x-direction momentum, 


a) 7) 
Outflow of momentum = [Gu + ag Gx) sx] dy + [Gu + reer) sy| bx 
x y 


Inflow of momentum = (G, dy)u + (Gy dx)u 
Increase of momentum storage = 0 (steady flow) 


00, OF, 
External forces = —o, dy — ty, dx + («. + x sx) dy + (s + = sy) bx 
x y 
Applying the momentum theorem, Eq. (2-4), with the assumption of steady 
flow, and simplifying, yields 
0G; ~ OT); 
+; be 
Ox dy 
This form is often referred to as the conservative form of the x-momentum equa- 
tion. Expanding the left-hand terms gives 
Ou dG, ou IGy: 2): APy, 4OTyx 
= +. 


G,— — = 
dood bade Day ania Ox dy 


and applying continuity equation (4-1) using the assumption of a steady flow yields 


a a 
—(G,u) + —(Gyu) = 
aa Wate aeA yu) 


Ou du “00, Oty, 

et —= 

Ox dy Ox ay 
Next, applying the boundary-layer approximations to the shear stress term, 

Eg. (3-1), and the normal stress term, Eq. (3-4), gives us 

00; dP 


G, 


Also note that 
G, = pu, Gy ad Ue 


With these substitutions, we have the momentum equation of the boundary 


layer: 

Ou Ou dP 0 Ou 

pe ee eee ee 4-10) 
gh? bi ae dx = oy ( ) ( 


Note that this equation is valid for variable properties and pw. 


23 


24 


Convective Heat and Mass Transfer 


For axisymmetric flow in a circular tube we can develop a similar boundary- 
layer equation in cylindrical coordinates by identical methods: 


i Ou CT ante ou (4-11) 
——! [yee —-— | ru— _ 
Lace Re or dx r or ae 


The Navier-Stokes Equations 


Now, suppose we apply the momentum theorem in precisely the same manner to 
a three-dimensional flow, without the simplifying assumptions of the boundary 
layer but including changes with time and including external body forces. Em- 
ploying a Cartesian coordinate system and applying the momentum theorem in 
the x direction, we obtain 


sa Bist 7 ou 2 Ou sony gt 
ei (0 ates Oy os OBR 3D MOXS OV OZ 


pet eae Sen ee Tye fe eee ey Adela) 
dy i OY, we iOx dz a ax az 


Similar equations are obtained for the y and z directions. 

The origin of the various terms in (4-12) can readily be seen by comparison 
with (4-10) and the stress equations (3-1)—(3-6). X is the body force in the x 
direction, N/m°. 

These three equations can be written more compactly in Cartesian tensor 
notation!: . 


leis le el 4-13 
pe Uu; == ji = 


where the stress tensor o;; is defined in Eq. (3-7). 


For constant-property flow a considerably simpler formulation can be 
obtained: 


(> a Ou S du te Ou oP : 0°u . Ou 07 u fs 
— +u—+v—+uw— ] = -— — + — 
: dt ax dy dz ae Toth xe dy? - dz? . 


(4-14) 


or, more briefly, 
oF are 4-15 
ap FS eget NU (4-15) 


where D represents the substantial derivative, defined as indicated. 
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Again, analogous equations can be written for the y and z directions; or, 
abandoning a coordinate system, the constant-properties equations can be put in 
vector notation as 


DV ; pA S 
In tensor notation the constant-properties equations become 
(= ie Ou; oP re 07 uj +X (4-17) 
—— Uu _— — ooo i -_ 
OU Oi 1 Ox; OX;  )xj9x, 


It should be noted here that the momentum equation of the two-dimensional 
boundary layer, Eq. (4-10), can readily be derived from the Navier-Stokes equa- 
tions, and indeed this is the procedure preferred by many authors rather than 
deriving the boundary-layer equation directly after making the boundary-layer 
assumptions. This procedure involves an assumption that the boundary layer is 
“thin,” after which an order-of-magnitude analysis of the various terms in the 
Navier-Stokes equations is made. This analysis leads to a conclusion that the 
criterion for a “thin” boundary layer on a flat plate with constant free-stream ve- 
locity is that the Reynolds number based on distance from the leading edge x, 
PUooX/ = Re,, must be large relative to unity. Further details on the order- 
of-magnitude analysis may be found in, for example, Schlichting’ or Streeter.* 


THE MASS-DIFFUSION EQUATIONS 


Steady-Flow Mass-Diffusion Equation of the Boundary Layer 


Consider steady flow along the surface of a body, and let there be a transfer of mass 
to or from the fluid at the surface. If the transferred substance contains different 
chemical species than the free-stream fluid, concentration gradients will be estab- 
lished. In general, there may be any number of chemical components in the result- 
ing mixture, and, as suggested by Fick’s law, Eq. (3-14), each will tend to diffuse 
in the direction of the negative of its own concentration gradient (but see com- 
ments on the applicability of Fick’s law to multicomponent diffusion in Chap. 3). 
Additionally, various components may combine chemically to form new species, 
so that creation and destruction of various components of the mixture may occur 
at any point, resulting in concentration gradients. Thus, if there is chemical reac- 
tion, mass diffusion can occur even with no mass transfer at the body surface. The 
principle of conservation of mass requires a continuity equation for each species: 
and the mass-diffusion equation is the species continuity equation. 

Let us consider some particular component of the mixture, to be designated 
by a subscript j. At the body surface this component has a particular concentra- 
tion, possibly determined by the conditions of thermodynamic equilibrium at the 
surface. In the free stream the concentration of j is presumably some known 
value, frequently zero. Then the region in which the concentration of j changes 
from its body-surface value to its free-stream value is defined as the concentration 
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Figure 4-7 Control volume and mass-transfer terms for development of the steady-flow 
mass-diffusion differential equation of the boundary layer. 


boundary layer and may be represented as in Fig. 4-5, but with m; replacing u and 
with m; having a finite value at the surface, rather than zero as for u. 

Let us cut out a stationary infinitesimal control volume of unit depth within 
this boundary layer and examine the ways in which component j can cross the 
control surface (Fig. 4-7) in steady flow. 

Across each side, component j is carried by the movement of the entire 
stream (convected transfer), and these terms are then the product of the total 
mass flow rate and the concentration of component j, m;, kg of component j 
per kg of total mixture. Transport of component j also takes place quite inde- 
pendently by diffusion. We assume that Fick’s law of diffusion holds. However, 
here we invoke the boundary-layer approximations, assuming that the only con- 
centration gradient of significance is in the y direction, normal to the surface. 

To combine the terms on Fig. 4-7, we need to modify our conservation-of- 
mass principle, Eq. (2-1), to account forthe creation term. Within the control vol- 
ume, component j may be created (or destroyed) by chemical reaction. We des- 
ignate the rate of creation of j pér unit volume by m/”, kg of j per m?. Note that 


5 sw 
yon =v 
j 
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Thus 


St 


Rate of creation of component j = m j 


The development of the mass-diffusion equation follows the development in 
Chap. 2 for the principle of conservation of mass, requiring formulation of the 
outflow, inflow, and increase in storage terms, along with the source term for the 
control volume, 


a ) 
Outflow of j = | Gm, = 55 (Gem) 5 dy + [Gsm tf: 5 (Gym 53] bx 
AJ 


dm; 0 dm; 
—/|y—+—ly,— )dy]6 
[ ay * dy (x om) 7 i 


am: 
Inflow of j = G,m; dy + Gym; dx — Ya dx 
y 
Increase of storage of j = 0 (steady flow) 


Applying the conservation principle, along with the assumption of steady flow, 
and simplifying, yields 


a) a) a) om; is 
Feats = bye = ay (us) => m; 
Expanding the left-hand terms, we have 


, e am; 
arene aG fats ey 


Go ates) 
Ox 1 ax 


and applying continuity equation (4-1) using the assumption of a steady flow 
yields 


om; dm; 0 ( Om; 7 
nel De ye Fe ee ery 4-18 
Gonpet fy Ao (» ay m; (4-18) 
or 
dm; dm; 0 ( 3) “ir 
bel Mi the pen, i= Asakit A PN 4-19 
sy ike dy day 4 dy : as 


If component j is chemically inert in the system, that is, there is no chemi- 
cal reaction, then mj’ = 0, and (4-18) becomes 


PRES ile (uxt) =0 (4-20) 
x 


For axisymmetric flow in a circular tube with axisymmetric diffusion, an 
identical method leads to 


om; om; 10 am; 
ar Sa iar (2) A co) 
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General Equation for Steady-Flow Diffusion 


If we discard the boundary-layer approximations and consider the complete 
steady-flow convection—diffusion problem in three dimensions, we need only 
add one more convection term and two additional diffusion terms. However, in 
this case the Cartesian coordinate representation becomes cumbersome. A neater 
formulation of the equations can be obtained by using vector notation. Thus the 
more general counterparts of Eqs. (4-18) and (4-20) become, respectively, 


G- Vm; —V-yjVmj =0 (4-23) 


Diffusion of Chemical Element o 


It is sometimes more convenient, in considering diffusion with chemical reac- 
tion, to follow a particular chemical element rather than a compound. The 
advantage obviously lies in the fact that whereas a compound may be created or 
destroyed at any point in the flow field, an element is considered indestructible. 

Define the mass concentration. of an element a as follows. Let 

Ny = kg of element a per kg of total mixture 
Ng,; = kg of element a per kg of substance j 

Note that ng; 1s not a variable but is simply fixed by the composition of 
substance j. For example, let a be carbon, then if the j-substance is CO, 
nc,co = 12/30. ; 

It then follows from the definitions that 


Ng = ) Ng, ; Mj; 
J 
) He 
Qa 
Conservation of element a requires that 
Sy/2ie 
) Ng, jm; =0 
j 


We now use this expression, together with Eq. (4-18), to develop a boundary- 
layer diffusion equation for w. Multiply Eq. (4-18) through by nq, ;: 


om; om; ) om; ei 
0a OF ng Go ray ho Ny ;— (n=) = Ng, jm’ 


Summing over j yields 
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But since n, ; is not a function of x or y, we can write 


0 ) ) ) 
Gigs ney k Gone dre “Dy dX Vi gy Mansi) =0 


_ We now substitute the result that 


) Ng, j Mj = Ng 
j 


and obtain the final form 


One Ong 9 0 
G.* + G,—* — = Syn, mj) = : 
ax + Gy Dy By vigy jm) =0 (4-24) 


Note that Eq. (4-24) is very similar to (4-20); and, in fact, if the y; are all the 
same, it will become identical, which is in anticipation of a simplification to be 
introduced later. 

If we now discard the boundary-layer approximations and consider the com- 
plete steady-flow diffusion problem in three dimensions, it follows directly that 


G-Vng-—V- (x 180m) ) it) (4-25) 
J 


which is comparable to Eq. (4-23). 


THE ENERGY EQUATIONS 


The Steady-Flow Energy Equation of the Boundary Layer 


Consider steady flow along a semi-infinite surface with a free-stream velocity 
Uo and a free-stream temperature 7... Let the surface temperature be 7,, which 
may vary along the surface. There may or may not be mass transfer from the sur- 
face, and there may or may not be concentration gradients throughout the flow 
field. Chemical reaction may be taking place in the flow field. 

In general, there will be heat exchange between the surface and the fluid. 
Thermodynamic equilibrium requires that the fluid just adjacent to the surface be 
at T,, and the region in which the temperature changes from 7, to T,, is called the 
thermal boundary layer (Fig. 4-8). 


Figure 4-8 The thermal boundary layer. 
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Figure 4-9 Control volume and energy-transfer terms for development 
of the steady-flow energy differential equation of the boundary layer. 


Let us cut out an infinitesimal stationary control volume of unit depth and 
examine the various rates of energy transfer across the control surface (Fig. 4-9). 
Several forms of energy transfer are present. Fluid crossing the boundary will 
carry its own internal thermal and chemical energy, as well as its kinetic energy 
and potential energy with respect to external force fields, and will do flow work 
on the control volume. Heat will be transferred as a result of the temperature gra- 
dients at the surface. If there are concentration gradients, there will be mass dif- 
fusion, and each component of the fluid mixture will carry its own energy. Work 
will be done on the control volume, and its surfaces, by shear forces. 

These various energy-transfer streams are indicated symbolically on Fig. 4-9. 
Note that the boundary-layer approximation has been invoked so that velocity, 
temperature, and concentration gradients in the y direction only are considered. 

Before evaluating the various energy-transfer terms on Fig. 4-9, let us ex- 
amine in a little more detail the enthalpy i that will appear in all the convection 
terms and in the mass-diffusion terms. As a part of the boundary-layer approxi- 
mation, it is assumed that the gradient of the normal stress is simply the gradient 
of the thermodynamic pressure. Thus.the flow work done by each element of 
fluid as it crosses the control surface is merely Pv or P/o. The mixture enthalpy 
i =e + P/p is then the sum of the internal energy and the flow work of the fluid, 
per unit mass. For substances that can react chemically, the internal energy in- 
cludes the stored chemical energy. This point is developed in detail later. The dis- 
tinction between i and i; should next be noted: i without subscript refers to the 
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entire mixture, J/kg, of mixture; i; is the partial enthalpy of component j, J/kg of 
component j. Thus 
ony m; i pS i 
J 


The partial enthalpy i; is a function of chemical composition, temperature, 
and pressure, although frequently we assume perfect gas behavior and hence 
neglect the pressure dependence. We have more to say later about the evaluation 
of i for particular fluid systems. 

Making the assumptions (in addition to the boundary-layer approximations) 
of steady flow and steady state, no internal heat generation, and no work done by 
external fields, the energy-transfer terms become 


Econy,x = Gx dy(i + 4u2) (enthalpy plus kinetic energy, assuming u? > v?) 


conv, x+8x = OY {6. (: ate 3") ar ax G (i “te 3") | ox| 


i ohig 
Eeconvy = Gy, 6x fit 5" 


cnn ote)ale- BY) 


; om; ses hees 
E itt, y = — ( re Yj a ax (sum of diffusion rate of each 
j y component times enthalpy of that 
component, neglecting Soret effect) 


. 0m, . 0 om, . 
Eaitt, y+sy = -| one + = (Sones jay 5x 
: : 1 


J 
oT ; 
dy kt —— par (conduction heat transfer, neglecting Dufour effect) 


dy 
APaitih Weak 
val alg ro gpa heel ai cak SE 
tg (ete vox 


Weheari y = (txu) dx (shear force times velocity) 


0 
Whear, y+oy = sa + By OO u) sy| 6x 


Combining the above by the principle of conservation of energy, Eq. (2-5), 
and simplifying, we obtain 


9 as ae 9 (: ¥«) Te) 
a i Soa Wer (Ro eee NY Pea by Soe 
= [@('+3") |+ 5 | sh Sia dy \ ay 


0 dm; x 0 ‘p 
= pL) a By oe =0 
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Now expand the first two terms in this equation: 
0 ilies , aN dG, = (i 51?) (: 5) 
— {b+ = = — +G,y— (i+=u)+{i+-=u })— 
Gum (i+ 5) + (i+ 5) St ag 8 a ary 
a) oT a) si) 0 
—— {k— ])- — ;—i; } ——(txu) =0 
7 a bya iyi oy PA 


But, since by the continuity equation for a steady flow 0G,/dx + dG,/dy =90 
the second and fourth terms drop out. We then have 


3 iy Joyforeipn, pur 9g i 
ee | fete Cue pe Nee aay py Sat 

Rae (i+ 5) + » By (1+ 5 ay \" dy 
0 om, . 0 


Equation (4-26) is useful in its own right, and we use it in a later chapter. 
However, at present we combine it with the momentum equation to get a differ- 
ent form. 

First take the term containing t,, and expand it: 


0 ou 0G 
Ry or) = sat +u - 


From Eq. (3-1), under the boundary-layer approximations, 


Substituting, we get 


F) is Ou m7 F) Ou 
———_ xU — —— “ue — 
ay y Lh ay ay aN 


To obtain an expression for the last term on the right-hand side, transpose the 
momentum equation, Eq. (4-10), and multiply through by u: 


0 Ou > Ou is ou " dP 
as Se = TAG 2 i 
ANN aa eee) tages eae 


Now, combine the last two equations, substitute the result into Eq. (4-26), 
carry out the differentiation of the first two terms of Eq. (4-26), substitute 
pu = G, and pv = Gy, and the result can readily be simplified to 


mares, | craaere be) 2 pay dm Noni viiePais 
Ox a dy dy dy Xi dy i dy "ax 33 
(4-27) 
This is the steady flow energy equation of the boundary layer, including variable 


fluid properties, mass diffusion and chemical reaction, and viscous energy 
dissipation. 
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Both Eqs. (4-26) and (4-27) are perfectly valid energy equations of the 
boundary layer. The distinction is that the terms in Eq. (4-26) represent conser- 
vation of the sum of both mechanical and thermal energy (the First Law of Ther- 
modynamics), while Eq. (4-27) is a statement of conservation of thermal energy 
alone and thus includes a thermal energy creation term (the term involving 
viscosity). The fact that Eq. (4-27) is in reality a thermal energy equation is 
obscured by the use of the enthalpy i, which contains a mechanical energy 
component. However, this component, the flow work, is actually offset by the 
pressure-gradient term. 

It should be noted that in developing the equation we neglected potential en- 
ergy due to external fields for the sake of brevity. However, had we included a 
force field in the x direction and then included the corresponding body force in 
the momentum equation that we combined with the energy equation, we would 
have found that the effects of the external fields cancel. Thus Eq. (4-27) is valid 
in the presence of external force-fields. On the other hand, a body force X (which 
might be a gravity force) would result in an additional term, —wX, on the left- 
hand side of Eq. (4-26). 

Note that we have also neglected any internal heat sources, such as might be 
produced by the resistance offered to an electric current. Such effects, which are 
lumped into a source function 5, W/m’, in the more general energy equation 
given below, can be subtracted from the left-hand sides of Eqs. (4-26) and (4-27) 
_ if desired. Note, however, that conversion of chemical energy to thermal energy 
has already been included in the enthalpy terms by the definition of the internal 
energy. 

The corresponding equation for axisymmetric flow in a circular tube with 
axisymmetric heating can be developed in an identical manner to yield 


Oi di 1 ad oT om; 
id Ned eh ST are POA eae A 
as PU ala Fe ror ( =) (+ rs i) 


4 
dP 
aig ($=) -u= =0 (4-28) 


A little more insight into the significance of the mass-diffusion term in the 
energy equation and the net mass flux G can be gained if we reexamine the mass 
crossing the lower surface of the control volume shown in Fig. 4-7. It should be 
borne in mind here that we are discussing mixtures of fluids rather than single- 
component fluids; hence when we speak of the velocity of the mixture, the term 
velocity is ambiguous. There is no velocity that is entirely appropriate; what is 
meant by mixture velocity is the mass-weighted average of the velocities of the 
various components. Some of the components are moving faster, and some 
slower, than this average. 

According to Fig. 4-7, the total flow of component j crossing the lower sur- 
face is 


om 
Gym; 6x — y; ae bx 
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The total flow of all components crossing this surface must be the summation of 
this quantity over j; but, by definition of Gy, this is also Gy 6x. Thus 


om; 
Gy 5x = Gy dx.) mj — 6x Lodergyi 
j af 


But 
Yom; = ] 
y ie 
Therefore 
om 
Gy = Gy De Vir a 
J 
or 
om; 
yy, =0 (4-29) 
Be ih Oy 


This result simply means that diffusion of a certain mass of one or more 
components in the positive y direction is always accompanied by diffusion of an 
equal mass of other components in the negative y direction. This obviously must 
be the case, for it is not possible to have a concentration gradient of one compo- 
nent without corresponding opposite concentration gradients of the other com- 
ponents. Note again that G is the net mass flux, regardless of whether diffusion 
is taking place. 

If one now examines the mass-diffusion term in Eq. (4-26) in the light of 
conclusion (4-29), it is apparent that this term is of importance only when the en- 
thalpy of the various components differs; if each component has the same en- 
thalpy then the i; factors out and the summation goes to zero. This fact permits 
some later simplifications to the energy equation. 


The General Viscous Energy Equation 


Now let us consider the general three-dimensional problem in Cartesian co- 
ordinates, including nonsteady flow with a source function. In so doing, let us 
use the complete expressions for the normal stresses, Eqs. (3-4)-(3-6), when 
evaluating the work done on the control volume as each unit of mass crosses 
the surface, rather than merely the thermodynamic pressure as before. Let us 
also use the complete shear-stress equations, Eqs. (3-1)—(3-3). This compli- 
cates the problem algebraically to a considerable degree, but in principle the 
procedure is no different from that used to develop Eq. (4-26), and from 
there to develop Eq. (4-27). In the final step, analogous to the development of 
Eq. (4-27), the Navier-Stokes equations are combined with the energy equa- 
tion. The resulting equation can be simplified to a form in which the various 
terms are arranged in the same order as in Eq. (4-27), so that the origin of each 
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term can be readily appreciated. 


(+ di z As vg di * di 
— — w— — 
Ox . dy - 0z we 


a) oT a) oT a oT 
Se ey ecu Se Pa iy ll 
Fal x) tal om) ta (ES 


vy) ya + fd + ae + De 4-30 
— up — v w ox - 
Ke aH ie Byieeoe: ay Grey 


where ¢ is the dissipation function: 
o=2[(%) + dv ee aw) du, dv ee du | aw)’ 
an Ox dy 0z dy Ox 0z dy 


, (30, au so (eae du au | dw i 
Gx" 0Z SE Ox. Oy OL 
The terms in the first and last brackets of the dissipation function come from 
the viscous part of the normal stresses, whereas the second bracketed terms come 
from the shear stresses. Note that in the boundary-layer approximation only 1 of 
these 12 terms is retained. 


Equation (4-30) can be written more compactly by using vector notation and 
the substantial derivative, thus avoiding reference to any coordinate system: 


SS 


Di : DP 
oe VEY ~V-( Soni Ym) no T= s (4-31) 


In Cartesian tensor notation the general viscous energy equation becomes 


Diiw x6) feOT y2icd am, DP 
eel 2g Loe fe a ped eens iar ie) 
iany, an ( x) 5a (Do a) HOT. By 2) 


Ou; Ou; 2du; Ou; 
g=(— 4+ - 55, ) 
Ox, Ox, 30x, Ox; 
The most general coordinate system for the continuity, Navier-Stokes, and vis- 
cous energy equations is that of curvilinear orthogonal coordinates; see Back.* 


Various Particularizations of the Energy Equation 


We have actually already considered some particular forms of the energy equa- 
tion, having directly derived Eq. (4-27) for steady flow in a two-dimensional 
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Tube axis 
{ . ie 


Figure 4-10 Coordinate system for flow in a circular tube. 


boundary layer and, by implication, Eq. (4-28) for steady axisymmetric flow and 
heating in a circular tube. Since we are going to be concerned with the energy 
equation throughout this book, it is worthwhile at this time to assemble some of 
the other forms of this equation that are employed later. 

If we restrict consideration for the moment to steady flow, the time depen- 
dence of Eq. (4-31) can be dropped, and the p(Di/Drt) term can then be ex- 
pressed in terms of the mass-flux vector. If we further limit consideration to no 
source function and to low velocities such that the dissipation function may be 
neglected (and this approximation is discussed further later) and then neglect the 
pressure-gradient term (which is often justifiable), we obtain 


G-vi-v-kvT~¥-( So yijVm)) =0 (4-33) 
J 


and for the case of no mass concentration gradients 
G-Vi-V-kVT =0 (4-34) 


which is similar in form to (4-23) and (4-25). 

For flow in a circular tube, or a circular tube annulus, we are concerned with 
problems where the flow is hydrodynamically axisymmetric but where the heat 
transfer may not be axisymmetric. By employing the cylindrical coordinate sys- 
tem shown on Fig. 4-10, Eq. (4-34) becomes 


Py ce fe get ~ Ee Ge) -- hed, (*) 3 2 («)] SU, 
ax or r or or r- 0d \ do ax \ ax 
(4-35) 
Note that this equation contains a conduction term in the x direction, which was 
neglected under the boundary-layer assumption in the development of Eq. (4-28). 


For flow in rectangular or triangular tubes a Cartesian coordinate system 
becomes convenient (Fig. 4-11), and the corresponding equation is then 


vip eis SiG pee a jot pal go gle gon 0 
Ox Poy we OX OX dy \ dy 0z dz fi 


(4-36) 
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Figure 4-11 Coordinate system and corresponding velocity 
components for flow in a rectangular tube. 


Obviously there are a great variety of particular forms of the energy equa- 
tion, depending on the idealizations that can be made in particular applications. 
Equations (4-30)—(4-32) provide the basic relations from which these forms can 
be developed. 

In addition to the system geometry and the idealizations, one other factor af- 
fects the form of the energy equation: the fluid. The applicable thermodynamic 
equation of state has a rather considerable influence on the form that the energy 
equation ultimately takes, for the enthalpy i must be related to the other fluid prop- 
erties. For example, let us go back to the boundary- sti energy equation (4-27) 
and consider the case of a perfect gas. Then 


diu—cCal 


where c is understood to represent the constant-pressure specific heat. 

Let us omit mass diffusion for brevity and note that for a gas the (udP/dx) 
term can generally be shown to be negligible for cases where the stagnation en- 
thalpy equation does not have to be used. Then Eq. (4-27) becomes 


aT ar sf. or du \? 
— — —— [k— ]} = —}=0 4-37 

woes, +5, ~ 3 (kay) #35) oe 
On the other hand, for a liquid with constant density 


P 1 
ai =d(e+) =cdT+-—dP 
p p 


Substituting in Eq. (4-27) and again omitting mass diffusion but not the pressure- 
gradient term, we obtain 


OL LAP. 4e ( oT +0) a) (+) (ty 2 dP by 
ao See vi c— ee —— —— on 
i (c ax p dx is dy dy \ dy f dy "ax 


This time the pressure-gradient term cancels without any assumptions about its 
influence, and we again obtain Eq. (4-37). 

'f the thermal conductivity k can be treated as constant, which is a quite good 
assumption for liquids and a reasonable assumption for a gas with small temper- 
ature gradients, Eq. (4-37) becomes 

OT (srg Bt 1k QA vhs ei 
u— = ao =0 


v 
Ox dy pc.ey- > pe 
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Defining wa =k/pc, the thermal diffusivity of the fluid, and introducing the 
Prandtl number, Pr = wc/k, we obtain 


Or oF oT Pr (au\” 
Pape ar | sr (z) | (4-38) 
Here we see the dissipation function (the last term) depends not only on the ve- 
locity but also on the Prandtl number. Viscous energy dissipation can be impor- 
tant for high-Prandtl-number fluids (oils, for example), even for rather moderate 
velocities and velocity gradients. For gases, on the other hand, where the Prandtl 
number is near 1, we shall see later that the velocity must approach the speed of 
sound before this term is significant. 
Under conditions where viscous energy dissipation can be neglected, 
Eq. (4-38) finally becomes 


oT oT eT 
ber + aaa haa 0 (4-39) 
Ox dy dy 
and integration of this equation, or its equivalent in other coordinate systems, for 
various boundary conditions constitutes a substantial part of some of the later 


chapters. 


PROBLEMS 


4-1. Consider steady flow of a constant-property fluid in a long duct formed by two 
parallel planes. Consider a point sufficiently far removed from the duct entrance 
that the y component of velocity is zero and the flow is entirely in the x direction. 
Write the Navier-Stokes equations for both the x and y directions. What can you 
deduce about the pressure gradients? 


4-2. Consider flow in the eccentric annulus of a journal bearing in which there is no 
axial flow. Deduce the applicable laminar boundary-layer equations (continuity, 
momentum, energy) for a constant-density fluid, with uniform composition, in an 
appropriate coordinate system. 


4-3. Deduce a set of boundary-layer differential equations (continuity, momentum, 
energy) for steady flow of a constant-property fluid without body forces, and with 
negligible viscous dissipation, in a coordinate system suitable for analysis of the 
boundary layer on the surface of a rotating disk. 


4-4. Starting with the general viscous energy equation, show by a succession of steps 
how and why it reduces to the classic heat-conduction equation for a solid, and 
finally to the Laplace equation. 

4-5. Derive Eq. (4-18) using Eq. (4-1) and the definitions fzom the Fick’s law section 
of Chap. 3. rb 

4-6. Derive the conservation laws for axisymmetric flow in a pipe using control 
volume principles similar to that developed in the text for Cartesian coordinate 
flow. Assume steady flow, steady state, and constant properties. For the 
momentum equation neglect body forces. For the energy equation neglect body 
force work and the energy source. Also, for the energy equation use the thermal 
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equation of state for ideal gases or incompressible liquids, and assume the Mach 
number is small for the case of the ideal gas, but do not neglect viscous dissipation. 
Assume boundary-layer flow, but do not neglect axial conduction. 

4-7. Derive the constant-property energy equation (4-39) starting with Eq. (4-26). Be 
sure to state all assumptions made. 
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Boundary Layer 


obtained, at least for a laminar flow, for almost any boundary condition. 

Exact analytic solutions have been obtained only for certain classes 
of problems, however, and numerical methods are frequently necessary for the 
more general problem. When the calculation procedure becomes tedious, it is 
often worthwhile to look for approximate methods of solution, such as integral 
methods. The integral equations of the boundary layer provide the basis for a 
number of approximate procedures, but are, in themselves, exact, at least within 
the boundary-layer approximation. The approximate nature of the integra} solu- 
tions arises from the manner in which they are generally employed. 

First we develop the momentum integral equation of the boundary layer in a 
fairly general manner, so that it can be employed for flow inside and over ax- 
isymmetric bodies as well as along plane surfaces. Then we use a similar proce- 
dure to develop an energy integral equation. In so doing, we also take the oppor- 
tunity to introduce and define some useful integral parameters: the displacemen: 
thickness, the momentum thickness, and the enthalpy thickness. 


Pp articular solutions to the boundary-layer differential equations can be 


THE MOMENTUM INTEGRAL EQUATION 


Consider a body of revolution over which there is axisymmetric flow. Assume 
that a thin momentum boundary layer is developing on this surface, with the var- 
ious dimensions and parameters defined as in Fig. 5-1. 

Let us consider a stationary control volume fixed to the body surface. Take 
the length of the control volume in the.x direction (along the surface) to be in- 
finitesimal, 5x, but let the height (normal to the surface) be a finite distance Y. 

The distance Y may extend to a point within the boundary layer, or it may 
extend effectively beyond the boundary layer; in either case the assumption of a 
“thin” boundary layer allows the stipulation that Y < R, where R is the radius 
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Figure 5-1 Coordinate system and location of the control volume for development 
of the momentum integral equation of the boundary layer on a body of revolution. 


of revolution (transverse radius of curvature) of the body. Thus the surface could 
also be the inside of a circular-section nozzle, with R measured from a centerline 
in the main fluid stream. In either case, as R is made indefinitely large, we ap- 
proach a two-dimensional surface, that is, a plane. Presumably we can express 
R= R(x). 

Let u.. designate the free-stream velocity in the x direction just outside the 
boundary layer. If the boundary layer is “thin,” u., will be approximately equal 
to the velocity at the surface, as computed by a potential flow analysis for the 
body. Presumably uo. = Uoo(x). 

We assume that there is fluid flow through the body surface by i injection, suc- 
tion, or other forms of mass transfer. Using a subscript s to designate fluid con- 
ditions at the interface, the velocity of the injected fluid is v, in the y direction. 

By employing a control volume that is infinitesimal in the x direction but 
finite in the y direction, we intend to develop a differential equation that has, in 
effect, already been integrated in the y direction. We do so by simply applying 
the principles of conservation of mass and momentum to the control volume 
shown in Fig. 5-2 for steady flow. Note that R > Y. 

Applying Eq. (2-1), we have 


Y d Vy 
[R bo dxvypy + R so | updy + oY a (x | uo dy) ax] 
0 0 


‘4 
- (Roos ip. + R50 f urdy) =t0) 
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from which 
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Bernoulli equation for inviscid flow along a streamline to relate the pressure- 
gradient term to the free-stream velocity gradient: 


from which 


SaaS ESO (5-3) 


Then Eq. (5-2) becomes 


id S Tre, Tal a 
tes —— | R Pg is eee 
. R dx ( i‘ i y) R dx (ef pudy) 
J Wis 
+ Ps UsUgg + near hia dy (5-4) 
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Equation (5-4) is the momentum integral equation of the boundary layer, de- 
veloped under conditions where the fluid density may be variable, and applicable 
for flow over or inside an axisymmetric body where the boundary-layer thick- 
ness is much less than the local radius of curvature. For a two-dimensional body 
the radius R obviously drops out. 

After defining and developing the boundary-layer thickness parameters 
below, we will be able to write more compact forms of the momentum integral 
equation. 


THE DISPLACEMENT AND MOMENTUM 
THICKNESSES 


Mathematically the boundary layer extends indefinitely in the y direction, al- 
though practically speaking the major velocity change takes place, in the usual 
case, very close to the body surface. Nevertheless, there is generally some ambi- 
guity in speaking of the boundary-layer “thickness” if what is meant is the region 
in which velocity changes from u,. to 0. We find it both convenient and far more 
useful to define some boundary-layer thickness parameters that are completely 
unambiguous. These are called the displacement thickness 5, and the momentum 
thickness 85. 
‘Consider a two-dimensional flow along a flat surface (Fig. 5-3) such that a 
boundary layer grows, starting at x = 0. 
Take a control surface ABCD and consider the following integral statements: 


Y 
Mass flow across AB = if UooPoo dy 
0 


Y 
Mass flow across CD = / up dy 
PEL 
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Figure 5-3 Control volume for development of the concept of displacement 
thickness and momentum thickness of the boundary layer. 


Thus, by conservation of mass, 


Y ¥ 
Mass flow across BC = / Uso Poo dy =~ / up dy 
0 0 


y 
ae oP | (: yan )ay 
0 UooPoo 


Now let Y — ow so that the entire boundary layer is enclosed; let us define 
6, such that 
oo up 
b1UcoPoo = oP | (1 a Jay 
0 Uoo Poo 


a= (1- ~ Jay 
0 Uoo Poo 


Thus 4; is a measure of the displacement of the main stream resulting from the 
presence of the flat plate and its boundary layer. Similarly, 


(5-5) 


Y 
x-momentum flux across AB = ‘} Pooll2, dy 
0 


Y 
x-momentum flux across CD = / pu’ dy 
0 


If Y is sufficiently large that u is essentially u., at Y then 


: 
x-momentum flux across BC = ua Ee i (1 fa ua ay] 
0 


Ugo Poo 


i 
i 


Then the net rate of loss of momentum in the control volume is 


Y ¥ Y Y 
u 
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Again let Y — oo and then define 5, such that 


82U>Poo = / PU(Ug — u) dy 
0 


CO 
pu u 
0 Potta Ugo / 
Thus the momentum thickness is a measure of the momentum flux decrement 


caused by the boundary layer, which, according to the momentum theorem, is 
proportional to the drag of the plate.’ 


(5-6) 


ALTERNATIVE FORMS OF THE MOMENTUM 
INTEGRAL EQUATION 


Examination of Eq. (5-4) reveals that the integrals are essentially the same as 
appear in the definitions of 5, and 4), provided we change the upper limit in 
Egs. (5-5) and (5-6) from oo to Y. This is valid since we have already assumed 
in the development of Eq. (5-4) that Y is sufficiently large that uy = u.. Thus 
we can evidently replace the integrals in Eq. (5-4) and express the momentum 
integral equation in terms of the boundary-layer thickness parameters. After 
rearranging and simplifying, we obtain 


Ee Ps Vs _ dbp 54. 2 1 dug Ty dpe. 1dR 
Posll230) Pools 4 dx oy) 


USKax E32 Pavdx Rdx 
(5-7) 


Equation (5-7) is simply an ordinary differential equation for 5 as a function 
of x, and this equation, although in a sense exact, also forms the basis for many 
approximate boundary-layer solutions. The approximations generally arise as the 
result of some assumptions about the relationship between t, and 62, the thick- 
ness ratio 5, /52 (frequently called the shape factor), or an assumed function for 
the velocity profile u/U.. 

Various particularizations of Eq. (5-7) can be obtained by dropping suitable 
terms. For example, for constant-density flow along a two-dimensional surface 


‘Note that if v; 4 0, or if R varies with x, then 5, and 52 no longer have the simple physical meaning 
implied in this development. Nevertheless, the defining equations (5-5) and (5-6) remain valid and 
unambiguous. The reader is referred to Hokenson! for boundary-layer thickness parameter definitions 
that are more.general. 


46 


Convective Heat and Mass Transfer 


(R — oo) with no suction or blowing (v, = 0), we obtain the simpler form 


5 1 dug 
ele ot & +5:|(2+ 2) al (5-8) 


Pactt2,, dx 63.) Us AX 


A still more restricted form results if there is no pressure gradient, so that u, 
is a constant: 


, dé 
MS cal beglol (5-9) 
Pele, On 
Later we will find it convenient to define a local friction coefficient cy that is 
dimensionless and given by 


Oper (5-10) 
7 Pootlog 
Substituting in Eq. (5-9), 
Cf dd 
ew tags 5-11 
2 dx ( ) 


THE ENERGY INTEGRAL EQUATION 


Integral methods for solution of the thermal boundary layer can be used to obtain 
approximate solutions in much the same manner as for the momentum boundary 
layer. The energy integral equation of the boundary layer is developed in a rather 
general manner applicable to a compressible, high-velocity fluid, with or without 
suction or injection, including viscous heat generation and chemical reaction, 
and for a body of revolution as well as a flat plate. 

Consider a body of revolution over which there is steady axial fluid flow 
(Fig. 5-4). Let the surface temperature of the body vary in the direction of flow 
in any arbitrary manner, and let there be fluid flow through the body surface at a 


Figure 5-4 Coordinate system and location of the control volume for bh tia 
of the energy integral equation of the boundary layer. 
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Figure 5-5 Control volume for development of the energy 
integral equation of the boundary layer. 


velocity (normal to the free-stream direction) that can vary in an arbitrary man- 
ner along the surface. The fluid flowing through the wall can, in general, be the 
same as or different from the free-stream fluid. There are no variations of any 
kind in the @ direction, and the stagnation enthalpy of the free-stream fluid is 
everywhere constant. 

Consider the steady-state energy-transfer rates across the surfaces of a control 
volume in the boundary layer (Fig. 5-5). Let the control volume be of infinitesimal 
extent in the flow direction, but of finite height Y in the direction normal to the 
surface; and let it be fixed to the surface at y = 0. Assume that velocity and tem- 
perature gradients in the x direction are negligible relative to the corresponding 
gradients in the y direction (the boundary-layer approximation), and ignore the 
work done on the control volume by the normal viscous stresses. Convection will 
be the only energy transport mechanism in the x direction, while in the y direction 
there will be heat transfer and shear-work transfer as well as convection. 

Application of the conservation-of-energy principle, Eq. (2-5), to the control 
volume for steady flow yields 


(ae ate ae = Eaite.y i qy) ame oe coe al qs oF Wy) = 0 
(5-12) 


Each of the convection terms is the product of the mass flow and of the stagna- 
tion enthalpy (thermal and chemical enthalpy plus kinetic energy). For the en- 
thalpy terms, we can simplify the algebra if we shift the reference or datum for 
enthalpy by letting the enthalpy datum be the free-stream stagnation state, which 
has already been designated as a constant. Thus 


ine = (E+ 9U7) — (ico + 54 e0) 
and 
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We now write expressions for each of the terms in Eq. (5-12), based on the 
appropriate flux laws: 


Y 
Ecotne = Rd (i Ui reg dy 
0 


; : d a! 
EF conv,x-+6x = Rd / Ui roe dy a 5p — (R i, puires ay) dx 
0 ‘ dx 0 
Eat =R bp bx Ps Usirer 5 
gs = R 8d dx 4” 


Now let Y be sufficiently large that all properties at Y are free-stream proper- 
ties; that is, Y is larger than the boundary-layer thickness. Under these conditions, 
Econv,y = R 5 5x py vying y = 0 

Eun.y =0 
gy =0, Wy=0 


Substituting in Eq. (5-12) and rearranging, we have 


7 ld . +k ° ok 
ga Re R puis, dy | — Ps Ustreg (5-13) 
0 


Equation (5-13) is the energy integral equation of the boundary layer. After de- 
veloping the thermal boundary-layer thickness parameters below, we will be able 
to write more compact forms of the energy integral equation. 


THE ENTHALPY AND CONDUCTION THICKNESSES 


The problem of defining a thickness of the thermal boundary layer is similar to 
that posed by the momentum boundary layer. Again we can define integral thick- 
ness parameters in an unambiguous way, and we make use of two—the enthalpy 
thickness and the conduction thickness. The physical significance of these param- 
eters should be apparent merely from their definitions. The enthalpy thickness is 


defined as 
a= | say (5-14) 
0 P 


3k 
oo oolref,s 


For a low-velocity constant-property flow of a perfect gas with no chemical 
reaction, A> can be expressed in terms of temperature as follows: 


iar ellos Tied 


~ u (T=—T 
An = — d All 
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Equation (5-15) is also applicable to a constant-property liquid to a good 
approximation. 
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Figure 5-6 Graphical illustrations of the meaning of the enthalpy thickness and the 
conduction thickness of the boundary layer. 


A conduction thickness A4 may be defined as 
_ KT, = Too) 
ion bal 
where k is the thermal conductivity of the fluid. 


Later we will want to define a convection conductance, or heat-transfer co- 
efficient, as 


A4 


thes 
T; — Tx 
Thus 
Ayg=k/h (5-16) 


The physical significance of both the enthalpy thickness and the conduction 
thickness may be appreciated by reference to Fig. 5-6. 


ALTERNATIVE FORMS OF THE ENERGY 
INTEGRAL EQUATION 
Making use of the definition of the enthalpy thickness of the boundary layer, we 
can now replace the integral in Eq. (5-13), provided only that we let Y > ov. 
Substituting, and then expanding the derivative and rearranging, we obtain 
ba ff s Us 
ea i De 
Pootrool refs Pooltoo 


cb taal 0 es oe 
dA» ae (— du p f,. ) (5-17) 
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Note the similarity in form to Eq. (5-7). When it is expressed in this manner, the 
significance of the various terms is apparent. 
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Let us now examine a more restricted form of the energy integral equation, 
for example, low-velocity gas flow, no chemical reaction, v, = 0, and constant 
fluid properties across the boundary layer. Then A> takes on the form given by 
Eg. (5-15), and we obtain 


qs 
Poloot(Ts — Tox) 
2 1 du, 1 dos . 1 dR I d(T, — Tx.) 
= OO a ee Eee ao 
dx Ugg AX Roo ax Radx (T. — Toe) dx 
(5-18) 
A more compact expression of the same equation is 
peo A rd ‘. 
4. = — ~ [Ar Rpzetteo(T, 5 To)] (5-19) 
c Rdx 


Note that in each of these equations the product o..u¥. always appears, rather 
than p. and vu. independently. Thus we frequently find it convenient to employ 
the mass velocity or mass flux, Gay = Osoit-o; Eq. (5-19) then becomes 

& 5S ARG Tal (5-20) 

c Rdx 
and Egs. (5-17) and (5-18) can be similarly simplified. In internal flows, such as 
flows through nozzles, G., is an especially convenient parameter, for it is merely 
the mass flow rate divided by the flow cross-sectional area [see Eq. (2-3)]. In 
such problems it is then unnecessary to evaluate separately the density and 
velocity. Note that this simplification is not available to us for the momentum inte- 
gral equation (5-7), which means that to solve momentum problems we must sep- 
arately evaluate free-stream velocity and density at all points along the surface. 

Let us now see to what form the energy integral equation reduces for the 
simplest conceivable boundary-layer problem. Consider flow over a flat plate, 
R — o. with constant pressure and free-stream velocity du,,/dx = 0, constant 
properties do,,/dx = 0, and constant fluid-to-surface temperature difference 
d(T, — T,.)/dx = 0. Equation (5-18) then becomes 

mésisi: Gol wias Bi) dha (5-21) 
puxe(T, — Tx.) dx 


If we now define a local heat-transfer coefficient 


* q. 
i= 2? 
Te, oe 
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h dA> 
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The group of variables on the left-hand side is nondimensional and is called the 
local Stanton number St. Thus 


h h 
Phi PUgo€ iy Gaol Ci) 


and 


dA 
aR ae 


(5-24) 
dx 
Note the analogous relation from the momentum integral equation (5-11). 
~ It should also be apparent that an integral boundary-layer equation for the 
diffusion of some component j in a fluid mixture can be developed in the same 
manner. 


PROBLEMS 


5-1. Develop a momentum integral equation for steady flow without blowing or 
suction for use in the entry region of a circular tube. Note that Eq. (5-4) is not 
applicable for this case because it has been assumed that the boundary-layer 
thickness is small relative to the body radius R; in the present case the boundary 
layer ultimately grows to the centerline of the tube. 


5-2. Develop the corresponding energy integral equation for Prob. 5-1. 


5-3. Develop a boundary-layer integral equation for the diffusion of component j in a 
multicomponent mixture. 


5-4. Derive the momentum integral equation (5-8) and the energy integral equation (5-21). 


REFERENCE 
1. Hokenson, G. L.: AIAA J., vol. 15, pp. 597-600, 1977. 
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boundary-layer flows, often called the Reynolds-averaged equations. These 

evolve from the same basic equations developed for laminar flows, namely 
the conservation-of-mass equation, the Navier-Stokes equations, and the 
conservation-of-energy equation. However, they differ in basic form by the addi- 
tion of the time-dependent term, reflecting the fact that turbulent flows are inher- 
ently unsteady. For a large class of turbulent flows the unsteady equations can be 
greatly simplified through a time-averaging process to yield equations similar to 
those for steady laminar flows. The consequence of this reformulation is the 
introduction of new unknowns within the equations, called the turbulent or 
Reynolds stresses for momentum and the turbulent heat fluxes for energy. 

The chapter begins by presenting the variables and differential equations 
applicable to a time-dependent turbulent flow. The concepts of Reynolds decom- 
position and time-averaging are then developed, followed by formulation of the 
variable-property time-averaged turbulent flow equations, along with their two- 
dimensional boundary-layer forms. Kinetic energy equations for the mean flow 
and turbulence field are then developed, along with discussion of the dissipation 
transport equation. The turbulence kinetic energy and dissipation transport equa- 
tions form the basis for the k-e two-equation turbulence model as an alternative 
to the conventional Prandtl mixing-length model of turbulence. 


| n this chapter we develop the differential equations applicable to turbulent 


MOMENTUM AND THERMODYNAMIC VARIABLES 


The momentum variables in the turbulent equations are identical in typestyle to 
their laminar counterparts, but are considered to represent instantaneous quanti- 
ties as a function of position (x, y, z) and time (t). When the same variables 
appear with overbars they represent mean values as a function of position only, 
and when the variables appear primed they represent time-dependent fluctuations 
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about their respective mean values. The momentum variables are generalized 
using index notation, since development of the equations for turbulent flow is 
more easily carried out in this way, and the vector concepts likewise are general- 
ized using tensors. Most of the thermodynamic variables remain simple because 
of their scalar nature. 

The Cartesian coordinate directions (x, y, z) in index notation become (x, 
X2, X3), and the associated velocity components (u, v, w) become (vu, U2, U3). 
Commonly used momentum variables include the x;-direction mass flux, pu;, the 
x;-direction momentum per unit mass u;, and the body force per unit volume X;. 
Thermodynamic and energy variables associated with the turbulent flow equations 
include the pressure P, temperature T, enthalpy i, internal energy e, density o, and 
specific heat c. Molecular transport coefficients include the dynamic viscosity 
and the thermal conductivity k. The kinetic energy per unit mass is su ju;, and S is 
a volumetric energy source term. 


NEWTONIAN STRESS AND FOURIER 
HEAT-FLUX MODELS 


The Newtonian stress model for turbulent flow is of the same form as Eq. (3-7) 
for laminar flow, but the terms are functions of both space and time. It is a 
second-order tensor of the form 


Oj; = — PO + Ti (6-1) 


where 6;; is the Kronecker delta, a unit second-order tensor, and the viscous siress 
tensor 1;; reflects the deformations caused by spatial velocity gradients du; /0x;. 
These gradients are a form of second-order tensor, which can be decomposed into 
the sum of a symmetric tensor $;; and an antisymmetric tensor {2;;: 
Ou; 
— = Si, + Qi (6-2) 
ox j 
Here S;; is the strain-rate tensor, related to the deformation of the fluid, while the 
tensor 92;; relates to the rotation of the fluid. They are defined as 


1 Ou; Ou; 
ee ay See 6-3 
2 ke “# =a) ( ) 
and 
1 fou; Ou; 
=e 6-4 
2 2 & =) ( ) 


On the basis of the assumptions that the viscous stress field is linearly propor- 
tional to the strain-rate field, that it is symmetric, and that it obeys the Stokes 
hypothesis, the viscous stress tensor becomes 


Tj = 2Sij — 5 WS i (6-5) 
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and Eq. (6-1) becomes _ 
Oj = —PSij + 2uSij — FU Sia5ij (6-6) 
The Fourier heat-flux model is of a form similar to the vector equation (3-8), 


but g” is temporarily replaced by g/A to avoid confusion with the primed quan- 
tities. For heat flux in the x; direction 


(4) bos yee (6-7) 
A ia Ox; ; 


INSTANTANEOUS EQUATIONS OF TURBULENCE 


The turbulence equations are similar to the laminar flow equations of Chap. 4, 
and in some instances they are identical, although perhaps rearranged. The time- 
derivative term in each equation reflects the unsteady nature of the turbulent flow. 

Conservation of mass is similar to Eq. (4-4), with the addition of the time 
(unsteady) term: 


- - Ou) =0 (6-8) 
The x;-momentum equation follows Eq. (4-13), and becomes 
0 0 00;; 
ape oe ax sete = au ie e (6-9) 
or, with the stress model (6-1), 
) a a 
ay Pui) of FT = cagaada + Tj) +X; (6-10) 


The conservation of energy for a single species can be written using either 
stagnation enthalpy or total energy, i.e., internal energy plus kinetic energy. The 
former is typically used in convective heat transfer. The latter allows insight into 
the various forms of energy transfer between the mean flow field and the turbu- 
lence field, as well as transfer between mechanical and thermal energy forms, 
which eventually leads to an increase in entropy. Both forms of the equation 
evolve from each other by separation of the pressure part of the stress tensor to 
form a flow work term. The stagnation enthalpy equation form is similar to that 
developed in Eq. (4-26): 


ne (*-2) et ghiry a of) Ge ee 
ot p p Ox; p J +y ax; an ax; Uj Tji Uj Aj 
(6-11) 


where 
Rye’ fet 
Be Oe eet es Be nena 
aiid Uu ait 
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Development of a mechanical energy equation is carried out by multiplying 
the x;-momentum equation by the velocity component u; and invoking the 
conservation of mass on the convective terms to yield 

o( sit ) ( Mii) 0 x 6-12 
a \P-9 ax; ale lane Ons aesebor i (6-12) 

A thermal energy equation is developed in a manner similar to that carried 
out to develop the static enthalpy equation (4-27). It is a split equation, whereby 
the kinetic energy component is removed from the total energy equation by sub- 
tracting the mechanical energy equation (6-12). 


REYNOLDS DECOMPOSITION 


The time dependence of a turbulent flow is the result of relatively small-scale 
vorticity in the flow; virtually every fluid particle is a part of a so-called turbulent 
eddy or structure, of which there are a very large number in a typical flow. A 
mechanical or optical experimental measurement at a point within a turbulent 
flow reveals a velocity that fluctuates in a random manner around a steady time- 
independent velocity. Any attempt to completely describe the velocity field, either 
through measurements or numerical simulations, as a function of time is diffi- 
cult to impossible, except for simple flows at relatively low Reynolds numbers. 
On the other hand, because the fluctuating velocity components for a majority of 
turbulent flows tend to be small relative to the mean velocity, it appears practica- 
ble to adopt a statistical approach to describe the effects of the time-dependent 
components of the flow, and thereby treat the flow as if it were steady. 

Figure 6-1 shows a way of describing the velocity in a turbulent flow, re- 
duced for clarity to a two-dimensional flow. V is a vector representing the steady 
velocity component, and V’ is the fluctuating component, which varies with time 
but which must be zero when averaged over time, in keeping with the statistical 
approach. The total instantaneous velocity is V. The figure shows a Cartesian 
decomposition of the instantaneous velocity into components in the x direction, 


x 


Figure 6-1 Velocity components for a turbulent flow (shown 
in two dimensions only). 
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or x, direction, and in the y direction, or x2 direction. The x omponeal is com- 
posed of the steady quantity % and its fluctuation quantity wu’, and the y EPP; 
nent is composed of the steady quantity v and its fluctuation quantity v’. For 
two-dimensional turbulent flows experiments show that there exists a fluctuation 
quantity w’ in the z direction, or x3 direction, although w is zero. The instanta- 
neous velocity components u; for i = 1, 2, 3 can be expressed as 


u=ut+u’, v=v+0, w=wt+w’ (6-13) 


These are referred to as the (Osborne) Reynolds decompositions. Likewise, 
scalar quantities such as pressure and temperature also fluctuate, and they are 
expressed in terms of decompositions as 


P=P+P*, ji hel a (6-14) 


The enthalpy terms need special consideration. Both the stagnation en- 
thalpy and the static enthalpy have Reynolds decompositions similar to that for 
temperature: 


pi Hie, i=iti’ (6-15) 


Substituting decompositions for i and u; into the definition i* =i + Sui u; and 
comparing with the decomposition for i* leads to the following definitions for 
mean and fluctuating components: 


rm 1- = +s +/ - 7 hie rf 
i* =i + 5UjUij, i =i +uju; + 5U;U; (6-16) 


If the definition of i* is to include the component 3 1y’u',, which is the mean value 
of the turbulence kinetic energy, then this éomponent must appear in the defini- 
tion of i*’ with opposite sign. 

Thermodynamic and thermophysical properties such as density, dynamic 
viscosity, specific heat, and thermal conductivity can also fluctuate in response to 
the pressure and temperature fields. Arguments for neglecting the density fluctu- 
ations are based primarily on arguments related to the Mach number of the tur- 
bulence, as discussed in Hinze* or Cebeci and Bradshaw.’ For buoyancy-driven 
flows, or flows with large absolute temperature differences, the fluctuating den- 
sity field cannot be ignored. For the treatment of turbulence in this book, how- 
ever, we will assume that fluctuations of all properties are small, and thus all 
properties will appear without an overbar to signify the lack of consideration of 
their fluctuations. 

Decompositions involving velocity gradients and temperature gradients are 
straightforward. However, it becomes convenient to define the strain rate tensor, 
stress tensor, and viscous stress tensor decompositions 


Sy = §; + 5;;, Oij = ij + Oj), Tij = Ty + Tj; (6-17) 
Body force and source terms have the decompositions 


X,=Xi+X, S=S+S' (6-18) 
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TIME-AVERAGING AND TURBULENCE STATISTICS 


lf we assume that the flow has a measurable continuous time history, we can 
define a time-averaging operator to create statistics of the flow. Consider some 
variable or property of the flow, f(x, t). The statistical mean value of that vari- 
able or property at x, where x is the vector location (x;, x2, x3), is 

2 1 to+t 

f(x) = lim - FS (x, t) dt (6-19) 

too ft fn 
The variable Fi (x) exists if the limit converges, and it is stationary if it does not 
depend on the start time of the averaging process, to. An alternative to Eq. (6-19) 
would be to consider ensemble-averaging, whereby a large number of measure- 
ments or samples of f(x, t) are collected and averaged. 
Working with the velocity component u, we can form its mean value at a 

location x by averaging its instantaneous variation over a long time: 


1 tot+t 
= +f u(x, t) dt (6-20) 
to 


From the definition of the Reynolds decomposition we require that the fluctua- 
tions about the mean be zero, 1.e., 


= | to+t ] tot+t 
wae | [u(x 1) = ajar =~ f u' dt 
to 


to 
and 
u' =0 


The variance, or second moment, of wu’ at a location x is obtained by 
changing the integrand in Eq. (6-19) to [u(x, t) — i)’ and carrying out the time- 
averaging process: 


to+t 5 
ue SUS hu = al [u(x, t) — u]° dt 
to 


The double-velocity correlation of the components u and v at a single point x 
in the flow is similar in concept to the covariance in statistics. It is obtained by 
carrying out the time-averaging process: 


to+t 
CU a hy = -| [u(x, t) — u][v(x, t) — v] dt 
to 


The variance for any of the velocity components u; at a point will be a second- 
order tensor. Likewise, the double-velocity correlation between velocity compo- 
nents u; and u; at a point will also be a second-order tensor. Triple single-point 
correlations are formed using any of the three components, yielding a third-order 
tensor. Similarly, double- and triple-correlation statistics involving one or more 
velocity components and a thermodynamic variable can also be formed, 
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With these operations defined, we can state some simple averaging rules, 
which are readily developed by simple substitution: 
i =i (meanrule), u+v=u+0 (sumrule), wu’ uu’ 
w=(u+uw)(v+v’) =uv+uv+0W +u'' = 
pe 


=(utu)utu’) =uu+uu'+u +u'u’ =pmu+tuu =a+u'u’ 


Uu 
nv tu’ =u +u'v' 


Assuming that the turbulence field is such that mean quantities are independent 
of the start of the averaging process, integration and differentiation can be 
interchanged: 


ou _ ou ; 
4 (derivative rule) 
ax... Ox 
These examples and rules for averaging are extended in a straightforward way to 
the variables written using indices. 


REYNOLDS-AVERAGED TRANSPORT EQUATIONS 
OF TURBULENCE 


Development of the Reynolds-averaged equations to describe turbulent flows 
that have a statistically steady mean is achieved by substituting the various ve- 
locity and scalar Reynolds decompositions into the instantaneous equations and 
operating on the equations with the time-averaging operator, Eq. (6-19). Equa- 
tions for the fluctuating components can then be developed by subtracting the 
mean equations from their instantaneous forms. Transport equations for the var- 
ious turbulence statistics are obtained by manipulation of the fluctuating compo- 
nent equations and then time-averaging the residual equations. These become the 
transport equations for various turbulence quantities such as turbulence kinetic 
energy, dissipation, Reynolds stresses, and turbulent heat-flux components. 


Conservation of Mass 


This equation is obtained by first substituting the Reynolds decomposition ve- 
locity terms into the instantaneous conservation-of-mass equation (6-8): 


dp 
Fe t ple +H D1 + SoG +1 + Moh +w'y] =0 
which, a pts tie erat becomes 
dp ; agate: 0 : 
itech (oi 1) (ou ats a a (pv ) + = (ew) + (pw) =9 
ot dy dz dz 


Now, the entire equation is sia rr over time using Eq. (6-19), the sum rule is 
applied to break up the averaging into individual terms, the derivative rule is ap- 
plied to each term, and, on dropping the:time term, the resulting equation becomes 


"GD (ou) ee sree ars a =0 
— — aaa v es / wee PN Stee. 
aye 5x ay p ay BV) ta ee + ae 
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Applying the mean rule for time-averages of mean quantities, and noting that the 
time-average of the product of a mean quantity and a fluctuating quantity is zero, 
the resulting Reynolds-averaged conservation-of-mass equation is 


ee) 0 nal. aoe 
remit ate ay PY) a age) =0 (6-21) 
or, in index notation, 
= (pu;) = 0 6-22 
dx, puj) = ; (6-22) 


Note that for constant-density turbulent flow the density term can be re- 
moved from the spatial-derivative term, with the resulting equation being the 
same as Eq. (4-4). Also, for constant-density flow, an equation for the fluctuating 
velocity components is obtained by substracting the Reynolds-averaged form 
from the instantaneous form, ignoring the time variation of density, to yield 


) 
—(pu'’,) =0 -23 
5 OM) (6-23) 


Conservation of Mass for the Turbulent Boundary Layer 


If we now restrict consideration to the simple two-dimensional turbulent bound- 
ary layer with constant density, the conservation-of-mass equation becomes 


du ab 
pecsaps Cee (6-24) 
Ox Soy 


Momentum Transport Equation in the x; Direction 


Development of this equation proceeds by first substituting the Reynolds de- 
compositions into the instantaneous x;-direction momentum equation (6-9), 
time-averaging, and then applying the derivative rule: 


seipgint De B lec aie Oo eee eee 
5 eG Fu UD = 5 Gi Fa) + ¥ FX, 
Again, recall that density does not carry an overbar, reminding us that we are not 
considering a density decomposition. Should fluctuations in density need to be 
considered, we would have to mass- or Favre-average rather than time-average.' 
Application of the time-averaging rules leads to the following form of the x;- 
momentum equation: 


© 


EA Ad Mercer leet gi ° 
aed + puiu;) = ae + X; (6-25) 


Several variations of the x;-momentum equation must be developed to assist 
in formation of other turbulence equations and in turbulent transport models. The 
first variation follows from decomposition of the stress tensor into the pressure 
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term and the viscous stress tensor, coupled with movement of the new convec- 
tive term to the right-hand side of the equation: 


a) Geet: — ss 
ay Pte) cy et ax) vit — puiu;) + X; (6-26) 
where the pressure term has been converted using the relationship 
0(—P6,;)/8x; = —OP/9x;. 

This form of the momentum — gives rise to an sie between the 
viscous stress tensor and the term — pu 7 u’., a turbulent stress tensor, although in 
the turbulence literature this tensor often appears without the minus sign. It is a 
set of nine terms: j = 1, 2,3 for each of the i = 1, 2,3, or x-, y-, z-direction 
momentum equations, although symmetry arguments will rédute this to a set of 
six terms. While the pu;u' are derived mathematically as a consequence of time- 
averaging the x;-momentum transport equation for turbulence, they are easily 
quantified by experimental techniques. They are highly nonlinear and important, 
reflecting the inherently time-dependent character of the turbulent flow. With 
the minus sign dropped, the term pu‘u; is called the Reynolds stress tensor, and 
often given the second-order tensor symbol R;;. 


Momentum Equation for the Turbulent Boundary Layer 


If we now restrict Eq. (6-26) to the x direction, the turbulent stress term fori = 1 
ae 


) ) —= 
ae puju,_ = pu) + 5 (—pual) + 5 (— pase, 


= (piu!) a = pv) + = (-pwH) 


In the two-dimensional boundary layer the w/w’ term is found from experi- 
mental evidence to be essentially zero, although w’ exists for all turbulent flows 
because of the nature of the fluctuating vorticity. The variance w is an impor- 
tant quantity, and is part of the turbulence kinetic energy of the flow. The term 
u’u’ = uw” is likewise an important quantity and part of the turbulence kinetic en- 
ergy of the flow, although for two-dimensional boundary-layer flows its stream- 
wise gradient is found to be negligible except in the vicinity of the stagnation 
point or near boundary-layer separation. It is eliminated in keeping with the 
boundary-layer approximations. Likewise, the t;; tensor fori = | is reduced toa 
single component t,,, reflecting the requirement to only consider y-direction 
gradients in the boundary-layer approximations. 

For two-dimensional “steady” turbulent boundary-layer flows, the x;- 
momentum equation (6-26) for i = 1.is reduced using the boundary-layer ap- 
proximations, and combined with the conservation-of-mass equation (6-22) to 
form the standard variable-property form 


- : est : 
pu— + pv = |= — + (GH, pu’) + X (6-27) 
x Oy 


: 
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For constant-density flow with negligible body forces, the boundary-layer mo- 
mentum equation is recast using Newton’s law of viscosity to become 


gee meg oe 1dP On ae 08 
Ox BV me We 4: AY, or aes oe) 


Stagnation Enthalpy Transport Equation 


Development of this equation proceeds by first substituting the various Reynolds 
decompositions into the instantaneous stagnation enthalpy equation (6-11), time- 
averaging, and then applying the derivative rule: . 


18) Ul: 1) (G* + / 9 Ls _@ ‘zig 
5 PH FE TPM = =| ( aaa ‘)' 


0 eS ee 
+ a + u;)(Ti + T;)] 


+ (a ul) (X; +X)+(S4+ 8’) 


Application of the time-averaging rules leads to the following form of the stag- 
nation enthalpy equation: 


) ( me Tex aL ui*) 0 q alle a) (u = oe STi 
——(Pis;t u.t*) = —|—-— — HU Ci + Us, 
Ox; iid p i Ox; j Ox; fs 
+ uj)X; +ulX' +S (6-29) 
The new convective transport term as a result of the time-averaging can be ex- 
panded using the definition of i* to yield 


arid 
tet 
ee 
Substitution of the expanded convective term into the time-averaged equation 
and rearrangement leads to the general form of the stagnation enthalpy equation: 


sil ps i geal q AAT Ohipat ve Bis 
guj tet = ax (e) as 4 PUujl sta Batak = puiu;)) 


puri” = pu’! + pujuu; + pu (6-30) 


This form of the stagnation enthalpy equation gives rise to an analogy 
between the molecular heat-flux vector and the term —pu/i’, with the latter being 
considered as a turbulent enthalpy flux vector. Like its counterpart —pu;u’,, it is 
mathematically derived as a consequence of making the stagnation enthalpy 
transport equation for turbulence a time-independent equation. The other new 
terms include the various work and dissipation terms, along with the u/ X’ body 
force term and volumetric source term. 
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Energy Equations for the Turbulent Boundary Layer 


This equation is developed in a manner similar to the boundary-layer momentum 
equation. We first consider the turbulent enthalpy-flux term. As with the momen- 
tum equation, the z-component term is found from experimental evidence to be 
negligible, principally because there are no gradients in mean value of energy in 
the z-direction. The x-direction gradient is neglected primarily because of the 
boundary-layer approximations, although it may be important for low-Pr turbu- 
lent flows with significant surface temperature gradients in the flow direction. 
The stagnation enthalpy equation (6-31) is reduced by applying the boundary- 
layer approximations, combined with the conservation of mass equation (6-22), 
and neglecting the higher-order fluctuation correlation, to yield 

Dap a agar ge aha cs > wale cede Mt Ae Gas 

Ox dy dy dy ; 


(6-32) 


where the molecular heat-flux term symbol has been replaced with the conven- 
tional double-prime notation to indicate a flux (per unit area). 

For two-dimensional boundary-layer flow with low velocities, no fluctuating 
or mean work terms, no body forces or sources, and with de = c dT, Eq. (6-32) 
reduces to 

_OT Ok Fae se 
pceu—— + pew— = —(—g = pev'T’) (6-33) 
Ox dy dy 

and for constant-density flow with constant specific heat the two-dimensional 
boundary-layer energy equation for turbulent flow with Fourier’s law for molec- 
ular heat flux becomes 


JOP on WOES Ok OF oes 
Uae (om - wT) (6-34) 


Mechanical Energy Transport Equation 


This equation considers the transport of the mean kinetic energy per unit mass 
of the flow, and it is derived by multiplying the time-averaged x;-direction 
momentum-transport equation (6-26) by u; and applying the conservation-of- 
mass equation (6-22) to the convective term to yield 


Of steal “NORe POgaigey Ww By RG 
Ly eee as Bigot oa tigen — puju;) + ujX; 


Application of the chain rule to the stress terms leads to the final form of the 
mean mechanical energy equation: 


2( it) = AE _ pt OPERA SY? 
j i Ox; OX; OX; aie 


Cea EO PY oe 
ae ax, im _ ree + u;X; (6-35) 
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The major significance of this rearranged form (6-35) is that we can identify 
stress~velocity gradient products, which usually represent source or sink terms 
in conversion or energy from one form to another, and velocity—stress products, 
which represent work rate or power terms. 


Turbulence Kinetic Energy Transport Equation 


This equation considers the turbulence kinetic energy per unit mass of the flow, 
and it is derived as follows. First a transport equation for the fluctuating velocity 
is created by inserting the various Reynolds decompositions into the instanta- 
neous x;-direction momentum equation (6-9) and then subtracting from it the 
time-averaged momentum equation (6-25) and seers the time term: 


0 LP / i ae 0 if / 
By Omit: + pujuij + puju;) = 9x 79 _ fa Puiu i ak i Xe (6-36) 
Second, the transport equation for the fluctuating wei is multiplied by wu’: 


a a 
ay ta + pujii CO) Mian Cubic tage — (puju uu.) + ul X! 
and ae resulting three convective terms are tele es via chain-rule opera- 
tions and the conservation-of-mass pauenens (6- a and (6-23): 
a eee nee Ley = Uj; u; zs = , OU; 
— ‘Ui, F u, — ul. Uj u, pu’, — 


/ 0 ( / 2 0 ae 
.——(pou.u.) = — u.— 
Mi Xj , ihe Se Ox; P : 2 


Substitution of these rearranged terms and time-averaging leads to the following 
form of the turbulence kinetic energy equation: 


0 Ulu; uu’ Oui; 0 en —— 
Sie ; — =ui—(o;,) + ux! 
alae + pu) + pagal rr eae 
The chain rule is applied to the fluctuating velocity—fluctuating stress-gradient 
correlation, and it is expanded using the Reynolds decomposition for the fluctu- 
ating stress tensor. Then applying the fluctuating velocity conservation-of-mass 
equation (6-23) with constant density to eliminate the fluctuating pressure— 

fluctuating Hone sae term yields 
a) Ou, a) riot 
Tat ve agi Vs eg Oa ul P' 55; an 
xj SA ge 5 art, Ox; ae i saa uit) Ox; 


Substitution of this expansion into the turbulence kinetic energy equation leads 
to the following form: 


ed mip) Ou = 
+(— pully tp X! (6-37) 
xj xj 
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In this equation the fluctuating viscous stress tensor—fluctuating velocity- 
eto correlation can be rewritten in terms of the fluctuating strain-rate tensor 
s;; (recall that Tj; 1s symmetric) for the case where the compressibility term is ne- 
glected. To convert the correlation to its positive-definite form, note that the 
stress—velocity gradient correlation is the same with interchange of the i and j 
indices, allowing it to be added and divided by 2, to create the second fluctuating 
stress tensor. The following equation results: 


du’ ul ly dul du, erie 

Go ax, == DEA, grip ever x 2u3(s re +5,54) = 25; ;5;; 

This form shows that the fluctuating viscous stress tensor—fluctuating velocity— 
gradient correlation is positive-definite preceded by a minus sign, signifying a 
negative source or a sink term for the turbulence kinetic energy. It represents the 
rate at which the viscous stress performs deformation work against the fluctuat- 
ing strain rate, and is dissipative in nature. 

A common manipulation of the transport equation for turbulence kinetic 
energy is carried out by combining the gradient of the fluctuating velocity— 
fluctuating viscous stress correlation, which represents the rate of work by the 
fluctuating viscous stresses of the turbulent flow, with the fluctuating viscous 
stress tensor—fluctuating velocity-gradient correlation. Manipulation of these 
two terms leads to 


) NE ar Ou, ) 0 (uju; du; Ou; 
Ox; 20 ier ONOe teak 2 OY Ox; ax; 


where the second tensor is called the turbulence dissipation rate ¢: 


a is ees 
+ ef pee pe Ux, (6-38) 


The turbulence kinetic energy is commonly defined as one of the following 
quantities: 


k= hulu, = 4h (u\u) + upu’, + u5u5) = 5(u'u' + vv! + w'w’) 


This definition is consistent in notation with the other Reynolds decompositions, 
in that a decomposition represents a mean value (with overbar symbol) and a 
fluctuating var Vee prime symbol). As such, we define the \e instantaneous 
quantity k = auju ‘ and the mean value of that quantity as k = su u’,. With these 
definitions, k’ is ‘the difference between the instantaneous and fluctuating 
quantities. 
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The structure of the k-transport equation (6-38) takes a form similar to the 
other transport equations: 


convection (k) = diffusion (k) + source (k) (6-39) 


Comparison of this with Eq. (6-38) suggests that the 0/dx; term to the right of 
the equal sign is composed of three diffusional quantities, although the first two 
terms are really energy-transfer terms representing diffusion of k by the turbu- 
lence itself and turbulent flow work (multiply and divide by p), while the third 
term represents viscous self-diffusion of k. The last three terms of (6-38) repre- 
sent sources and/or sinks of k. The Reynolds stress-mean velocity-gradient 
product (— pu; ‘u;) Ou; /Ox; is a source for k, and it is generally positive, espe- 
cially for boundary- layer flows. This term appears in the mean mechanical en- 
ergy equation (6-35) with a negative sign, indicating that it is a transfer of energy 
from the mean field to the turbulence field. As indicated above, pe represents a 
dissipation of k, being positive-definite with a minus sign. It will appear in a ther- 
mal energy equation with a positive sign, showing it to be a source of thermal en- 
ergy in the energy-transfer process. The u; X; velocity—body force correlation is 
likewise a source of k. 


k Equation for the Turbulent Boundary Layer 


Development of this equation primarily requires elimination of the x-direction 
gradient by applying the boundary-layer approximations and elimination of the 
z-direction components and gradients by restriction to two-dimensional flow. 
The k-transport equation (6-38), combined with the conservation-of-mass equa- 
tion (6-22), becomes, neglecting body forces, 


_ ok Oks: 
UO ere ae cae 


ox dy ~ By 


dy S dy f 


(6-40) 
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Dissipation Transport Equation 


The derivation of the dissipation rate equation is quite tedious, involving differ- 
entiation of the instantaneous transport equation for the velocity fluctuation 
(6-36) with respect to x;, multiplication of the resulting equation by the term 
v(du; /dx,), then time-averaging. Implicit in the derivation is that the kinematic 
viscosity does not have spatial variations. The resulting transport equation con- 
tains a multitude of new fluctuation correlations, none of which explicitly appear 
in any other transport equation, and whose values are practically pepossipe to 
experimentally quantify. The general form of the resulting equation’ is 


eat = nal yee she tee) bite 0. Pare) (6-41) 
Ox; Ox; 


This form is adapted from Mansour, Kim, and Moin,’ except that the three 
diffusion-like terms are written explicitly to reflect their diffusive nature. 
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In Eg. (6-38) the three-part diffusion term is equivalent to the 7, + Il, + D, | 


This equation is quite similar in form to Eg. (6-38) for the turbulence energy. 


term, where 7, represents transfer of ¢ due to the turbulence itself, II, represents 
transfer by pressure fluctuations, and D, represents viscous diffusion of ¢. The 
P, term is a collection of four terms representing production of ¢ by the mean 
and the turbulence fields, and ¢, represents the viscous dissipation of é. 


€ Equation for the Turbulent Boundary Layer 


This equation evolves by elimination ‘of the x-direction gradient because of the 
boundary-layer approximations and elimination of the z-direction components 
and gradients by the restriction of two-dimensional flow. The ¢-transport equa- 
tion (6-41), combined with the conservation-of-mass equation (6-22), becomes 


_0€ _0€ 0 
pu— + pv— = —[e(T, + Te + De)] + p(Pe — &) (6-42) 
Ox BVeanthy 


PROBLEMS 


6-1. 
6-2. 


6-3. 


6-4. 


6-5. 


6-6. 


6-7. 
6-8. 


Using appropriate assumptions, reduce Eq. (6-9) to compare it with Eq. (4-17). 
Convert Eq. (6-11) to Eq. (4-32) using the definition of the substantial (or total) 
derivative. 

Carry out the necessary algebra to show that Eqs. (6-16) represent the appropriate 
decompositions for the stagnation enthalpy. 

Using the averaging rules, develop the conservation-of-mass equation (6-21), 
including all the intermediate steps. 

Reduce Eq. (6-26) to the boundary-layer equation (6-28) using appropriate 
assumptions. 

Derive the stagnation enthalpy equation (6-31), and reduce it to its low-velocity, 
constant-property boundary-layer form given by Eq. (6-34). 

Carry out the derivation of the turbulence kinetic energy equation (6-38). 

The construction of the boundary-layer equations for momentum and energy can 
be considered using the formulation of Eq. (6-39). Recast the laminar boundary- 
layer equations for momentum, Eq. (4-10), and energy Eq. (4-39), and their 
turbulent counterparts. Eqs. (6-28) and (6-34), into the form given by Eq. (6-39) 
to identify the convection, diffusion, and source terms for each equation. 


REFERENCES 


1. 


Rubesin, M. W., and W. C. Rose: NASA TM X-62248, Ames Research Center, 
Moffett Field, California, 1973. 


Hinze, J. O.: Turbulence, 2d ed., p. 22, McGraw-Hill, New York, 1975. 


Cebeci, T., and P. Bradshaw: Physical and Computational Aspects of Convective 
Heat Transfer, pp. 48-53, Springer-Verlag, New York, 1984. 


Mansour, N.N., J. Kim, and P. Moin: AJAA J., vol. 27, pp. 1068-1073, 1989. 


Laminar Internal Flows: 
Momentum Transfer 


ity distribution for steady laminar flow inside smooth tubes. Our primary 
concern is circular tubes, although some additional cross-sectional shapes 
are also considered. 


I n this chapter we develop some of the very simplest solutions for the veloc- 


FULLY DEVELOPED LAMINAR FLOW 
IN CIRCULAR TUBES 


Consider the steady laminar flow of a viscous fluid inside a circular tube, as 
shown in Fig. 7-1. Let the fluid enter with a uniform velocity over the flow cross 
section. As the fluid moves down the tube a boundary layer of low-velocity fluid 
forms and grows on the surface because the fluid immediately adjacent to the 
surface must have zero velocity. 

A particular and simplifying feature of viscous flow inside cylindrical tubes 
is the fact that the boundary layer must meet itself at the tube centerline, and the 
velocity distribution then establishes a fixed pattern that is invariant thereafter. 
We refer to the hydrodynamic entry length as that part of the tube in which the 


momentum boundary layer grows and the velocity distribution changes with ~ 


length. We speak of the fully developed velocity profile as the fixed velocity dis- 
tribution in the fully developed region. It should be added that we are assuming 
in this discussion that the fluid properties, including density, are not changing 
along the length of the tube. 

Without yet worrying about how long the hydrodynamic entry length must 
be in order for a fully developed velocity profile to obtain, let us evaluate the 
fully developed velocity distribution for a laminar flow with constant viscosity. 
The applicable equation of motion must evidently be the momentum equation for 
axisymmetric flow in a circular tube, Eq. (4-11). However, by definition of a 
fully developed velocity profile, it is apparent that v, = 0 and du/dx = 0, and u 
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Figure 7-1 Development of the velocity profile in the hydrodynamic entry region of 
a pipe. “ 


is a function of r alone. Thus Eq. (4-11) becomes 
dP» dea ) 
o= see (rus) (7A) 


Since the pressure is independent of r, Eq. (7-1) can be integrated directly 
twice with respect to r to yield the desired velocity function. Applying the 
boundary conditions 


d 
UE S16 atr =0 
dr 


be — 0 smote te 


Ke dP yr 


Equation (7-2) is the familiar parabolic law. However, it proves more useful 
to express the velocity in terms of a mean velocity V rather than the pressure gra- 
dient. If we designate the flow cross-sectional area of a tube as A,, the mass rate 
of flow across an elemental segment of that area dA, is, by Eq. (2-3), 


dm = pudA, 


Then the total mass flow rate through the tube is 


m =o pudA,. 
Ac 


Let us define a mean velocity V such that 


we readily obtain 


m=pVA,,. Va (7-3) 


Then 


1 
a / pudA, (7-4) 
cw Ae 
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or, since the density is constant, 


1 
V=— A. : 
ay / ud (7-5) 
For axisymmetric flow in a circular tube dA, = 2r dr and A, = Re. Thus 
Pa 
en =] ur dr (7-6) 
the 0 
If we now substitute Eq. (7-2) into Eq. (7-6) and integrate, we obtain 
ra dP 
V=— [-— (7-7 
8 ( dx ) os 


Equation (7-7), together with (7-3), can be used directly to calculate pressure 
drop. We can also combine (7-7) with (7-2) to obtain a simpler expression for the 
local velocity: 


2 
wi QV; (1 3 5) (7-8) 


The shear stress at the surface can be evaluated from the gradient of the 
velocity profile at the surface. From Eq. (3-1), 


5 2r, 4V 
Pee ot ee PV Lae ee (7-9) 
or La ra Vs 


To provide consistency with procedures to be used later, it is worth noting an 
alternative procedure to evaluate shear stress. Consider a stationary control vol- 
ume as shown in Fig. 7-2. Let us apply the momentum theorem, Eq. (2-4), in the 
x direction, noting that, because of the fully developed nature of the flow, there 
is no net change in momentum flux. Thus 


dP ‘ 
0 = Par’? — (? a =r] qr —t2ar 6x. 
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Figure 7-2 Control volume for analyzing fully developed flow in a pipe. 
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Figure 7-3 Shear-stress distribution for fully 
developed flow in a pipe. 


5 dP 
== (-— 7-11 
Ts 2 ( =) (7-11) 


Equations (7-10) and (7-11) are equally applicable to a fully developed tur- 
bulent flow, as long as it is understood that t refers to an apparent shear stress 
that is the linear combination of the viscous stress and the apparent turbulent 
shear stress. 

Also, 


and 


= (7-12) 


Note, then, that in a fully developed pipe flow, whether laminar or turbulent, 
the apparent shear stress varies linearly from a maximum at the surface to zero at 
the pipe or tube centerline (Fig. 7-3). 

Finally, Eq. (7-11) can be combined with Eq. (7-7), and we again obtain 
Eq. (7-9). 

We can express the surface shear stress in terms of a nondimensional friction 
coefficient c; defined as in Eq. (5-10). Let us base the definition arbitrarily on the 
mean velocity. Thus 


teal, are (7-13) 


Then, employing (7-9) and considering the absolute value of the shear stress, to 
preserve the fact that surface shear is always opposite to the flow, we get 


‘ _ AVy/rs % 8 ick 16 
i "pV?/2— pV 2r,pV/m 


We note for the fully developed velocity profile that cr, the local friction coeffi- 
cient, is independent of x. The nondimensional group of variables in the denom- 
inator is the Reynolds number Re. Thus 


2r;pV _ DpV DG 
0 lb rp 


Re = (7-14) 
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where D = 2r,, the pipe diameter, and G = m/A,, the mean mass velocity. Thus 
16 

Cp Be 

We have dealt with this most elementary of internal flow problems in exces- 


sive detail perhaps, but it has provided us with an opportunity to define a number 
of terms that we use later. 


(7-15)' 


FULLY DEVELOPED LAMINAR FLOW IN OTHER 
CROSS-SECTIONAL SHAPE TUBES 


Laminar velocity profile solutions have been obtained for the fully developed 
flow case for a large variety of flow cross-sectional shapes. The applicable equa- 
tion of motion for steady, constant-property, fully developed flow with no body 
forces, and with x the flow direction coordinate, can be readily deduced from the 
Navier-Stokes equation (4-15). Thus 


dP 3 
gas NL | (7-16) 
dx 

By assuming dP /dx to be constant over the flow cross section, this equation 
has been solved by various procedures, including numerically, for various shapes 
of tube. In most cases the shear stress will vary around the periphery of the tube; 
but if a mean shear stress with respect to peripheral area is defined (and this is the 
stress needed to calculate pressure drop), a friction coefficient can be defined in 
terms of Eq. (7-13). 

On Fig..7-4 the fully developed friction coefficients for the family of rectan- 
gular tubes,' extending from the square tube to flow between parallel planes, are 
plotted. Figure 7-5 gives similar results for flow between concentric annuli,” 
where the definition of cy for the annulus is given by the area-weighted average 
based on the inner surface, A;, and the outer surface, A,, as 


tT Aj + T Ao Ait te 4 
== Vie 
Cf aon (oV*/2) 
Individual surface shear stress values for the inner and outer radius can be found 
in Shaw and London.* 
For flow through an equilateral triangular tube 
Gf Re. = 13.33 


The Reynolds number in all these results is defined as 


4r,G _ DrG 


Rep, = —— (7-17) 
bh 


‘Integration of Eq. (7-11) and substitution of the friction coefficient definition results in the pressure- 
drop equation AP = 4c, (L/D)(p V?/2). The product Acr is f, the conventional friction factor used in 
fluid mechanics in conjunction with the Moody diagram. Then Eq. (7-15) becomes f = 64/Re. 
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where the “hydraulic radius’ and hydraulic diameter are defined by dates 


A-L cross-sectional area 
Th = = 


A wetted perimeter 
Dy = 4rp, ris 


* 
‘ 


‘The choice of the hydraulic radius as the length dimension i in the Reynolds number is actually a purely 


arbitrary one, since any length that characterizes the size of the flow passage would suffice as long as it 
is defined. However, we find that for a turbulent flow the hydraulic radius does lead to approximate _ 
correlation between the behavior of tubes of various cross-sectional shape, and we use the hydraulic 

radius for both laminar and turbulent flow to provide a consistent treatment and to avoid confusion. “ 


Note that 47;, = Dy, the hydraulic diameter; for circular tubes the tube diameter and hydraulic diameter 
are equivalent. 
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Figure 7-5 Friction coefficients for fully developed laminar flow in circular-tube annuli. 


and where A, = cross-sectional area 
L = tube length 
A = total tube surface area in length L 
G = mean mass flux, m/A, 


It has been found by experiment that if Eq. (7-17) is used for the Reynolds 
number, laminar flow is obtained for flow inside a round tube as long as the 
Reynolds number is less than about 2300, and this criterion appears to be a good 
approximation for smooth tubes regardless of tube cross-sectional shape. Above 
this Reynolds number, the flow becomes unstable to small disturbances, and a 
transition to a turbulent type of flow generally occurs, although a fully estab- 
lished turbulent flow may not occur until the Reynolds number reaches about 
10,000. 

Fully developed flow solutions for a great many other tube shapes may be 
found in Shah and London? and in Kakac, Shah, and Aung.* All can be presented 
in precisely the same way as used here. 
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THE LAMINAR HYDRODYNAMIC ENTRY LENGTH 


The preceding discussion has been concerned with the velocity distribution and 
friction coefficient at points far removed from the tube entrance where fully de- 
veloped conditions obtain. The complete hydrodynamic solution for a tube must 
include some kind of entry length, as in Fig. 7-1. For a circular tube with ax- 
isymmetric, constant-property flow the differential equation of motion becomes 
the momentum equation (4-11), with 4 constant: 


ou Ou GPs > L708 du 
er Ok gos or Ox mn r or @ x) ( ) 


The simplest entry condition would be a uniform velocity at the tube en- 
trance, x = 0, as shown in Fig. 7-1. Even for a sharp-cornered or abrupt- 
contraction entrance, the velocity profile develops in much the same manner, 
although the behavior for the first few diameters from the entrance is somewhat 
different. 

Equation (7-18) incorporates the boundary-layer assumptions and thus 
would not be expected to be valid very close to the tube entrance. According to 
Shah and London, if the full Navier-Stokes equations are employed, it is found 
that for Re < 400 and (x/D)/Re < 0.005, Eq. (7-18) will lead to error in the 
computed velocity profiles. The solutions discussed below are thus only accu- 
rately applicable beyond this region. 

The entry-length initial and boundary conditions of interest, then, are 


UY irom 
at 7 = 0 
vy = 
k= 
a= Ts. 
Un = 
ou 
—=0 tr =0 
ap atr 


Hornbeck"? has solved this problem numerically without any simplifying as- 
sumptions (other than the boundary layer assumptions). Figure 7-6 shows some 
of Hornbeck’s results for the axial velocity profiles, and here it can be seen how 
the velocity profile develops and approaches the fully developed condition. 
Approximate solutions to this problem can be obtained by solving the linearized 
momentum equation, such as described by Langhaar’ or Sparrow, Lin, and 
Lundgren.°® . 

Pressure-drop calculations in a tube must consider the entry region because of 
the variation in momentum flux due to flow acceleration, as well as the effects of 
increased surface shear forces. A calculating equation for the total pressure drop 
from entrance to a point beyond the hydrodynamically fully developed location 
can be obtained either by integration of Eq. (4-11) in the flow direction or by using 
a control volume procedure. For the case of constant properties, the resulting total 
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Figure 7-6 Axial velocity distribution in the hydrodynamic entrance region of 
a circular tube. 


pressure drop becomes 
AP x 2 u \2 
Ce A ced et NE (—) dA, —2 7-19 
dV 2h: 8 Dy). Pong ip V ast 


where the first term contains the surface friction contribution to the pressure drop 
and cy, is the mean friction coefficient from x = 0 to x, 


= te eas, 
Chm aa 1 y2 

7P 
and the second and third terms contain the flow acceleration effects on the pres- 
sure drop. These combined effects of surface shear and flow acceleration can be 
incorporated into a single apparent mean friction coefficient c;,,,. The pressure 
drop from 0 to x can then be evaluated from the following nondimensional pres- 
sure drop equation 


(7-20) 


AP 
bose (7-21) 


NP Age 
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Friction coefficients based on Langhaar’s solution are plotted on Fig. 7-7, in the 
form crRe = f[Re/(x/D)]. Three friction coefficients are indicated: cy, cy,,, 
and Cy,,,. 
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Figure 7-7 Friction coefficients for laminar flow in the hydrodynamic entry length of a 
circular tube (Langhaar’). 


In Fig. 7-7, cy is the local friction coefficient, based on the actual local surface 
shear stress at x by rearranging Eq. (7-13), 


cake 

2pV? 
The approach of cy toward 16/Re in Fig. 7-7 is a measure of the development of 
the velocity profile toward a fully developed profile. Note that cr has reached 
within about 2 percent of its ultimate magnitude at Re/(x/D) = 20. Thus, a 


good approximate figure for the length of tube necessary for the development of 
the laminar velocity profile is 


cr = (7-22) 


x24 Re 
BF 55 (7-23) 
Solutions based on the same procedure as that used by Langhaar, but for 
flow in concentric-tube annuli—including flow between parallel planes—have 
been obtained by Heaton, Reynolds, and Kays.’ A general method for computing 
velocity profiles and pressure drop in the entrance region of ducts of arbitrary 
cross section is given by Fleming and Sparrow.® 
A considerable number of additional solutions for both fully developed flow 
and entry-length flow are presented in Shah and London,’ and a correlation for 
entry-length flow is given in Shah.” 


PROBLEMS 


7-1. Consider steady, laminar, constant-property flow in a duct formed by two 
parallel planes. Let the velocity be uniform at the duct entrance. Calculate the 
development of the velocity profile in the entry length, using the momentum 


7-4, 


7-5. 


7-6. 


7-7. 


7-8. 
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integral equation (5-4), and an assumption that the velocity profile may be 
approximated by a constant-velocity segment across the center portion of the 
duct and by simple parabolas in the growing boundary layer adjacent to the 
surfaces. Note that the mean velocity, Eq. (7-3), must be a constant, and thus 
Eq. (7-4) must be satisfied. [Some help in this problem may be obtained from an 
examination of the development of the momentum integral equation, Eq. (5-8).] 
Evaluate the hydrodynamic entry length and compare with Eq. (7-23). 


Starting with the momentum theorem, develop Eq. (7-19) for the pressure drop 
in steady flow of a constant-property fluid in a tube of constant cross-sectional 
shape as a function of the friction coefficient, mean velocity, and tube length. 
Start with a control volume that is of infinitesimal dimension in the flow 
direction but that extends across the entire flow section. Then reconsider the 
problem when fluid density varies in some known manner along the tube but 
can be considered as effectively constant over the flow cross section. Discuss 
the implications of the latter assumption. 


Consider fully developed laminar flow of a constant-property fluid in a circular 
tube. At a particular flow cross section, calculate the total axial momentum flux 
by integration over the entire cross section. Compare this with the momentum 
flux evaluated by multiplying the mass flow rate times the mean velocity. 
Explain the difference, then discuss the implications for the last part of Prob. 7-2. 
Two air tanks are connected by two parallel circular tubes, one having an inside 
diameter of 1 cm and the other an inside diameter of 0.5 cm. The tubes are 2 m 
long. One of the tanks has a higher pressure than the other, and air flows through 
the two tubes at a combined rate of 0.00013 kg/s. The air is initially at 1 atm 
pressure and 16°C. Assuming that fluid properties remain constant and that the 
entrance and exit pressure losses are negligible, calculate the pressure 
differences between the two tanks. 

A particular heat exchanger is built of parallel plates, which serve to separate 
the two fluids, and parallel continuous fins, which extend between the plates so 
as to form rectangular flow passages. For one of the fluids the plate separation 

is 1 cm and the nominal fin separation is 2 mm. However, manufacturing 
tolerance uncertainties lead to the possibility of a 10 percent variation in the fin 
separation. Consider the extreme case where a 10 percent oversize passage is 
adjacent to a 10 percent undersize passage. Let the flow be laminar and the 
passages sufficiently long that an assumption of fully developed flow throughout 
is reasonable. For a fixed pressure drop, how does the flow rate differ for these 
two passages and how does it compare to what it would be if the tolerance 

were zero? 

Develop the analysis that leads to the linear shear stress distribution described 
by Eq. (7-12). 

Using the methodology developed in the text for a circular pipe, develop the 
fully developed mean velocity profile and fully developed friction coefficient for 
the flow between parallel planes. Compare your friction result with Fig. 7-4 and 
Fig. 7-5. 

Repeat Prob. 7-7 for an annulus with radius ratio r*. Compare your velocity- 
profile result with Eq. (8-26) and your friction result with Fig. 7-5 and Shah and 
London.’ 
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TEXSTAN PROBLEMS 


7-9. 


7-10. 


7-11. 


TEXSTAN analysis of laminar entry flow in a circular pipe: Let the Reynolds 
number be 1000, and pick fluid properties that are appropriate to the Prandtl 
number of air or water. You can choose how to set up the TEXSTAN problem in 
terms of values for the geometrical dimensions and mean velocity for the pipe to 
provide the required Reynolds number and a pipe length equivalent to 

x* = (x/D)/Re = 0.3. Note that the xt ‘variable is the inverse of the Langhaar 
variable, used in Fig. 7-7. Use constant fluid properties, and note that the energy 
equation does not have to be solved. For initial conditions let the velocity profile 
be flat at a value equal to the mean velocity. 

Use Eq. (7-20) to obtain the mean friction coefficient and use Eq. (7-21) 
along with the pressure drop data to obtain the apparent friction coefficient, then 
plot the local, mean, and apparent friction coefficient versus x+ to show how the 
data approach the hydrodynamic fully developed values that are shown on 
Fig. 7-7 and in Shaw and London.’ Confirm the hydrodynamic entrance length, 
and compare to Eq. (7-23). Plot the nondimensional velocity profiles at various 
xt locations and compare to Fig. 7-6 to demonstrate the concept of how the 
profiles evolve from a flat profile into hydrodynamically fully developed profile. 
Plot the absolute value of the pressure gradient versus x* to show how the 
gradient becomes constant beyond the hydrodynamic entrance region. Evaluate 
the ratio of centerline velocity to mean velocity and plot it versus x* to show how 
the ratio becomes a constant (= 2.0) beyond the hydrodynamic entrance region. 


TEXSTAN analysis of laminar entry flow between parallel planes: Follow the 
instructions for Prob. 7-9 to set up TEXSTAN, but use the geometry option that 
permits the centerline of the parallel planes channel to be a symmetry line. Use 
Eq. (7-20) to obtain the mean friction coefficient and use Eq. (7-21) along with 
the pressure drop data to obtain the apparent friction coefficient, then plot the 
local, mean, and apparent friction coefficient versus x* to show how the data 
approach the hydrodynamic. fully developed values that are given in Shaw and 
London.? Confirm the hydrodynamic entrance length using data in Shaw and 
London.’ Plot the nondimensional velocity profiles at various x* locations, 
using the ideas in Fig. 7-6 to demonstrate the concept of how the profiles evolve 
from a flat profile into hydrodynamically fully developed profile, and compare 
the fully developed profile with that given in Shaw and London.’ Plot the 
absolute value of the pressure gradient versus x* to show how the gradient 
becomes constant beyond the hydrodynamic entrance region. Evaluate the 
centerline velocity to mean velocity ratio and plot it versus xt to show how 

the ratio becomes a constant (= 1.5) beyond the hydrodynamic entrance region. 


TEXSTAN analysis of laminar entry flow in a circular-tube annulus with 

r* = 0.5: Follow the instructions for Prob. 7-9 to set up TEXSTAN, but use the 
geometry option that permits the annulus. Use Eq. (7-20) to obtain the mean 
friction coefficient and use Eq. (7-21) along with the pressure drop data to 
obtain the apparent friction coefficient, then plot the local, mean, and apparent 
friction coefficient versus x*+ to show how the data approach the hydrodynamic 
fully-developed values that are given in Shaw and London.’ Confirm the 
hydrodynamic entrance length using data in Shaw and London.’ Plot the 
nondimensional velocity profiles at various x* locations using the ideas in 

Fig. 7-6 to demonstrate the concept of how the profiles evolve from a flat profile 
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into hydrodynamically fully developed profile, and compare the fully developed 
profile with that given in Eq. (8-26). Plot the absolute value of the pressure 
gradient versus x* to show how the gradient becomes constant beyond the 
hydrodynamic entrance region. Evaluate the ratio of centerline velocity to 

mean velocity and plot it versus x+ to show how the ratio becomes a constant 
beyond the hydrodynamic entrance region. 
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when the fluid is flowing steadily with laminar motion inside a smooth tube. 

We assume that all body forces are negligible and that the fluid is forced 
through the tube bv some external means, unrelated to the temperature field in the 
fluid. All the laminar flow solutions considered in this chapter are based on the 
idealization of constant fluid properties. The influence of temperature-dependent 
properties is discussed in Chap. 15. 

Since the major technical applications of these results are in the analysis and 
design of heat exchangers, it would be well at this point to discuss the distinction 
between heat-exchanger theory and the convection theory with which we are 
concerned here. Heat-exchanger theory concerns the total heat-transfer rates and 
terminal fluid temperatures in multifluid heat exchangers, the influence of the 
flow arrangement of the two or more fluids, and the effect of total surface area on 
these heat-transfer rates and temperatures. The application of heat-exchanger 
theory depends upon prior knowledge of the local keat-transfer conductance 
between the fluid and the tube surface, Eq. (1-1), for the particular flow situation 
existing within the heat-exchanger tubes. This conductance, or heat-transfer co- 
efficient, may be obtained experimentally or numerically, or in some cases it may 
be deduced by analytic means. In this study we are concerned primarily with the 
analytic evaluation of the conductance under various conditions. The results of 
the evaluation can then be used, together with heat-exchanger theory, for the 
analysis of complete heat exchangers. Some of our results have significant appli- 
cation outside the realm of heat-exchanger theory, and we will also discover sit- 
uations where the conductance concept loses its useful significance. In these 
cases it is more convenient to work directly with temperatures and heat-transfer 
rates than to employ a conductance. 

We start with a consideration of the region far removed from the entrance to 
the tube, where both a fully developed velocity profile and a fully developed 


I n this chapter we consider heat exchange between a fluid and a solid surface, 
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temperature profile obtain. Here we consider tubes of various flow cross-section 
shapes: a circular tube, circular-tube annuli, rectangular tubes, and triangular 
tubes. We consider heating (or cooling) from the two surfaces of an annulus and 
the effects of a peripheral heat-flux variation around a tube. 

Next we consider a class of problems in which the velocity profile is fully 
developed and remains fixed while the temperature profile develops. The fluid 
temperature upstream of some point is assumed to be uniform and equal to the 
surface temperature, there being no heat transfer in this region. Following this 
point, heat transfer takes place; then we are concerned with the development of 
the temperature profile. These thermal-entry-length or unheated-starting-length 
solutions are considered in some detail for the circular tube, and results are also 
presented for rectangular tubes and concentric circular-tube annuli. A method is 
then developed whereby the thermal-entry-length solutions for constant surface 
temperature and constant heat flux can be used to solve for the temperature dis- 
tribution resulting from any arbitrary axial distribution of surface temperature or 
heat flux. Finally, some results are presented for the combined hydrodynamic- 
and thermal-entry length, that is, where both the velocity and fluid temperatures 
are uniform at the tube entrance. 

Beginning with this chapter we recast the various forms of the energy equa- 
tion that were developed in Chap. 4. Recall, they were developed following the 
principle of conservation of energy, Eq. (2-5), whereby all terms involving con- 
vection by the mass flux terms, heat and mass transfer by diffusion, and either 
shear work or viscous dissipation were retained on the left-hand side of the equal 
sign, and these terms were collectively set equal to a source ierm for energy. A 
more traditional form has the convective terms retained on the left-hand side of 
the equal sign, and all remaining terms moved to the right-hand side. The gener- 
alized form becomes 


convection ( ) = diffusion ( ) + source (_ ) 


Note that this form can be used to describe the various terms of the momentum 
equation as well, where the viscous stress term becomes the diffusion term, and 
the source terms include the pressure gradient and body force. 


THE ENERGY DIFFERENTIAL EQUATIONS 
FOR FLOW THROUGH A CIRCULAR TUBE 


We have already developed the applicable differential energy equation (4-35) 
for flow in a circular tube under conditions of steady laminar flow with neg- 
ligible viscous dissipation and flow-direction velocity—pressure gradient terms, 
no mass-concentration gradients, and no source functions. Let us restrict 
the problem to constant properties and introduce, for an ideal gas, the enthalpy 
relation 


ai =CcaT 


81 


Convective Heat and Mass Transfer 


Equation (4-35), rewritten into the form of convection = diffusion + source, 


becomes ; 
aT ap" ee! RORY OP Mer 
lk oe aiseiih nace hire aon dase: eaadupees 8-1 
LEN nif: ()+ oat Ax? ng 


[As noted in the discussion following Eq. (4-37), this equation is also valid for an 
incompressible liquid with no assumption regarding the pressure-gradient term 
such as was necessary in the development of Eq. (4-35).] 

Let us now further restrict the problem to symmetric heat transfer 
(@?T /d¢” = 0) and hydrodynamically fully developed flow (v, = 0). Equa- 
tion (8-1) then becomes 


oT k ld oT 0°T 
= "| —'} | -— |r —= 8-2 
"Ox (=) E or ¢ aki = | Oe 
Let a = k/pc, the molecular thermal diffusivity of the fluid. Thus 
oT lo oT 0?T 
PTO Metered Pycas — 8-3 
Ox alos. (F) +52 (8:3) 


If we can neglect axial conduction relative to radial conduction (and we in- 
vestigate the conditions under which this is permissible later) then 0°7 /0x? = 0, 
and we finally obtain the energy equation for laminar flow in a circular tube, so- 
lutions to which constitute the major part of this chapter: 


aaa bay ght 
Soest Seso( gilts 8-4 
“Ox ror Ga) eae 


THE CIRCULAR TUBE WITH FULLY DEVELOPED 
VELOCITY AND TEMPERATURE PROFILES 


The existence of a fully developed temperature profile at points far removed 
from the entrance to the tube is a little more difficult to visualize than the fully 
established velocity profile of Chap. 7. However, under a few possible heating 
conditions we can visualize the possibility of there existing a nondimensional 
temperature profile that is invariant with tube length, and under these conditions 
a solution to the energy equation can be effected very easily. 


Criterion for a Fully Developed Temperature Profile 


The term fully developed temperature profile implies that there exists, under 
certain conditions, a generalized temperature profile that is invariant with tube 
length, as in Fig. 8-1. 

For convenience T,, is defined as the mass-averaged fluid temperature. 
This temperature is also sometimes referred to as the mixed mean temperature, 
bulk fluid temperature, or mixing-cup temperature: it is the temperature that 
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= f(r) alone 


0 


Figure 8-1 A fully developed temperature profile. 


characterizes the average thermal energy state of the fluid. We have 


Axial convected thermal energy rate = mcT,, = (9VA,)CTm = / pcul dA, 
Ac 


Then 


i 
ytd Fan . 
rpm ae 


[Compare with the definition of the mean velocity, Eq. (7-5).] 

If the nondimensional temperature is defined in terms of T,,,, the mixed mean 
temperature, and 7,, the surface temperature, and if the nondimensional temper- 
ature profile is invariant in the flow direction, we can write the following for the 
conditions at the surface: 


Diteds (8T/Ar) rar, 
a = cone = 
ar \T. — Tn) Ja, T, — Tn 


Let us now introduce a convection conductance, or heat-transfer coefficient h, 
defined as in Eq. (1-1), with T; becoming the surface temperature T, and 7, 
becoming the mass-averaged or mixed-mean temperature 7,,,; then 


dp= h(T, — Fr) (8-6) 


Note that this conductance is defined with reference to the mixed mean tempera- 


ture; this is quite arbitrary, but convenient. 
From the definition of thermal conductivity, the following must apply at the 
surface (and this must be the case whether the flow is laminar or turbulent): 


oT 
aoe Bs gy fea 
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Combining these three equations yields 


qo1k = S = const 
qi/h k 


Thus 
h=const, invariant with x 


Experimentally this is often noted to be at least approximately true at points 
removed from the tube entrance for certain particular boundary conditions. Thus 
the nondimensional temperature profile is commonly observed to be invariant 
with tube length; in fact, most heat-exchanger analysis is based on a constant 
conductance h. 

The statement that this profile is invariant with x can be expressed as 


Oi fed Weg 
ONT TS 
Differentiating and solving for dT /dx gives 
Cod deanery o  & T,—T dT, | Ts—T dIn 
Ox; Oe. eds Tom Ty dx 
This expression can now be substituted into the left-hand-side convective 
term of the energy differential equation (8-4). If we do so, we see that there are 
at least two boundary conditions (and these are special cases of a more general 
boundary condition, which we shall examine later) for which it will be possible 
to integrate the energy equation directly with respect to r, that is, treat it as an 
ordinary differential equation. Let us first examine some possible conditions. 
Consider the case of constant heat rate ® per unit of tube length. Techni- 
cally, constant-heat-rate problems arise in a number of situations: electric resis- 
tance heating, radiant heating, nuclear heating, and in counterflow heat exchang- 
ers when the fluid capacity rates’ are the same. This is, then, a rather important 
boundary condition. The convection rate equation is 


(8-7) 


q. =h(I, — Ti) = const 
If h is a constant then 
T, — T,, = const 
from which 


dx dw — YyaSde ~ dx 
Thus, substituting in Eq. (8-7) gives 
or -GPONai,, 
ax dx dx 


It also follows that dT, /dx is a constant, as a simple energy balance reveals. 


(8-8) 


‘Product of mass flow rate and specific heat of fluid. 
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Next consider the case where the surface temperature @ is constant. This is 
another very common convection application, and it occurs in such heat ex- 
changers as evaporators, condensers, and, in fact, any heat exchanger where one 
fluid has a very much higher capacity rate than the other. For constant surface 
temperature, 


and Eq. (8-7) reduces to 
oT Tard Ty 
ox T, —T,, dx 


For these two conditions, constant heat rate and constant surface tempera- 
ture, Eqs. (8-8) and (8-9) can be substituted into the energy equation (8-4) to 
yield the following two differential equations: 


aT eas) oT 
u{ — | =a-— {r— 
dx ror or 


Constant surface temperature @ 


(327-5) = (55) 
ae SY eae |p 
T, —T, dx r or or 

The corresponding temperature variations with tube length for these two 
conditions are shown in Fig. 8-2. 

In both cases the independent variables (x, r) have been separated so that we 
can hold x constant and integrate directly with respect to r and determine the 
temperature profile. 

The fundamental boundary conditions of constant-surface-temperature and 
constant-heat-rate are shown by Sparrow and Patankar' to be special cases of 
a more general exponential heat-flux boundary condition. But these two funda- 
mental boundary conditions do cover the usual extremes met in heat-exchanger 


(8-9) 


Constant heat rate ® 


Figure 8-2 
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design, and are thus of great technical importance. It must be remembered, how- 
ever, that we are still restricted to a long tube; near the tube entrance a fully 
developed temperature profile will not exist. 


Constant-Heat-Rate Solution ® 


The equation to be solved is 


T 
as) SE @10 
dx ror or 


The applicable boundary conditions are 


= is Sabet 
oT 
or 


Substituting the parabolic velocity profile, Eq. (7-8), for u yields 


Fe) Mae aete se) 


This equation can now be directly integrated twice with respect to r, and the 
two constants of integration can be evaluated from the boundary conditions: 
2V dT (=: a 7) 


Tages See ais ES 
a dx 16” ier 40 


==) atr =0 


(8-11) 


Equation (8-11) is then the desired temperature profile. With the temperature 
profile established, the mixed mean temperature can be evaluated next. From 
Eq. (8-5), 


2 us 

{ee = / ulr dr (8-12) 
Vr2 0 

If Eq. (7-8) and (8-11) are substituted for uw and T, this equation can be readily 

integrated to yield 


6 a ae 15) 


At this point the conductance h can be evaluated by use of its defining equa- 
tion (8-6): 
112V dT, o 
96a dx: 


The surface heat flux must yet be evaluated, and this can be done in one of two 
ways. The temperature profile, Eq. (8-11), can be differentiated to give the tem- 
perature gradient at the surface, from which g” can be evaluated from the 
conduction rate equation. A still simpler method is to make an energy balance on 
a differential control volume, as shown in Fig. 8-3. 


q, =h(, — Tm) = h— (8-14) 
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Figure 8-3 Control volume for an energy flow ina circular tube. 


Applying the conservation-of-energy principle,’ Eq. (2-5), and solving for 
the surface heat flux, we have 


wy Ys Voc dT 8-15 
q; we 3) dx ( a ) 
Combining (8-14) and (8-15), and solving for h, 
48 k k 
= —— = 4.364— - 
rep D 46) 


where D = 2r,. 

Note the simple form of the solution as soon as we introduce the conduc- 
tance. Since all temperatures cancel, we see that g’ is in this case truly propor- 
tional to the temperature difference, which is the reason for introducing the con- 
vection rate equation and defining a conductance. The rate equation and the 
conductance are purely conveniences that are extremely useful in presenting the 
solution in a compact form and in using the solution to calculate heat-transfer 
rates. Later we run into situations where the conductance does not introduce any 
simplification and therefore loses its useful significance, and in those cases we 
dispense with it. 

Note that the conductance h depends only on k and D, and is independent of 
V, p, c, and so on. This is true only for laminar flow, however, and only for the 
special case of fully developed velocity and temperature profiles. This indepen- 
dence results from the fact that the energy transport is a purely molecular con- 
duction problem under these conditions. 

Equation (8-16) is most often expressed in nondimensional form as follows: 


hD/k = 4.364 


or 
Nu = 4.364 (8-17) 


where Nu = hD/k is called the Nusselt number. 


*Note in this case that any conversion of mechanical to thermal energy is neglected, so that conservation 
of thermal energy only is considered. 
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This solution can be represented in a different way that allows an interesting 
comparison. By dimensional reasoning, 


Nu = St Pr Re 
where St = h/pVcorh/Gc, the Stanton number 
Pe= peck, the Prandtl number 


Re = DoVD/worGD/, the Reynolds number 


Note that the Nusselt number and the Stanton number are simply two different 
nondimensional versions of the heat-transfer coefficient. Both are extensively 
used, but the choice is usually a personal one; one can always be evaluated from 
the other. The Prandtl number was previously defined in Chap. 3. 

Thus 


St Pr Re = 4.364 
4.364 (8-18) 


St Pr = ——— 
; Re 


Note the similarity in form to the corresponding friction coefficient, Eq. (7-15). 
The Prandtl number is merely a fluid property parameter, so it is evident that a 
fixed relation exists between the Stanton number and the friction factor. It is 
found later in fully developed (turbulent flow that the Stanton number is again 
proportional (approximately) to the friction coefficient. 


Constant-Surface-Temperature Solution © 


The equation to be solved is 


Geeta at cet fe bee ote 
Too lice aia aan See 


The applicable boundary conditions are 


Pele sat r Stirg 


oT 
—=0 atr=0 
or 


The parabolic velocity profile, Eq. (7-8), is substituted for u, as before, yielding 


2V r? 1, ah, 1a oT 
Ss || je = —— | = a-— | r— 
a He De Diem AK TAOG or ) 
This problem has been solved by Bhatti,’ as reported by Kakac, Shah, and 
Aung.* The solution is in the form of an infinite series: 


F; Pa) i co r 2n 
———— = ) Gr» (=) (8-20) 


T, = T centerline n=0 Ss 
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Figure 8-4 Fully developed temperature profiles for constant heat rate and 
constant surface temperature. 


where the coefficients C2, are given by 


Co=1, Cy = —$AQ = —1.828397 


rN 
Cy, = @ny2 2-4 =< (5523) 
Ao = 2.704364 


and CT icsetiine ‘» T,)/ (Dns ity T,) = 1.803. 
The Nusselt number corresponding to the temperature distribution of 
Eq. (8-20) can be shown to be 


Nu = 444 = 3.657 (8-21) 


This result is 16 percent less than the solution for constant heat rate. The dif- 
ference in conductance can be explained simply by the slightly different shape of 
the generalized temperature profile, Fig. 8-4. 

It is thus seen that the convection conductance depends to some degree on 
the type of the surface temperature variation. More is seen of this effect later. 


Exponentially Varying Heat-Flux Solution 


The two cases just considered, where a fully developed temperature profile is 
physically possible at some distance from the tube entrance, are special cases of 
a more general boundary condition where the heat flux varies exponentially 
along the tube: 


Ce y= qin = 0) exp snr’) 


where n is a constant exponent that can assume positive or negative values and 
x* = x/(2r, Re Pr). The case n = 0 corresponds to the constant-heat-rate case, 
and n = —2A, = —14.63 corresponds to the constant-surface-temperature case. 
Shah and London” have developed the following correlation equation, which fits 
the exact solution within 3 percent over the range: 


—51.36 <n < 100 
Nu = 4.3573 + 0.0424n — 2.8368 x 10~*n? + 3.6250 x 10°°n? 
~7.6497 x 1078n4 +.9.1222 x 1071n? — 3.8446 x 107'7n® = (8-22) 
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Effect of Peripheral Heat-Flux Variation 


In the two examples already considered, both the heat flux and the surface temper- 
ature were uniform around the tube periphery. Frequently the heat flux is unevenly 
distributed around the tube (a bank of tubes radiantly heated on one side, for ex- 
ample), which leads to hot spots on the tube surface. If the tube surface material is 
thick and has a sufficiently high conductivity, peripheral conduction in the surface 
may alleviate this problem, but for thin-walled tubes the difficulty can be acute. 

The problem of laminar flow in a circular tube with fully developed, constant- 
heat-rate conditions axially, but with any arbitrary peripheral variation of heat 
flux, has been treated by Reynolds.”” 

For the applicable differential energy equation, we go back to Eq. (8-1) but 
again set v, = 0 and 0?7/dx* = 0. This yields the equation for fully developed, 
constant heat rate: 


woe on) Loe (ear n 1 o°T 
—— = —-— tt a SSS 
Ox die, ror \’ ar r? ag? 


Of particular interest is the rather simple result obtained for a cosine heat- 
flux variation, since many nonuniform heating problems can be at least approxi- 
mated by a cosine variation (Fig. 8-5). For this case g’(¢) = g”(1 +5 cos @), 
and the local Nusselt number turns out to be 


1+bcos¢d 
11 1 
28 + 35 cos 

If b = 0, the Nusselt number becomes independent of ¢ and equal to 4.364, 
as would be expected. 

Depending on the magnitude of b, the Nusselt number can vary in very 
strange ways. For example, if b = 0.458, it goes to infinity at ¢ = 7. This is a 
result of the definition of the Nusselt number, which is constructed from a con- 
ductance based on the difference between the local surface temperature and the 
mixed mean fluid temperature; that is, 

Nu = hD/k 
q, = h(T, — Tn) 


Nu(¢) = (8-23) 


Coa 180° O° + 180° 


Figure 8-5 
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or 
T; — Tn =qi/h 


An infinite conductance merely means that the surface temperature is the same 
as the mixed mean temperature, and does not imply an infinite heat flux. In 
constant-heat-rate problems (constant heat rate per unit of length) the mixed 
mean temperature of the fluid can always be determined at any point along the 
tube, by an energy balance; the heat-transfer problem is merely to determine the 
difference between the mean fluid temperature and the surface temperature. 


The Effect of Fluid Axial Conduction 


In the development of Eq. (8-4), the axial fluid conduction term 0°T /0x? was ne- 
glected. For the fully developed constant-heat-rate case this term is always 0, so 
the Nusselt number is not affected by axial conduction. But for the constant- 
surface-temperature case axial conduction can be of significance at low values of 
Re and/or Pr. In fact, the significant parameter is the Péclet number Pe = Re Pr. 
This problem has been investigated by Michelsen and Villadsen,’ and the fol- 
lowing equations are recommended: 


nal 4.180654 — 0.183460Pe for Pe < 1.5 


3.656794 + 4.487/Pe? for Pe > 5 (8-24) 


As can be seen, the effect of axial fluid conduction is totally negligible for 
Pe = 100, and is quite small even for Pe = 10. In practical applications axial 
conduction is frequently of considerable significance for laminar flow of liquid 
metals, which have very low Prandtl numbers. For gases axial conduction is 
mostly important at extremely low Reynolds numbers, and for most liquids it is 
seldom of significance. There is an exception to this rule for short heated sec- 
tions. Weigand et al.!? have analytically investigated this case for a piecewise 
constant heat flux at the surface and found that axial heat conduction effects can 
also be important for larger Peclet numbers, especially near the entrance and near 
the exit of the heated section. 


Effects of Viscous Dissipation and Internal Heat Sources 


In the development of Eq. (8-10) for fully developed, constant heat rate, the in- 
fluences of both viscous energy dissipation and any internal sources of heat were 
neglected. The two terms that are introduced by these effects can be seen in 
Eq. (4-31), namely j¢ for viscous dissipation and S for a volumetric heat source. 
These terms can be carried through in the development and will then appear in 
Eg. (8-10) as simply additive on the right-hand side. For fully developed condi- 
tions x becomes 4(0j4/dr)* and is thus independent of x. If S is held constant, 
it too is then also independent of x. In either case the temperature profile can still 
be fully developed and independent of x in a nondimensional sense. Equa- 
tion (8-10) can be integrated directly as before, with a closed-form algebraic 
result, and a simple algebraic equation results for the Nusselt number. Kakac, 


91 


Convective Heat and Mass Transfer 


Shah, and Aung’ present the following results: 
Nu = 192/(44-+ 3A) (8-25) 
where 
ih = SD/q” + 64 Br 
and 
Br = V°pu/q,D 


Br’ is known as the Brinkman number and is the characteristic nondimensionai 
parameter for viscous dissipation for heat-flux-specified problems. 

Note that Eq. (8-25) reduces to Eq. (8-17) in the absence of both viscous dis- 
sipation and internal heat sources. 

Viscous dissipation is generally negligible for low-Prandtl-number fluids 
unless velocity is extremely high, but can become very important for high- 
Prandtl-number fluids such as oils, even at very moderate velocities. 


THE CONCENTRIC CIRCULAR-TUBE 

ANNULUS WITH FULLY DEVELOPED VELOCITY 
AND TEMPERATURE PROFILES, 

ASYMMETRIC HEATING 


Heat transfer to a fluid flowing in a circular-tube annulus is a particularly inter- 
esting problem, and one of considerable technical importance because either or 
both of the surfaces can be heated independently. If we restrict consideration, for 
the moment, to points far removed from the entrance to the tube (as in the previ- 
ously discussed circular-tube problems), there are again heating conditions of 
technical interest for which a fully developed temperature profile is possible— 
constant heat rate per unit of length but with the heat flux on each surface inde- 
pendently specified, and constant but independently specified temperatures on 
each surface. This problem in all its variations has been completely solved‘ 
(including the thermal-entry-length problem), but we consider here only the 
constant-heat-rate case. In principle, the case of exponentially varying heat flux 
will lead to fully developed temperature profiles, but this more general case has 
apparently not been solved.) 

The annulus system and the nomenclature to be employed are shown in 
Fig. 8-6. 

The energy differential equation that is applicable to the constant-axial-heat- 
rate case is exactly the same as for the circular-tube, constant-heat-rate problem, 
that is, Eq. (8-10). The velocity profile must first be determined, and this can be 
done by integration of Eq. (7-1): 


Lone re ips 
Vy. M a fa, ad (8-26) 
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ols 


Figure 8-6 Nomenclature for flow in a circular- 
tube annulus. 


where 


at ee 
Inr* 
M=1+r?-—B 


and r* = r;/r, as shown in Fig. 8-6. Then the energy equation becomes 


2V 1-(2 ; pall il tee Vio wea oa pian 
Bd etn | (ome ine tee ene 


As was the case for the circular tube, this equation may be directly inte- 
grated without difficulty. The heat flux at each of the two surfaces specifies the 
temperature gradient at the surfaces, which provides the necessary boundary 
conditions. However, it is not necessary to solve the equation for each particular 
application; the linearity of the energy equation suggests that superposition 
methods may be employed to build solutions for asymmetric heating by merely 
adding other solutions. Superposition methods are based on the fact that any 
number of solutions to a homogeneous and linear differential equation may be 
added and the result will still satisfy the differential equation. It remains only to 
add solutions in such a way as to satisfy the desired boundary conditions. In this 
problem only two fundamental solutions are needed: (1) the outer surface heated 
with the inner insulated and (2) the inner surface heated with the outer insulated. 
The algebra of this development is lengthy and is not repeated here; only the 
final form is given. 

Denote the heat fluxes on the inner and outer tubes by gq,’ and q’’, respec- 
tively, positive when heat flows into the fluid. The heat-transfer coefficients on 
the inner and outer tubes are defined as follows: 


gq; =hi Ti — Tm) 
q. == h,(T, dig) 
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We define the inner- and outer-surface Nusselt numbers as 
Nu; = h; Dy / k 
Nu, = ho Dy, / k 


where D;, = 4r; = 2(r, — r;) for an annulus. 

Next, let Nu;; be defined as the inner-tube Nusselt number when the inner 
tube alone is heated, and let Nu,, be the outer-tube Nusselt number when the 
outer tube alone is heated; that is, these are the fundamental solutions. Define 0* 
and 6* as influence coefficients, which may be evaluated from the fundamental 
solutions. The Nusselt numbers on the inner and outer tubes for any heat-flux 
ratio can then be evaluated from 


Nujj 
IN % 8-28) 
es (90/9; )6; : 
Nuoo 
(8-29) 


NU = ae 
1 — @'/45)85 

The complete set of functions for the annulus for fully developed laminar 
flow is given in Table 8-1. 

It is of interest to examine how the Nusselt number can vary with asymmet- 
ric heating. Take, for example, the case of flow between parallel planes, which is 
one of the limiting cases of the annulus: r* = 1. Equations (8-28) and (8-29) be- 
come identical in this case, so let us refer to sides 1 and 2 rather than the inner 
and outer surfaces. Then 


5.385 


NUD 
1 — 0.34645 /q/ 


If g/ =0, Nu; = 5.385, which is, of course, the solution for only one side 
heated. If both sides are heated equally, g;'/gi = 1, and then Nu; = Nup = 8.23. 
Now note what happens if 


0.3464; /q) =1 
In this case 
Nu, = 0O 


Table 8-1 Circular-tube annulus solutions for constant heat rate and fully developed velocity 
and temperature profiles 
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Figure 8-7 Temperature distribution resulting 
from unequal heating on the two sides of a 
flat duct. 


and 
4/4! =29 
This does not imply an infinite heat-transfer rate but merely that 7, — T,, = 0 
because of the temperature profile shown in Fig. 8-7. 
If g5/q; > 2.9, the Nusselt number, and thus the conductance, becomes 


negative. This fact does not destroy either the validity or the usefulness of the 
Nusselt number, as long as we understand the physical reason. 


SOLUTIONS FOR TUBES OF NONCIRCULAR 
CROSS SECTION WITH FULLY DEVELOPED 
VELOCITY AND TEMPERATURE PROFILES 


Rectangular and Triangular Tubes 


Solutions have been obtained for rectangular and triangular tubes in much the 
same manner as for the circular tubes. The applicable energy differential equa- 
tion may be deduced from Eq. (4-36): 


oT FP Te OOF 
u— sav't =a(25 +57) 
Ox y 


The velocity u is obtained from solutions of the corresponding momentum equa- 
tion (7-16). 

Some of these results, obtained by numerical integration,” are listed in 
Table 8-2. For both the constant-heat-rate case and the constant-surface- 
temperature case the temperature is assumed to be constant around the tube pe- 
riphery, and the conductance used in calculating Nu is an average with respect to 
peripheral area. For tube walls that have finite conductivity in the peripheral and 
or axial direction Nu is different from those given in Table 8-2. These Nusselt 
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Table 8-2 Nusselt numbers for fully developed velocity and temperature profiles in tubes 
of various cross sections 


C2 4.364 3.66 


al | 1.0 3.61 2.98 
b 
aprey 1.43 3.73 3.08 
b 
a] 2.0 4.12 3.39 
b 
ques 3.0 4.79 3.96 
a 4.0 5.33 4.44 
b 
Baten hey ea 8.0 6.49 5.60 
b 
ore) 8.235 7.54 
ITITTTITITITTT7 5.385 4.86 


do 3.11 2.49 


‘The constant-heat-rate solutions are based cn constant axial heat rate, but with constant temperature 
around the tube periphery. Nusselt numbers are averages with respect to tube periphery. - 


number variations and those for various other boundary conditions are discussed 
in detail in Shah and London? and summarized by the same authors in Ref. 6 (see 
also Ref. 8). 


In all cases the Nusselt number is defined as h D;,/k, where 
D;, = 4 x (flow area/wetted perimeter) 


This definition of hydraulic diameter is used consistently throughout this book. 

An interesting feature of the solutions for shapes with sharp corners, like the 
square, is the fact that the local heat-transfer conductance varies around the 
periphery and approaches zero at the corners; this means that the heat flux goes 
to zero at the corners. 


Other Tube Cross-Sectional Shapes 


The number of possibly interesting shapes of tubes for technical applications is 
virtually infinite. For each of these there are a considerable number of possible 
heating boundary conditions that will lead to fully developed temperature pro- 
files, and thereby to constant Nusselt numbers. A large number of solutions of 
one type or another have been developed for various of these cases. No attempt 
will be made here to consider all of these possibilities. Shah and London? tabu- 
late a number of these solutions, and also the Handbook of Single-Phase Con- 
vective Heat Transfer’ is a useful source of data. 


ne —— rere 


SS eee oe 
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CIRCULAR-TUBE THERMAL-ENTRY-LENGTH 
SOLUTIONS 


So far we have considered only problems where we have fully established ve- 
locity and temperature profiles and in which the conductance h is constant with 
length. Next we consider some cases where the temperature of the fluid is uni- 
form over the flow cross section at the point where heat transfer begins, but the 
velocity profile is already fully established and invariant. Under these conditions 
we find that the conductance varies along the length of the tube. We restrict con- 
sideration to laminar, incompressible, low-velocity flow. 

Strictly speaking, these solutions apply rigorously only when a hydrody- 
namic starting length is provided so that the velocity profile is fully developed 
before heat transfer starts, a condition rarely encountered in technical applica- 
tions. Such solutions are, however, excellent approximations for fluids whose 
Prandtl numbers are high relative to 1. It is well, therefore, to discuss briefly the 
significance of the Prandtl number in such problems. 

The Prandtl number is a nondimensional group of fluid transport properties: 


_ be 


Pr 
k 


If the numerator and denominator are multiplied by density, the Prandtl] number 
can be written as 
v _ kinematic viscosity 


a a ne 
: a thermal diffusivity 


The kinematic viscosity is a diffusivity for momentum, or for velocity, in the 
same sense that the thermal diffusivity is a diffusivity for heat, or for tempera- 
ture. (Diffusivity is defined as the rate at which a particular effect is diffused 
through the medium.) If the Prandtl number is 1 then heat and momentum are 
diffused through the fluid at the same rates: if the velocity and temperature are 
both uniform at the entrance to a tube, then the velocity and temperature profiles 
develop together. Later, in consideration of external boundary layers, it is seen 
that Pr = 1 leads to great simplifications for this reason. If the Prandtl number is 
greater than 1, it must follow that the velocity profile develops more rapidly than 
the temperature profile. Actually if the Prandtl number is greater than about 5, the 
velocity profile leads the temperature profile sufficiently that a solution based on 
an already fully developed velocity profile will apply quite accurately even though 
there is no hydrodynamic starting length. 

Of course, the opposite also holds: and for a fluid with a Prandtl number less 
than 1 the temperature profile develops more rapidly than the velocity profile. 

The Prandtl number for any particular fluid generally varies somewhat with 
temperature, but only over a limited range. Figure 8-8 shows the Prandtl number 
spectrum. Note that the area of applicability of the solutions we are about to 
consider is limited to Pr > 5. Of course, if a hydrodynamic starting length is ac- 
tually provided, the solutions are applicable for any fluid. The necessary length 
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Figure 8-8 Prandtl number spectrum of fluids. 


of tube for development of the laminar velocity profile is discussed in connection 
with Eq. (7-20). 


Uniform Surface Temperature 


The applicable differential energy equation is again Eq. (8-3): 


oT 1a oT o°T 


It is convenient to put this equation in nondimensional form before discussing its 
solution. The form of the solution and the pertinent nondimensional parameters 
can be deduced from the differential equation itself. Let us introduce the follow- 
ing dimensionless variables: 

T, —T 

6=— 

Ts iF Te 
where 7, is the constant surface temperature and T, is the uniform entering fluid 
temperature; 


TOgeAy 6 es ct aed 2(x/D) 
ls Ve ; Re Pr 


where x is the axial distance from the point where heat transfer starts. 

The particular form of x* is chosen so that the parameters will be absorbed 
within the variables (at least after axial conduction is neglected). At first it may 
not be apparent that such a choice for x* will accomplish this, but if x/r, alone 
had been chosen for the nondimensional length, Re Pr would appear in the nor- 
malized equation and it would be easily seen that this group can be absorbed 
within the definition of the nondimensional length. 

If we now form the indicated derivatives and substitute into Eq. (8-30), we 
obtain 


ut ee ae oe 1 070 
2 ax+ art? © r+ Or+ * (Re Pr)? xt? alin: 
The last term in this equation takes into account heat conduction in the axial 
direction. Whether this term can be neglected apparently depends on the magni- 


tude of Re Pr, large values of this parameter suppressing the term. The differen- 
tial equation alone is insufficient to tell how large this parameter must be in order 
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to neglect axial conduction, but it was seen in connection with the fully devel- 
oped temperature profile problem that the effect of axial conduction is quite 
small for RePr > 10, and completely negligible for Re Pr > 100. For present 
purposes this term will be neglected. 

For hydrodynamically fully developed laminar flow the parabolic velocity 
profile, Eq. (7-8), is applicable: 


By substituting these into Eq. (8-31), the final form of the differential equation is 
obtained: 


20 38 1 «88 
axt — art? r+ art 


(hat) (8-32) 


The solution sought is then 
Os G(x yr.) 
for the boundary conditions 


00 
6(0,r*) = 1, O(xT, 1) =0, (ss) =1() 
rt =0 


Graphically the thermal-entry-length solution at constant surface temperature 
will appear as in Fig. 8-9. Once we have obtained this solution, we can calculate 


i ie 
— — — 7, 
—_ cao ae 
eh Berti i= Tier) 
_ 
a 
4, 
Le 
0 x 
S Ps Tr 
| | | | 
Raton si / 
| l / 
\T, ez (3 
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Figure 8-9 Development of the temperature profile in the thermal- 
entry region of a pipe. 
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the heat flux at any x* from the slope of the temperature profile at the surface: 


oT T, —T. { 00 
Se Nae eed (oe BD ct a Ce) 
gate ta ve (ss) 


Next, we can determine the local mixed mean temperature of the fluid as a 
function of x* by either of two methods: (1) by integrating over the flow cross 
section, employing Eq. (8-12), or (2) by integrating g’’(x*) from x* = 0 to x* 
and applying an energy balance to define the mass-averaged or mixed-mean 
temperature 


T; — Tn 
had 


Om eae = 


Then we can define and evaluate a local convection conductance, or heat- 
transfer coefficient, #, and a local Nusselt number, which is simply a nondimen- 
sional conductance: 


a) = 1x lon ots T;) a holds = Lig Ome”) 


isi apheg teas te) 
“Te DO (x) (S28) 
nie Bees oe a ye 2 ( 30 ) 
i k KPT yontx ) "On Nore) 


Thus we see that 


eee eee (Fo) 


Re Pr 


Note that, by normalizing the differential equation, the dimensionless parameters 
necessary to describe the solution are derived before the latter is obtained. 

The boundary conditions are such that the temperature gradient at the sur- 
face is infinite at x* = 0; therefore Nu, = oo at xt = 0. At points far down the 
tube we would expect the Nusselt number to approach the fully established con- 
dition previously discussed. The complete solution could be expected to appear 
as in Fig. 8-10. 

Often in heat-exchanger analysis a mean conductance with respect to tube 
length, and thus a mean Nusseit number, is of more utility than the local conduc- 
tance and Nusselt number: 


hepeakete 
Nu, = — [ Nu, dx* (8-34) 
x" JO 


It is generally simpler to employ heat-exchanger theory and work directly with 
the mixed mean temperature than to integrate Eq. (8-34). The solution for a 
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Figure 8-10 Variation of local Nusselt number in the 
thermal-entry region of a tube with constant surface 
temperature. 


simple heat exchanger with constant surface temperature can be expressed as 


Cs Ain aga ex Dd 
paps BAF Spe Hay Gates 


=1~exp(-2 
0 


Combining and solving for Nu,,, we get 
N : ] (8-35 
Un = —— In — - 
2X tiie ) 


Let us now examine the final solution to Eq. (8-32) for the indicated bound- 
ary conditions. This equation is linear and homogeneous, and such a partial dif- 
ferential equation can always be solved by the method of separation of variables. 
Let us assume that the solution to (8-32) can be represented by the product 


6 = R(rt)- X(x*) 
Then substitution into Eq. (8-32) results in two ordinary differential equations: 


X’+1°X =0 


Nu, ix) =1—@, 


1 
cok ee Pe) 
rt 


We use —A? as the separation constant, and the primes refer to differentiation 


with respect to the independent variables. 
The first of these equations is satisfied by a simple exponential function 


X = Cexp(-A’x*) 
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Solutions to the second that satisfy the boundary conditions can be found for an 
infinite number of suitable values of A, and they have been obtained by both 
numerical and approximate means.'° This is an equation of the Sturm-Liouville 
type, and it has been studied extensively. The final solution takes the form 


O(xt, rt)= is CrRn(r*) exp (—A;x*) (8-36) 
= 


where the i, are the eigenvalues, the R, are the corresponding eigenfunctions, 
and the C,, are constants. 

From (8-36), the heat flux at the surface can be readily evaluated from the 
derivative at the surface, as indicated previously: 


Dieta = 
1" (x*) = —-— (Ih Th Gn sex, 8-37 
Gy iran pe exp (—A;x*) (8-37) 
where G,, = —5C, R’,(1) for brevity. Next, the mixed mean temperature 6,, can 


be evaluated after integration of Eq. (8-37) from x = 0 to x*: 


e) G,, 
Om = 8 Ss S2 OxP (-Ane*) (8-38) 


n 


The local and mean Nusselt numbers are then readily evaluated from 
Eqs. (8-33) and (8-35): 


s G,, exp (—A2xt) 
Nu, = ge (8-39) 
2 >> (G,/A2) exp (—A2x*) 
n=0 
1 1 
Nu, = 5 In | ———_______ (8-40) 
8 >> (Gn/A2) exp (—A2x+) 
n=0 


The constants and eigenvalues for these infinite series, as presented by 
Sellers, Tribus, and Klein,!° are given in Table 8-3. The complete results of the 
constant-surface-temperature solution are presented in Table 8-4. 


Table 8-3 Infinite-series-solution functions for thermal-entry length 
in the circular tube; constant surface temperature 


0 7.313 0.749 
1 44.61 0.544 
2 113.9 0.463 
3 215.2 0.415 
4 348.6 0.383 


For n > 2, An = 4n + §; Gn = 1.01276a,. 
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Table 8-4 Nusselt numbers and mean temperature for thermal-entry 
length in the circular tube; constant surface temperature 


0 one fone 1.000 
0.001 12.80 19.29 0.962 
0.004 8.03 12.09 0.908 
0.01 6.00 8.92 0.837 
0.04 4.17 5.81 0.628 
0.08 3.77 4.86 0.459 
0.10 Said 4.64 0.396 
0.20 3.66 4.15 0.190 
fore) 3.66 3.66 0.0 


For large x* the series become increasingly more convergent, until finally, 
for x* > 0.1, only the first term is of significance. Then Eq. (8-39) becomes 
Go exp (—A2x* 1 
De i =A? = 3.657 (8-41) 


Nu, = ——, "+ 
™ * 3(Go/a3) exp(—Azx*) 2 


This is, of course, the Nusselt number for a fully developed temperature profile, 
as discussed earlier. Thus the thermal-entry length must be approximately 
ie = 0.1 

2(x/D) 
4 HS 
¥ Re Pr 


Thus 
(x/D) tutty dev © 9.05 Re Pr 
For example, for air with Pr = 0.7, flowing with Re = 500, 
(x/D)funty dev © 17.5 
On the other hand, for an oil with Pr = 100, flowing with Re = 500, 
(x/D) fatty dev 2500 


In an oil heat exchanger it is very rare indeed that anything approaching 
a fully developed temperature profile is attained; the fully developed profile 
solutions previously discussed are of very little utility in high-Prandtl-number 
applications. 

Let us consider application of this solution to an oil heat exchanger for which 
the Prandtl number is 100, the Reynolds number is 500, and each of the tubes in 
the heat exchanger is 100 diameters long (there may be several passes, but the 
fluid completely mixes between passes and a new thermal-entry length must 
develop in each). If the oil is being heated or cooled by an essentially constant- 
temperature fluid, this solution should provide the proper conductance for the oi! 
side of the heat exchanger. In a problem of this sort the mean conductance is 
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required for use in the heat-exchanger analysis. Under these conditions, 


( 
z= ee = 0.004 
500 x 100 

Thus, from Table 8-4, Nu,, = 12.09. Note the very large error that would 
have been obtained if the fully developéd solution had been used. 

One note of caution should be mentioned here. All the laminar flow solutions 
considered so far have been based on constant fluid properties. For liquids where 
the viscosity varies markedly with temperature (and oils are the worst offenders 
in this regard) considerable error may be introduced unless a correction is made 
for the variation of viscosity over the flow cross section. This subject is discussed 
in more detail in Chap. 15. 


Uniform Heat Flux 


The thermal-entry-length problem for laminar flow at uniform heat flux in a cir- 
cular tube is very similar to the same problem at constant surface temperature. 
The same energy equation (8-32), must be solved, with the difference being that 
the constant-surface-temperature boundary condition is replaced by a constant 
temperature gradient at the surface. Also, the definition of 0 is replaced by 


goed 
~ qiD/k 
The method of separation of variables and Sturm—Liouville theory have been 


employed"! to obtain an eigenvalue solution, which is presented here only in 
terms of the local Nusselt number: 


1S exp(—y2x") 
Nu, = Ea ~ > | (8-42) 


=1 i 


The necessary eigenvalues and constants are given in Table 8-5. 

Nuno # or 4.364, as previously evaluated, and a complete tabulation of 
Nu, is given in Table 8-6. 

In a constant-heat-flux problem the mixed mean temperature of the fluid 
varies linearly with x* and can be established by simple energy balance methods. 


Table 8-5 Infinite-series-solution functions for thermal-entry 
length in the circular tube; constant heat rate 


m 
1 25.68 7.630 x 1073 
2 83.86 2.053 x 1073 
3 174.2 0.903 x 1073 
4 296.5 0.491 x 1073 
5 450.9 0.307 x 1073 


For larger m, ¥y, = 4m + 4; An = 0.4165y, 7/7 


a 


a 
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Table 8-6 Nusselt numbers for thermal-entry length 
in the circular tube; constant heat rate 


Figure 8-11 Temperature variations in the 
thermal-entry region of a tube with constant 
heat rate per unit of tube length. 


The purpose of the heat-transfer solution is to relate the surface temperature to 
the mean fluid temperature through the definition of the conductance, that is, 
catt AL 
I, — 1, = os = 45D 
hy u,k 
Thus the mean fluid and the surface temperatures plotted as functions of distance 
along the tube appear as in Fig. 8-11. 


THERMAL-ENTRY-LENGTH SOLUTIONS FOR 
THE RECTANGULAR TUBE AND ANNULUS 


Laminar-flow thermal-entry-length solutions will be presented for two families 
of tube cross-sectional geometries. Entry-length solutions for other geometries 
and boundary conditions, as well as further discussion, can be found in Shah and 
London,” and in Kakac, Shah, and Aung.* 

For the rectangular tube and annulus a fully developed laminar velocity pro- 
file, with all its implications, is assumed and the fluid properties are treated as 
constant. The problem is basically an extension of the circular-tube problem, but 
it is more difficult because of the more complex geometry. In the case of the 
annulus the differential equation to be solved is identical to the equation for the 
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circular tube; only the boundary conditions differ. The entire family of circular- 
tube annuli from the single circular tube to the case of two parallel planes has 
been solved in a very general way for every possible heat-flux and surface- 
temperature combination on the two surfaces involved. For the rectangular tube 
there are three independent space variables in place of two; otherwise, essentially 
the same energy equation must be soived. 

Only the final results of these analyses are presented. In the case of the an- 
nulus there are so many boundary condition possibilities that space permits pre- 
sentation of only the most important. 


The Rectangular Tube 


The only member of the rectangle family that has been handled in a complete 
way is the case of flow between parallel planes,*'®!* for the obvious reason that 
this is geometrically a simpler case than even the circular tube. Only the case of 
both surfaces at the same constant temperature is presented here: some other 
boundary conditions are considered in the next section, where the parallel-planes 
geometry forms one of the limits of the circular-tube annulus problem. 

Any constant-surface-temperature solution can be presented in the form of 
Egs. (8-38)—(8-40) if we define x* in some consistent manner. For the solutions 
to be presented here let 


SL 2(x/Dp) 
xt = 
Re Pr 
where D,, is the hydraulic diameter defined as 


hes 4 x cross-sectional area 

tht wetted perimeter 

(For the flow between parallel planes D, becomes twice the plate spacing.) The 
eigenvalues and constants for the parallel-plane system are given in Table 8-7. 
(These have been modified from the original references to make them usable 
directly in Eqs. (8-38)-(8-40).) 

The square tube has been studied,'* and only the first three eigenvalues and 
constants are available. However, even this truncated part of the series is quite 
sufficient for x* > 0.01. These functions are given in Table 8-8. 

Thermal-entry-length solutions for the entire family of rectangular tubes 
have been obtained by numerical integration’* for uniform surface temperature. 
An abstract of these results is given in Table 8-9. Here b/a is the ratio of the long 


Table 8-7 Infinite-series-solution functions for thermal-entry length in the 
parallel-plane system; both surfaces at constant temperature 


0 15.09 1.717 
l 17153 1.139 
2 498 0.952 


For higher n, Ap = 16,/4n a 2 1G, = 2.68 a, 
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Table 8-8 Infinite-series-solution functions for thermal-entry length 
in the square tube; constant surface temperature 


0 5 5.96 0.598 
1 35.64 0.462 
2 78.9 0.138 


Table 8-9 Nusselt numbers for thermal-entry length in the rectangular-tube family; constant 
surface temperature 


0 (oe) fe.) oO lee) ee) fo.) fe.) ee) oO fe.) 
0.01 4.55 May 0.57. eO2 8.52 8.63 8.58 9.47 10.01 11.63 
O28 4 AD - 472"): ° 5.55 6.07 LTS ~ T@48~ “6:84 171 8.17 9.83 
0.05 3.40" “385 487 “ISABE O° 7 S5S- C4835 24 86:16 6.70 8.48 
ONO 3B A0l0 3549 4265 S341 1 755 ee4046 4:46 51544 6.04 8.02 
0.20 2.99 FAS 2) 4.53 5024) 1.55 3.53 3.95 5.00 5.66 7.78 
fora) 2.98 3:39 4 4.51 P22. 5S 2.98 3.39 py 4.51 S22 (RSS 


0.10 3.91 | 4.38 5.00 5.62 8.25 
0.20 3.71 4.22 4.85 5.45 
60 3.60 4.11 477 5.35 8.235 


side of the rectangle to the short side, as in Table 8-2. (The results given for the 
square, b/a = 1.0, have been calculated from the eigenvalues and constants 
given in Table 8-8, while those for b/a = oo have been calculated from the eigen- 
values and constants given in Table 8-7.) The accuracy of the numerical calcula- 
tions is difficult to determine, but some inconsistencies are noted in Table 8-9. 
The thermal-entry-length Nusselt numbers for the rectangular tube family 
for constant-heat-rate have been computed’ numerically'* and are presented in 


Table 8-10. 


The Concentric Circular-Tube Annulus 


The concentric circular-tube annulus presents the possibility of a large variety 
of combinations of surface temperature and heat flux. This problem in all its 
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Table 8-11 Nusselt numbers and influence coefficients for thermal-entry length in the 
circular-tube-annulus family; constant heat rate 
0.05 0.002 33.2 13.4 0.1265 0.00255 
0.01 24.2 7.99 0.460 0.00760 
0.02 2165) 6.58 0.817 0.0125 
0.10 18.1 4.92 DAS 0.0278 
0.20 17.8 4.80 Dahil 0.0293 
(oe) 17.8 4.79 2.18 0.0294 
0.10 0.002 25.1 JESS) 0.0914 0.00491 
0.01 17.1 8.08 0.311 0.0147 
0.02 14.9 6.65 0.540 0.241 
0.10 12.1 4.96 1.296 0.0531 | 
0.20 11.9 4.84 1.38 0.0560 | 
foe) 11.9 4.83 1.38 0.0562 | 
0.25 0.002 18.9 13.8 0.0605 0.01104 | 
0.01 121 8.28 0.194 0.0328 | 
0.02 10.2 6.80 0.325 0.0540 
0.10 7.94 5.04 0.746 0.118 ) 
0.20 7.76 4.91 0.789 0.125 
00 7.75 4.90 0.793 0.125 . 
0.50 0.002 16.4 14.2 0.0437 0.0189 | 
0.01 10.1 8.55 0.1347 0.0570 
0.02 8.43 7.03 0.224 0.0934 | 
0.10 6.35 5.19 0.498 0.204 | 
0.20 6.19 5.05 0.526 0.215 i 
oe) 6.18 5.04 0.528 0.216 : 
1.00 (parallel 0.0005 23:5 23:5 0.01175 0.01175 | 
planes) 0.005 se? Ted 0.0560 0.0560 
0.02 7.49 7.49 0.1491 0.1491 | 
0.10 5.55 5,50) 0.327 0.327 : 
0.25 5.39 5.39 0.346 0.346 
(e.0) 5.385 5.385 0.346 0.346 


possible variations has been solved exactly.* The most interesting as well as the 
most common problems that arise in annulus heat transfer are generally those 
where the heat fluxes on the two surfaces are specified. To save space, the eigen- 
values and functions are omitted and only the Nusselt numbers and influence 
coefficients are presented as functions x* (see Table 8-11). 

For these solutions x*+ is defined’ as 


4 2@@/D,) 
A= Se 
Re Pr 
and 
Dn = 21. — ri) 
'x* as defined here is twice the x employed in Ref. 4. 


CON LLL LOLOL Ih, ai 
a a a 
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Where the heat flux on each surface is constant along the length of the tube 
(invariant with x*), these results are directly applicable to Eqs. (8-28) and (8-29). 
The use of these results for the case where the heat flux varies with length, as in 
a nuclear reactor, for example, is discussed in the next section. 


THE EFFECT OF AXIAL VARIATION OF 
THE SURFACE TEMPERATURE WITH 
HYDRODYNAMICALLY FULLY DEVELOPED FLOW 


All the convection solutions considered so far have been based on either a con- 
stant surface temperature or a constant heat flux (axially). It was noted in con- 
nection with the fully developed temperature profile solutions that the conduc- 
tance for constant heat flux is considerably higher than the conductance for a 
constant surface temperature. Under fully developed temperature profile condi- 
tions with a constant heat flux, the surface temperature varies linearly along the 
length of the tube (as does the mean fluid temperature). It thus appears that the 
convection conductance is, at least to some degree, dependent on how the surface 
temperature varies along the tube. Engineers should understand fully under what 
conditions the conductance varies markedly with tube length and under what 
conditions it can be treated as at least approximately a constant, since the simpler 
methods of heat-exchanger analysis are based on a conductance constant with 
length, or at least a mean overall conductance with respect to length. It is the pur- 
pose of this section to investigate this effect. 

Because of the linear nature of the energy equation (8-4), a sum of solutions 
is again a solution. It is thus possible to construct a solution for any kind of arbi- 
trary surface temperature variation with length by merely breaking up the surface 
temperature into a number of constant-temperature steps and summing, or su- 
perposing, the thermal-entry-length solutions at constant surface temperature for 
each step. This superposition technique can be employed for turbulent flow as 
well as laminar flow, and for flow over external surfaces as well as flow inside 
tubes. All that is needed as a starting point is a “step-function” solution, that is, 
a solution for the case where the fluid and surface are initially at the same tem- 
perature and then, at some point x = 0, the surface temperature steps to some 
different temperature and remains constant thereafter. Equation (8-36) is such a 
solution for a circular tube: it is based on a fully developed velocity profile, and 
x =0 is taken as the point where heat transfer starts, not at the entrance to 
the tube. 

The method of superposition can best be understood by reference to the dia- 
gram in Fig. 8-12. Let the fluid enter the tube at a uniform temperature T,, and let 
the velocity profile be fully developed at the point x* = 0. Let the surface tem- 
perature vary in any arbitrary manner, starting at x* =, and let it be repre- 
sented by a series of infinitesimal steps, or finite steps, or both. The fluid tem- 
perature at x* and any r* can then be determined by summing the contribution 
of each of the steps, either infinitesimal or finite. For the summation to be con- 
sidered, x+ is the point at which it is desired to determine the fluid temperature, 
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ES 


Figure 8-12 


and thus x* is treated as a constant. A dummy length variable & is used to desig- 
nate the location of each step; & thus varies from 0 tol x7 
Consider now the solution for the temperature of the fluid at x+ resulting 


from a single, finite step in surface temperature at x* = (. This is Eq. (8-36), 
where 


T, —T 
O(x*,r*) = ——_ 
I 7 T. 
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Now if the surface temperature step occurs at £, as in Fig. 8-12b, the same 
solution applies, but the temperature at x+ becomes 
T, — T 
C(x) Hf) 7 7 =e 
dase hy 
Suppose we consider next the temperature at x* resulting from an infinitesimal 
Step in surface temperature at (Fig. 8-12c). The same solution @ applies, and the 
infinitesimal increase in fluid temperature at x* can be calculated as follows: 
at at 
————— = 6(xt —&, rt 
dT. ry) 


from which 
dT =[1 — 6(x* —&,r*)) dT, 


Similarly, the finite temperature rise at x* resulting from a finite step in sur- 
face temperature AT, is 


AT A110 (st GF 2) AT, 


The complete solution for the fluid temperature at x* is simply a summation 
of the contributions of all the infinitesimal and finite surface-temperature steps 
fromé = Otoé = x*. The linearity and homogeneity of the energy equation (8-4) 
ensure that such a sum of solutions still satisfies the differential equation. Exam- 
ination of the result demonstrates that the boundary conditions are truly satisfied; 
that is, the fluid temperature is a uniform 7, at xt = 0, and at r* = lL, and fol- 
lows the specified surface temperature T,. 

This summation can be represented by an ordinary Riemann integral wher- 
ever 7, is continuous, plus a summation of the contribution of the discontinuities, 
if any. (The combination of the Riemann integral and the summation may be rep- 
resented by what is known as a Stieltjes integral.) Thus the fluid temperature at 
any xt and rt is 

§=xt k 
T-T.= / [1 —0(e* —é,r*)]dT, + DOU = O00" = & AT, 
&=0 i=l 
where AT,; is the temperature difference across the discontinuity at §. For 
example, with two steps, AT,,; = 7; — T. and AT,» = T, — 7). 

The integral may be evaluated by substituting (aT, /d&) dé for dT,. The 
derivative is presumably a known function of €, and @ is a known step-function 
solution such as Eq. (8-36). Then’ 


of 


Xx "j k 
ee RCo Ge de + DO0-6*— 8, 1am, 
0 


i=] 


(8-43) 


‘This problem can also be approached by direct application of Duhaiel’s theorem, developed for 


ne can 
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The final step is the evaluation of the local surface heat-transfer rate at Xs 
A heat-transfer conductance and a Nusselt number can then be evaluated, or not, 
as desired. Often the heat-transfer rate alone is what is really desired. From 


Fourier’s law, 
oT Kf On. 
UT a a k ape’ a esa 
q(x ) ( or os ls (Sa): 


Differentiating Eq. (8-43) with respect tor* at r+ = 1 and substituting gives 


cis 


kl T; 
iat) = -= / Os (aP=E,1) 


d 
dé 


s 


k 
dé +) 6,+(x* —&,1) a1] 
71 


(8-44) 


The derivative 6,+ may be obtained by differentiation of Eq. (8-36) with 
respect tort: 


6,+(x*, 1) => C, Ri.) exp(—A2x*) 
=0 


= —2)° G, exp (—A2x*) 
n=0 


Then 


le.2} 
6,+(x* —&, 1) = —2 3 G, exp[—A,,(x* — &)] (8-45) 

n=0 
For any given application the integral and summation of Eq. (8-44) must 
be evaluated. This can always be done numerically, but for certain elementary 
surface-temperature distributions an analytic expression for the heat flux can be 
readily obtained. As an example of an application of the method, a solution is 
developed for the case of a step in surface temperature at x+ = 0 followed by a 
linear variation in surface temperature either increasing or decreasing. Thus the 

surface temperature is as shown in Fig. 8-13. 


T, = T,+a+ bx* aT, pat; 


eo a 


Figure 8-13 Example of a step—ramp surface temperature. 
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Substituting Eq. (8-45) into Eq. (8-44), with b for dT, /dé, and including the 
one step at xt = 0 with AT, = a, we obtain 


ens 


a ae sees : eas ~ 2 
GiGi) = ={'f 2) Grerp[-Meet ~6)] a8 


tY n=0 


—2a 1% G,, exp ( “18+ 


n=0 
By performing the integration, taking limits, and oting thal 2° )(O,/A-) = 
[see Eq. (8-38)], we reduce the result to 


qs(x") = = Best) ine exp (—Ajx Paya: exp (—A2x | (8-46) 


n=0 
A local Nusselt number may now be evaluated by first integrating Eq. (8-46) 
from 0 to x*, to determine the total heat transfer to this point, and then applying 
an energy balance to evaluate the mixed mean fluid temperature at x*: 
Anr>Vpc [* 
"i ay we pec ty gr dxt a mr? Vpc(Tm a La 
0 


When we combine these equations and evaluate the integral, the mixed mean 
temperature becomes 


Tn Te Ox" eltcayrynle "+ 8b) > St exp (-22x*) 


n=0 Mi n=0 “"n 
oO 
— 8a) — exp (-A7x*) (8-47) 


Next a local conductance h, can be defined and a local Nusselt number evaluated: 


qi(x*) ae hd; sl mg) 


and 
b— 8b $F exp(- Mx +) +836, exp (—A;x*) 
Nu, = ae 
16b Yo St — 16b > exp (—A2x* J+ 6a) exp (—A2x*) 
aN n=0 A rp 


(8-48) 


A number of interesting features of this result are worth noting. First note 
that for large x, all summations containing the exponential go to zero, and then 
the constant b cancels, which results in _ 


Nu =; (8-49) 
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If Table 8-3 is employed to evaluate the series, the sum is 0.01433 and the 
result is then 
1 


~ 16 x 0.01433 


This is immediately recognized as the previously derived Nusselt number for 
constant heat rate for a fully developed velocity and temperature profile; it is pre- 
cisely the situation far downstream, when the surface temperature varies linearly. 

Note also that for b = 0, Eq. (8-48) reduces again to the constant-surface- 
temperature case. 

Equation (8-48) is useful to demonstrate the rather strange things that can hap- 
pen to the heat-transfer coefficient, and thus the Nusselt number, under variable- 
surface-temperature conditions. Consider the following unheated starting length 
problem where the flow is hydrodynamically fully developed and the fluid 
temperature is equal to the entrance temperature T,, which is also the surface 
temperature 7,. At a location arbitrarily assigned x* = 0, the surface tempera- 
ture is elevated to some arbitrary value 7,, and then allowed to linearly decrease 
back to a value equal to the fluid entering temperature 7, over the distance 
0 < x* < 0.2. Thus 


Nu, = 4,364 


Ts = de aS qd is 5a in a E) ‘ 


Equations (8-46)—(8-48) are then directly applicable if b is set equal to —5a. Sur- 
face temperature, mixed mean fluid temperature, heat flux, and local Nusselt 
number are then readily evaluated as functions of x*. The results are illustrated 
in Fig. 8-14. Quite obviously the convection conductance (in the Nusselt num- 
ber) loses its useful significance when it behaves in such a manner as this. 


Figure 8-14 The effects of a positive value of a and a 
negative value of b in Fig. 8-12. 
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THE EFFECT OF AXIAL VARIATION 
OF HEAT FLUX 


Just as the constant-surface-temperature solution was used as the basic building 
block for any arbitrary axial variation in surface temperature, so also can the 
constant-heat-flux solutions be used to build up solutions for any arbitr ary axial 
variation in surface heat flux. We do not develop this in detail but indicate only 
the results and the calculating procedures (see, for example, Ref. 10). 

Let g/'(x*) = q(&) be any arbitrary axial heat-flux function that may be 
specified. Then the surface temperature can be calculated from 


Ley hs" ‘ g(x? — E)gl(E) dé (8-50) 
0 
where 
exp (=y;,x) 
g(xt) =44 erin ae (8-51) 


The eigenvalues and constants for the circular tube in laminar flow are given in 
Table 8-5. 

As before, we can easily evaluate the mixed mean fluid temperature by cou- 
sidering the total heat transferred up to x*: 


T(x") = Te = ~ / qe (&) dé (8-52) 
0 
and then, if desired, a conductance and Nusselt number can be readily defined 
and evaluated. 
An interesting and important example of an application where the heat flux 
varies in a specified manner along the tube is a nuclear reactor. in which the heat 
flux can vary sinusoidally along the cooling tubes: 


= sin ——~ (8-53) 


where L is the total tube length. By substituting (8-53) and (8-52), we find the 
mean fluid temperature becomes 


AGh naxt’s 
Pe ee Foye) Seah cos fx. (8-54) 
Tn — Te iB ( px") 
where 6 =r, RePra/L. Substituting into Eq. (8-50) yields the surface 
temperature: 


7 iI l 
ds.max"'s | 4 ise : 3 
= | —(T — Cos Bx) + sin Bx y 
ied k [a P ~ wont aber 


exp (—y,x") 
8-55) 
ih eer Y¥2Am (Ym a B eo). 


m 


— PCOS Px 
ee m Yin y2Am ae ts B?) 
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Figure 8-15 The effects of heat flux varying sinusoidally with 
tube length. 


Figure 8-15 shows a typical plot of these results. Also shown by the dashed 
line is the surface temperature that would be predicted by employing the given 
heat flux and fluid temperature but using a constant conductance based on the 
constant-heat-flux solutions. Note that the “exact” solution yields a higher peak 
surface temperature and that the peak occurs at a different place. How much 
these differences amount to depends, of course, on all the various system param- 
eters. Although it is certainly simple, in applications of this type, to make use of 
a constant conductance, it is important to know the kind of error that is intro- 
duced by this simplification. 

An analysis of these examples of surface temperature and heat flux varying 
in the axial direction yields the following conclusions: 


1. An increasing T, — T,, and/or q’’ in the flow direction tends to yield a high 
heat-transfer coefficient h. 


2. Adecreasing 7, — T,, and/or q’ in the flow direction tends to yield a low 
heat-transfer coefficient h. 


These conclusions apply only for continuous tubes, but the effects can be fairly 
important for laminar flow; the same conclusions apply for turbulent flow, but 
the effects are much less pronounced except for very low-Prandtl-number fluids 
for reasons that will be apparent later. 

The constant-heat-rate annulus solutions given in Table 8-11 can also be 
used as a basis for calculating variable-heat-flux problems. The following 
equations for the inner and outer surface temperatures result directly from 
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superposition: 
D, xt 1 = xt a*(xt - £) | 
$ = Tn te / Wisin eee VHA : if pa Ua ON Ca at? 8 " 
(x*) k o Nu,;(xt —&) dq; (§) CRG Ere B dq, ©| 
(8-56) 
Dy, aa 1 if xt 6*(xt —£) : 
T,(xt) — Tn = — ofr SUSE Cy wig ced Say 
(x*) k | Nu,o(a+ —€) dq, (§) [ SEES) dq; °) 
(8-57) 


The fluid mixed mean temperature T,,, is determined by integrating the pre- 
scribed heat flux from = 0 to € = x*, as in Eq. (8-52). 

These integrals are Stieltjes integrals, and for computational purposes can 
each be split into a Riemann integral plus a summation, as in Eq. (8-43). For 
example, 


ees 1 

I Nu; (xt — &) 
vt [ ‘ ! 

ii Gay NURS eS) ae 


where (Aq); is the heat-flux difference across the discontinuity at €;. The inte- 
gral is then used for continuously varying heat flux, and all discontinuities in heat 
flux are contained in the summation. The problem collapses back to the constant- 
heat-flux problem if dqj’/d& = 0, = 0, andk = 1. 

Note that the first term of Eq. (8-57) can also be used for the circular-tube 
variable-heat-flux problem, employing Table 8-6 with x* replaced by x+ — &,, 
and this is then an alternative to Eq. (8-50). 


dq; ) 


+ 


Pc 


REE 


COMBINED HYDRODYNAMIC AND THERMAL 
ENTRY LENGTH 


All the laminar-flow solutions considered so far have been based on the idealiza- 
tion that the velocity profile is fully developed, which, according to Eq. (7-20) 
for a circular tube, occurs when x/D is greater than approximately 5 agRe. On the 
other hand, it was shown in connection with Eq. (8-41) that for a Prandtl number 
greater than about 5, the velocity profile develops so much faster than the tem- 
perature profile that even if both temperature and velocity are uniform at the tube 
entrance, the fully developed velocity idealization introduces little error. At low 
Prandtl numbers, however, the temperature profile develops more rapidly than 
the velocity profile, and the fully developed velocity jecelizanons is no longer valid 
for a thermal-entry-length solution. If x / D is greater than 2 59 Re, a fully developed 
velocity profile exists regardless of Prandtl number; but for applications where a 
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mean conductance with respect to length is required, as in heat-exchanger analy- 
sis, the effects of the undeveloped velocity profile near the entrance can be sub- 
stantial even for tubes much longer than x/D = s5Re. 

The development of the velocity profile in a circular tube was considered in 
Chap. 7, where the solution by Langhaar was discussed. The applicable energy 
differential equation for calculation of the temperature field under conditions of 
a developing velocity field, axisymmetric heating, and negligible axial conduc- 
tion must be Eq. (8-1), with the appropriate terms omitted: 


oT 
pcu— + pcv,— (8-58) 


Of gk @ oT 
Ox ér.sor Or 


iar 
or / 


The Prandtl number becomes a parameter in the solution for the combined 
hydrodynamic and thermal-entry-length problem because, while the velocity 
development is independent of Prandtl number, the temperature profile is 
Prandtl-number-dependent. Recall that when the velocity profile was assumed 
to be fully developed, the Prandtl number did not explicitly appear in the 
solution. 

Several workers have solved Eq. (8-58) numerically, either using Langhaar’s 
entry-region velocity profiles or generating the velocity solution numerically; 
and various degrees of approximation have been employed, resulting in consid- 
erable discrepancy among different solutions. Some results for a constant sur- 
face temperature for three different values of Prandtl number are given in 
Table 8-12. These come from Ref. 5 and are based on the numerical solutions of 
Hornbeck.'®'” It is instructive to compare the results for Pr = 5 with the fully de- 
veloped velocity-profile solution of Table 8-4. It is apparent that for Pr > 5 the 
eigenfunction solution for the thermal-entry length is a good approximation even 
if the velocity profile is developing simultaneously. For lower Prandtl numbers 
the Nusselt number for the combined entry length is always higher than for the 
thermal-entry length alone. 

A rather different procedure was employed by Heaton, Reynolds, and 
Kays,'* who linearized Eq. (8-58) by an approximation first introduced by 


Table 8-12 Nusselt numbers for combined thermal- and hydrodynamic-entry length in the 
circular tube; constant surface temperature 
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Table 8-13 Nusselt numbers and influence coefficients for combined thermal- and 
hydrodynamic-entry length in the circular-tube annulus family; 
constant heat rate 


x 
0.01 0.002 24.2 24.2 0.048 — 24.2 — 0.0322 
0.010 12.0 1 ey 0.117 —. 11.8 —_ 0.0786 
0.020 9.10 8.80 0.176 9.43 8.90 0.252 0.118 
0.10 6.08 3) Fi) 0.378 6.40 5.88 0.525 0.231 
0.20 S73 D936) 0.376 6.22 5.60 0.532 0.238 
(exe) 4.36 3 12)5) 0.346 6.18 5.04 0.528 0.216 


0.70 0.002 17.8 18.5 0.037 19.22 18.30 0.0513 0.0243 
0.010 ps2 9.62 0.096 10.47 9.45 0.139 0.0630 


0.020 7.14 7.68 0.154 8.52 7.50 0.228 0.0998 

0.10 4.72 5.55 0.327 6.35 5.27 0.498 0.207 

0.20 4.4] 5.40 0.345 6.19 5.06 0.527 0.215 
oo 4.36 5.39 0.346 6.18 5.04 0.528 0.216 


10.0 0.002 14.3 15.6 0.0311 16.86 15.14 0.045 0.0201 
0.010 7.87 9.20 0.092 L020 9eBi75 0.136 0.0583 


0.020 6.32 7.49 0.149 8.43 7.09 0.224 0.0943 
0.10 4.51 5:55 0.327 6.35 5.20 0.498 0.204 
0.20 4.38 5.40 0.345 6.19 5.05 0.527 0.215 


oe 4.36 Brahe, 0.346 6.18 5.04 0.528 0.216 


‘For other radius ratios see Ref. 18. 


Langhaar in connection with the velocity problem, and who were then able to 
obtain a generalized entry-region temperature profile that could be used in the en- 
ergy integral equation. They obtained solutions for the entire family of circular- 
tube annuli for constant heat rate and various Prandtl numbers. An abstract of 
the results of Heaton, Reynolds, and Kays is presented in Table 8-13. 

The annulus and parallel-planes results are applicable to Eqs. (8-28) and 
(8-29), and therefore different rates of heating from the two surfaces may be cal- 
culated. (See Table 8-13.) These results are not applicable to problems where the 
heat flux varies axially. Such problems can be solved by superposition only if a 
fainily of step-function solutions is available for surface heat-flux steps at all 
points in the hydrodynamic-entry length. 

It should finally be added that any of these variable-surface-temperature and 
variable-heat-flux problems can also be readily solved by direct numerical solu- 
tion of the appropriate differential equations. This is today a very practicable 
alternative, even in engineering applications, especially for the simpler geome- 
tries such as circular tubes, circular-tube annuli, and flat ducts. It is the preferred 
procedure when the specified surface temperature and/or heat flux is a complex 
function. There is no particular advantage to be gained using superposition tech- 
niques if numerical calculations must be used to evaluate the functions. Direct 
numerical procedures also have the virtue that such further complications as 
variable fluid properties can be readily introduced. 


119 


120 Convective Heat and Mass Transfer 


PROBLEMS 


8-1. 


8-2. 


8-3. 


Starting from the appropriate momentum and energy differential equations, 
evaluate the Nusselt number for both surfaces of a parallel-plane channel in 
which there is fully developed laminar flow (both velocity and temperature 
developed) and in which there is heating from both surfaces but the heat flux 
from one surface is twice the flux from the other surface, and again when the 
heat flux from one surface is 5 times the flux from the other surface. The heat- 
transfer rate per unit of duct length is constant. Compare your results with those 
given in the text (Table 8-1). 

TEXSTAN can be used to confirm the results of this problem. Let the 
Reyuolds number be 1000, select a Prandtl number for either air or water, and 
pick fluid properties that are appropriate to the Prandtl number. You can choose 
channel geometrical dimensions and a mass flow rate for the channel to provide 
the required Reynolds number and a channel length of 20-40 hydraulic 
diameters. Use constant fluid properties and do not consider viscous dissipation. 
The thermal boundary condition is constant heat flux, and you can choose an 
arbitrary value for one surface and the required ratio for the other surface, to 
represent the asymmetrical heating. This is a thermally fully developed problem, 
so the initial conditions will be a velocity profile that is hydrodynamically fully 
developed and a temperature profile that is thermally fully developed. Because. 
this problem has asymmetrical thermal boundary conditions, choose the option 
in TEXSTAN that permits calculation from surface to surface. 

With a low-Prandtl-number fluid, the temperature profile in a tube develops 
more rapidly than the velocity profile. Thus, as the Prandtl number.approaches 
zero, the temperature profile can approach a fully developed form before the 
velocity profile has even started to develop (although this is a situation of purely 
academic interest). Convection solutions based on a uniform velocity over the 
cross section, as described, are called slug-flow solutions. Develop an expression 
for the slug-flow, fully developed temperature-profile Nusselt number for 
constant heat rate per unit of tube length for a concentric circular-tube annulus 
with a radius ratio of 0.60 for the case where the inner tube is heated and the 
outer tube is insulated. Compare with the results in Table 8-1 and discuss. 


Consider a 0.6-cm (inside-diameter) circular tube that is of sufficient length that 
the flow is hydrodynamically fully developed. At some point beyond the fully 
developed location, a 1.2-m length of the tube is wound by an electric resistance 
heating element to heat the fluid, an organic fuel, from its entrance temperature 
of 10°C to a final value of 65°C. Let the mass flow rate of the fuel be 
1.26 x 10-3 kg/s. The following average properties may be treated as constant: 
Pre=lO 
p = 753 kg/m? 
c = 2.092 kI/(kg - K) 
k = 0.137 W/(m - K) 
jt = 0.00065 Pa: s 


Calculate and plot both tube surface temperature and fluid mean temperature 


as functions of tube length. What is the highest temperature experienced by any 
of the fluid? 
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TEXSTAN can be used to confirm the results of this problem. Use constant 
fluid properties and do not consider viscous dissipation. The thermal boundary 
condition is constant heat flux; use the value calculated from the problem 
analysis. This is an unheated starting length problem, so the initial conditions 
are a velocity profile that is hydrodynamically fully developed and a 
temperature profile that is flat at a value equal to the entry temperature. 


8-4. Consider fully developed, constant-property laminar flow between parallel 
planes with constant heat rate per unit of length and a fully developed 
temperature profile. Suppose heat is transferred to the fluid on one side and out 
of the fluid on the other at the same rate. What is the Nusselt number on each 
side of the passage? Sketch the temperature profile. Suppose the fluid is an oil for 
which the viscosity varies greatly with temperature, but all the other properties 
are relatively unaffected by temperature. Is the velocity profile affected? Is the 
temperature profile affected? Is the Nusselt number affected? Explain. 

TEXSTAN can be used to confirm the Nusselt number result of this 
problem. Let the Reynolds number be 1000, select a Prandtl number, and pick 
fluid properties that are appropriate to the Prandtl number. You can choose 
geometrical dimensions and a mass flow rate for the channel to provide the 
required Reynolds number and a channel length of 20-40 hydraulic diameters. 
Use constant fluid properties and do not consider viscous dissipation for this 
part of the problem. The thermal boundary condition is constant heat flux, and 
you can choose an arbitrary value for one surface and the value for the other 
surface will be the same magnitude with opposite sign. This is a thermally fully 
developed problem, so the initial conditions will be a velocity profile that is 
hydrodynamically fuliy developed and a temperature profile that is thermally 
fully developed. Because this problem has asymmetrical thermal boundary 
conditions, choose the option in TEXSTAN that permits calculation from 
surface to surface. 

8-5. Consider a concentric circular-tube annulus, with outer diameter 2.5 cm and 
inner diameter 1.25 cm, in which air is flowing under fully developed, constant- 

heat-rate conditions. Heat is supplied to the inner tube, and the outer tube is 

externally insulated. The radiation emissivity of both tube surfaces is 0.8. The 
mixed mean temperature of the air at a particular point in question is 260°C. The 
inner-tube surface temperature at this point is 300°C. What is total heat flux 
from the inner-tube surface at this point? What is the outer-tube surface 

| "temperature at this point? What percentage of the heat supplied to the inner tube 

is transferred directly to the air, and what percentage indirectly from the outer 
surface? Assume that the Reynolds number is sufficiently low that the flow is 
laminar. Assume that the air is transparent to the thermal radiation. Make use 
of any of the material in the text as needed. 

8-6. The heat flux along a flat cooling tube in a typical nuclear power reactor may 
often be approximated by 


- . Wx 
q; = Gop se 


where L is the length of the flat tube and x is the distance along the flat tube. 

A particular air-cooled reactor is to be constructed of a stack of fuel plates 
with a 3-mm air space between them. The length of the flow passage will be 
1.22 m, and the heat flux at the plate surfaces will vary according to the above 
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8-8. 


8-9. 


equation with a = 900 W/m and b = 2500 W/m’. The air mass velocity is to 
be 7.5 kg/(s - m*). The air enters the reactor at 700 kPa and 100°C. The 
properties of air at 250°C may be used in the analysis and treated as constant. 

Prepare a scale plot of heat flux, air mean temperature, and plate surface 
temperature as a function of distance along the flow passage. Although the heat 
flux is not constant along the passage, the passage length-to-gap ratio is 
sufficiently large that the constant-heat-rate heat-transfer solution for the 
conductance h is not a bad approximation. Therefore assume / is a constant. 
We are most interested here in the peak surface temperature; if this occurs in a 
region where the heat flux is varying only slowly, the approximation is still 
better. This is a poit for discussion. 

TEXSTAN can be used to help understand the results of this problem. Let 
the Reynolds number be 1000, and pick fluid properties that are appropriate 
to the air Prandtl number at 250°C. Use constant fluid properties and do not 
consider viscous dissipation. The geometry for this problem is modeled as a 
combined entry problem in a parallel planes channel, and for initial conditions 
let the velocity profile be flat at a value equal to the mean velocity and the 
temperature profile be flat at some value 7,. Because this problem has 
symmetrical thermal boundary conditions, choose the option in TEXSTAN 
that permits the centerline of the parallel planes channel to be a symmetry line. 
For the surface heat flux profile, break up the length of the channel into 10 to 
20 segments and evaluate the heat flux function at these x locations. These 
values then become the variable heat flux boundary. Note that the smaller the 
segments the more closely the sine function is modeled. 


A lubricating oil flows through a long 0.6-cm (inner-diameter) tube at a mean 
velocity of 6 m/s. If the tube is effectively insulated, calculate and plot the 
temperature distribution, resulting from frictional heating, in terms of the 
pertinent parameters. Let the fluid properties be those of a typical engine oil at 
100°C. Start with Eq. (4-28). 

Consider a journal bearing using the oil of Prob. 8-7. Let the journal diameter be 
7.6 cm, the clearance be 0.025 cm, and the rpm be 3600. Neglecting end effects, 
and assuming no flow of oil into or out of the system, calculate the temperature 
distribution in the oil film on the assumption that there is no heat transfer into 
the journal (the inner surface) but that the bearing (the outer surface) is 
maintained at 80°C. Calculate the rate of heat transfer per square meter of 
bearing surface. Assume no eccentricity, that is, no load on the bearing. How 
much power is needed to rotate the journal if the bearing is 10 cm long? 


Consider uniform-temperature laminar flow in a circular tube with a fully 
developed velocity profile. At some point x*+ = 0 the surface temperature is 
raised above the fluid temperature by an amount a. It remains constant at this 
value until a point x* = xj is reached, where the surface temperature is again 
raised an amount b, remaining constant thereafter. Develop a general expression 
for the surface heat flux,and for the mean fluid temperature 6,,, in the part of the 
tube following the second step in surface temperature. Use variable-surface- 
temperature theory. 


Consider laminar flow in a circular tube with a fully developed velocity profile. 
Let heat be added at a constant rate along the tube from x+ = 0 to xt = 0.10. 
Thereafter let the tube surface be adiabatic. Calculate and plot the tube surface 
temperature as a function of xt. 


8-11. 


8-12. 
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TEXSTAN can be used to confirm this analysis. Let the Reynolds number 
be 1000, choose air or water as the Prandtl number, and pick fluid properties that 
are appropriate to the chosen Prandtl number. Use constant fluid properties and 
do not consider viscous dissipation. You can choose how to set up the 
TEXSTAN problem in terms of values for the thermal boundary and initial 
conditions, and for geometrical dimensions and mass flow rate for the pipe to 
provide the required Reynolds number and a pipe length equivalent to about 
x* = 0.3 (long enough for the boundary condition effect to decay). The 
geometry for this problem is modeled as an unheated starting length problem, 
and for initial conditions let the velocity profile be hydrodynamically fully 
developed and the temperature profile be flat at some value 7,. The thermal 
boundary condition will be a constant value of heat flux from start of calculation 
until the x-location corresponding to x*+ = 0.10 and then a value of zero heat 
flux to the x location corresponding to xt = 0.30. 

Consider laminar flow in a circular tube with a fully developed velocity profile. 
Let the tube surface be alternately heated at a constant rate per unit of length and 
adiabatic, with each change taking place after intervals of x+ of 0.020. How 
large must x* be for the effects of the original entry length to damp out? How 
does the Nusselt number vary along the heated segments after the effects of the 
original entry length have damped out? 

TEXSTAN can be used to confirm this analysis. Let the Reynolds number 
be 1000, choose air or water as the Prandtl number, and pick fluid properties that 
are appropriate to the chosen Prandtl number. Use constant fluid properties and 
do not consider viscous dissipation. You can choose how to set up the 
TEXSTAN problem in terms of values for the thermal boundary and initial 
conditions, and for geometrical dimensions and mass flow rate for the pipe to 
provide the required Reynolds number and a pipe length equivalent to about 
xt = 0.3 (long enough for the boundary condition effect to decay). The 
geometry for this problem is modeled as an unheated starting length problem, 
and for initial conditions let the velocity profile be hydrodynamically fully 
developed and the temperature profile be flat at some value 7,. The thermal 
boundary condition will be a constant value of heat flux from start of calculation 
until the x location corresponding to x* = 0.020 and then a value of zero heat 
flux to the x location corresponding to x + = 0.040, and then periodically 
repeated out to xt = 0.3. 

Evaluate and plot both local and mean Nusselt numbers for fully developed 
laminar flow in a square tube. At what value of x* does the local Nusselt 
number come within two percent of the asymptotic value? 

Consider the problem posed by Eq. (8-53). Let 6 = 6 and let the tube be 
circular. Evaluate and plot the local Nusselt number as a function of x/L. 
Explain physically the reasons for the behavior noted. 

Consider fully developed laminar flow in a circular tube in which the heat flux 
varies axially according to the relation 


7] ae bsi UX 
= sin — 
q, =a Si 
where L is the total length of the tube, and a and b are constants (this is an 


approximation for a nuclear reactor cooling tube). Derive a general expression 
for the mean fluid temperature T,, as a function of x; and the tube surface 
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8-17. 


8-18. 


8-19. 


temperature 7, as a function of x, using variable-heat-flux theory [that is, an 
expression corresponding to Eq. (8-55) for the simple sinusoidal variation of 
heat flux]. 

Consider fully developed laminar flow in a circular-tube annulus with 

r* = 0.50. Let there be heat transfer from the inner tube only (outer tube 
insulated), and let the heat flux on the inner tube vary as in Prob. 8-14. Describe 
in detail a computing procedure for evaluating both the inner- and outer-tube 
surface temperatures as functions of length along the tube. 

Helium flows through a thin-walled 1.25-cm-diameter circular tube at a mean 
velocity of 6 m/s under the following conditions at a particular point along the 
tube: 


P = 345 kPa, Ty Se200°€ 


The tube is exposed on one side to an infinite plane that emits black-body 
radiation at 1100°C, while the remainder of the surrounding space is effectively 
nonradiating. Assuming that (1) the tube wall is sufficiently thin that peripheral 
conduction in the wall is negligible and (2) the outer surface is a black body and 
evaluating radiation from the tube as if the entire tube were at a uniform 
temperature of 300°C (re-radiation will be relatively small and an exact solution 
would require iteration), calculate the net heat flux to the tube and estimate the 
temperature distribution in the wall around the tube. Assume that the heat- 
transfer resistance of the wall is negligible in the radial direction and that fluid 
properties are constant. 


Consider steady flow in a tube with a fully developed velocity profile at the tube 
entrance. Let the fluid temperature at the tube entrance be uniform at T,. Then 
let the tube surface temperature vary axially according to the relation 


Toes Miss = lexp (bx*) ~1] 


where a and b are arbitrary constants. Derive an expression for the local Nusselt 
number as a function of x*. Show that all members of this family of solutions 
lead to Nusselt numbers that are independent of x* at sufficiently large values of 
x*, What are the implications of this result? Discuss how the constant b affects 
the asymptotic Nusselt number. 


Consider fully developed laminar flow with constant properties in a circular 
tube. Let there be heat transfer to or from the fluid at a constant rate per unit of 
tube length. Determine the Nusselt number if the effect of frictional heating 
(viscous mechanical energy dissipation) is included in the analysis. How does 
frictional heating affect the Nusselt number? What are the significant new 
parameters? Consider some numerical examples and discuss the results. 


Consider fully developed laminar flow with constant properties in a circular 
tube. Let there be heat transfer to or from the fluid at a constant rate per unit of 
tube length. Additionally, let there be heat generation within the fluid (perhaps 
by nuclear reaction) at a rate S, W/m’, that is everywhere the same. Determine 
an expression for the Nusselt number as a function of the pertinent parameters. 
(What are they?) Evaluate the convection conductance in the usual manner, on 
the basis of heat flux through the surface, surface temperature, and fluid mixed 
mean temperature. 
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Consider fully developed laminar flow with constant properties in a circular 
tube. Let the surface be insulated, but let there be heat generation within the 
fluid at a rate S, W/m’, that is everywhere the same. From an examination of the 
applicable energy differential equation alone, deduce the approximate shape of 
the temperature profile within the fluid, and determine whether the highest 
temperature of the fluid at any axial position occurs at the tube surface or at the 
tube centerline. Explain the reasons for the result. 


TEXSTAN PROBLEMS 


8-21. 


8-22. 


8-23. 


8-24. 


TEXSTAN analysis of laminar thermal entry flow ina circular pipe with 
constant surface temperature: Calculate the flow and construct a plot similar to 
Fig. 8-10 to show development of the Nusselt number with x* = 2(x/D,)/Re Pr 
over the range xt = 0-0.3. Let the Prandtl number be 0.7. Compare the results 
with Table 8-4. Feel free to evaluate the nondimensional temperature profiles 

at various xt locations to demonstrate the concept of how the profiles evolve 
from a flat profile into thermally fully developed profile, and to investigate 

any other attribute of the entry region or thermally fully developed region of 

the flow. 

Let the Reynolds number be 1000, and pick fluid properties that are 
appropriate to the chosen Prandtl number. You can choose how to set up the 
TEXSTAN problem in terms of values for the thermal boundary and initial 
conditions, and for geometrical dimensions and mass flow rate for the pipe to 
provide the required Reynolds number and a pipe length equivalent to x*+ = 0.3. 
Use constant fluid properties and do not consider viscous dissipation. For initial 
conditions let the velocity profile be hydrodynamically fully developed and the 
temperature profile be flat at some value 7,. 


TEXSTAN analysis of the effects of Prandtl number on laminar thermal entry 
flow in a circular pipe with constant surface temperature: This is a variation of 
Prob. 8-21 to show the independence of Pr as the thermally fully developed flow 
condition is met. For this problem, choose Pr values of 0.01, 1.0, and 10, and 
compare the results to Table 8-4. Follow the TEXSTAN setup described in 
Prob. 8-21, but adjust the pipe length such that a thermally fully developed 
Nusselt number is achieved for the selected Pr. 

TEXSTAN analysis of laminar thermal entry flow in a circular pipe with 
constant surface heat flux, heating case: Calculate the flow and construct a plot 
to show development of the Nusselt number with x*+ = 2(x/D,)/Re Pr over the 
range x* = 0-0.3. Let the Prandtl number be 0.7. Compare the results with 
Table 8-6. Follow the TEXSTAN setup described in Prob. 8-21. 


TEXSTAN analysis of laminar thermal entry flow in a parallel planes channel 
with constant surface temperature for both planes: Calculate the flow and 
construct a plot to show developmenrtt of the Nusselt number with 

x+ = 2(x/D,)/Re Pr over the range x* = 0-0.3. Let the Prandtl number be 
0.7. Compare the results with the entries for b/a = 00 in Table 8-9. Feel free to 
evaluate the nondimensional temperature profiles at various x* locations to 
demonstrate the concept of how the profiles evolve from a flat profile into a 
thermally fully developed profile, and to investigate any other attribute of the 
entry region or thermally fully developed region of the flow. 
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8-26. 


8-27. 


Let the Reynolds number be 1000, and pick fluid properties that are 
appropriate to the chosen Prandtl number. You can choose how to set up the 
TEXSTAN problem in terms of values for the thermal boundary and initial 
conditions, and for geometrical dimensions and mass flow rate for the channel 
to provide the required Reynolds number and a channel length equivalent to 
xt = 0.3. Use constant fluid properties and do not consider viscous dissipation. 
For initial conditions let the velocity profile be hydrodynamically fully 
developed and the temperature profile be flat at some value T,. Because this 
problem has symmetrical thermal boundary conditions, choose the option in 
TEXSTAN that permits the centerline of the parallel planes channel to be a 
symmetry line. 

TEXSTAN analysis of laminar thermal entry flow in a parallel planes channel 
with constant surface heat flux, heating case, for both planes: Calculate the 
flow and construct a plot to show development of the Nusselt number with 

x*+ = 2(x/D,)/Re Pr over the range x* = 0-0.3. Let the Prandtl number be 
0.7. Compare the results with the entries for b/a = oo in Table 8-10. Feel free 
to evaluate the nondimensional temperature profiles at various x* locations to 
demonstrate the concept of how the profiles evolve from a flat profile into 
thermally fully developed profile, and to investigate any other attribute of the 
entry region or thermally fully developed region of the flow. Follow the 
TEXSTAN setup described in Prob. 8-24. 


TEXSTAN analysis of laminar thermal entry flow in a parallel-plane channel 
with asymmetrical heat flux in which one plane has a constant surface heat 
flux, heating case, and the other plane has an adiabatic surface: Calculate the 
flow and construct a plot to show development of the Nusselt number with 

x* = 2(x/D,)/Re Pr over the range xt = 0-0.3. Let the Prandtl number 

be 0.7. Compare the results with the Nu;; = Nu,, values for r* = 1.00 in 
Table 8-11 (note the influence coefficients are not used for this problem). Feel 
free to evaluate the nondimensional temperature profiles at various x* locations 
to demonstrate the concept of how the profiles evolve from a flat profile into 
thermally fully developed profile, and to investigate any other attribute of the 
entry region or thermally fully developed region of the flow. 

Let the Reynolds number be 1000, and pick fluid properties that are 
appropriate to the chosen Prandtl number. You can choose how to set up the 
TEXSTAN problem in terms of values for the thermal boundary and initial 
conditions, and for geometrical dimensions and mass flow rate for the channel 
to provide the required Reynolds number and a channel length equivalent to 
x* = 0.3. Use constant fluid properties and do not consider viscous dissipation. 
For initial conditions let the velocity profile be hydrodynamically fully 
developed and the temperature profile be flat at some value 7,. Because this 
problem has asymmetrical thernial boundary conditions, choose the option in 
TEXSTAN that permits the calculation from surface to surface of the parallel- 
plane channel. ! 


TEXSTAN analysis of laminar combined entry flow in a circular pipe with 
constant surface temperature: Calculate the flow and construct a plot similar to 
Fig. 8-10 to show development of the Nusselt number with x* = 2(x/D,)/Re Pr 
over the range x* = 0-0.3. Let the Prandtl number be 0.7. Compare the results 
with Table 8-12. Feel free to evaluate the nondimensional temperature profiles at 
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various x* locations to demonstrate the concept of how the profiles evolve from 
a flat profile into thermally fully developed profile, and to investigate any other 
attribute of the entry region or thermally fully developed region of the flow. 

Let the Reynolds number be 1000, and pick fluid properties that are 
appropriate to the chosen Prandtl number. You can choose how to set up the 
TEXSTAN problem in terms of values for the thermal boundary and initial 
conditions, and for geometrical dimensions and mean velocity for the pipe to 
provide the required Reynolds number and a pipe length equivalent to xt = 0.3. 
Use constant fluid properties and do not consider viscous dissipation. For initial 
conditions let the velocity profile be flat at a value equal to the mean velocity 
and the temperature profile be flat at some value T,. 


TEXSTAN analysis of laminar combined entry flow in a parallel planes channel 
with asymmetrical heat flux in which one plane has a constant surface heat flux, 
heating case, and the other plane has an adiabatic surface: Calculate the flow 
and construct a plot to show development of the Nusselt number with 

x* = 2(x/D,)/Re Pr over the range x+ == 0-0.3. Let the Prandtl number be 
0.7. Compare the results with the Nuj, values for parallel planes in Table 8-13 
(note the influence coefficient is not used for this problem). Feel free to evaluate 
the nondimensional temperature profiles at various x* locations to demonstrate 
the concept of how the profiles evolve from a flat profile into thermally fully 
developed profile, and to investigate any other attribute of the entry region or 
thermally fully developed region of the flow. 

Let the Reynolds number be 1000, and pick fluid properties that are 
appropriate to the chosen Prandtl number. You can choose how to set up the 
TEXSTAN problem in terms of values for the thermal boundary and initial 
conditions, and for geometrical dimensions and mass flow rate for the channel to 
provide the required Reynolds number and a channel length equivalent to 
xt = (0.3. Use constant fluid properties and do not consider viscous dissipation. 
For initial conditions let the velocity profile be flat at a value equal to the mean 
velocity and the temperature profile be fiat at sume value T,. Because this 
problem has asymmetrical thermal boundary conditions, choose the option in 
TEXSTAN that permits the calculation from surface to surface. 

TEXSTAN analysis of laminar combined entry flow in a circular-tube annulus 
with r* = 0.5 and asymmetrical surface heat flux in which one surface has a 
constant heat flux, heating case, and the other surface is adiabatic: Calculate 
the flow and construct a plot to show development of the Nusselt number with 
x+ = 2(x/D,)/Re Pr over the range xt = 0-0.3. Let the Prandtl number be 
0.7. Test two cases: constant heat flux on the inside surface and the outside 
surface adiabatic, and then the opposite case. Compare the results with the 

Nu;; and Nu,, entries for r* = 0.5 in Table 8-13 (note the influence coefficients 
are not used for this problem). Feel free to evaluate the nondimersional 
temperature profiles at various x* locations to demonstrate the concept of how 
the profiles evolve from a flat profile into thermally fully developed profile, and 
to investigate any other attribute of the entry region or thermally fully developed 
region of the flow. 

Let the Reynolds number be 1000, and pick fluid properties that are 
appropriate to the chosen Prandtl number. You can choose how to set up the 
TEXSTAN problem in terms of values for the thermal boundary and initial 


127 


128 


Convective Heat and Mass Transfer 


8-30. 


conditions, and for geometrical dimensions and mass flow rate for the channel to 
provide the required Reynolds number, a value of r* = 0.5, and a channel 
length equivalent to xt = 0.3. Use constant fluid properties and do not consider 
viscous dissipation. For initial conditions let the velocity profile be fiat at a 
value equal to the mean velocity and the temperature profile be flat at some _ 
value 7,. Because this problem has asymmetrical thermal boundary conditions, 
choose the option in TEXSTAN that permits the calculation from surface to 
surface. ; 


TEXSTAN analysis of laminar thermal-entry flow in a circular pipe with the 
effect of axial variation of surface temperature, T, = f (x) from Fig. 8-14 over 
the distance 0.0 < x* < 0.2: Let the Reynolds number be 1000, and pick fluid 
properties that are appropriate to an air Prandtl number of 0.7. You can choose 
how to set up the TEXSTAN problem in terms of values for the thermal 
boundary and initial conditions, and for geometrical dimensions and mass flow 
rate for the pipe to provide the required Reynolds number and a pipe length 
equivalent to x* = 0.2. Use constant fluid properties and do not consider 
viscous dissipation. For initial conditions let the velocity profile be 
hydrodynamically fully developed and the temperature profile be flat at some 
value T,. Calculate the flow and compare the results with Fig. 8-14. Discuss the 
behavior of the various variables in terms of the temperature profiles obtained 
as a part of the computer analysis. 
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Laminar External 
Boundary Layers: 
Momentum Transfer 


property fluid flowing over an external surface is considered in this 

chapter. We use the term external flow, as opposed to internal flow, to 
characterize flow along a surface on which the boundary-layer thickness is small 
relative to the distance to any other surface. Thus the viscous flow region is 
bounded by a solid surface on one side only, and is bounded on the other side by 
an inviscid potential flow. In an internal flow (flow in a pipe) we are usually con- 
cerned with the viscous effects on the entire region between boundary surfaces, 
although the hydrodynamic entry region of a pipe has the characteristics of an 
external flow. 

First we consider the family of similarity solutions to the momentum equa- 
tion of the boundary layer for a steady laminar flow. We treat the concept of 
similarity solutions to a partial differential equation in some detail, since this 
forms the basis for the majority of useful laminar boundary-layer solutions, 
including the thermal and concentration boundary layers. Nonsimilar boundary 
layers are then discussed, and local similarity and local nonsimilarity solutions 
are described. 

Then we develop two approximate laminar boundary-layer solutions, em- 
ploying the momentum integral equation, including a relatively simple proce- 
dure for handling a flow in a pressure gradient. 

The momentum boundary-layer theory presented only outlines and high- 
lights this large area of study, and the reader is referred to the more compre- 
hensive treatises on the subject, such as Schlichting! or Moore,” for further 
details. 


i he development of the laminar momentum boundary layer for a constant- 
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Figure 9-1 Development of a laminar boundary layer on a flat plate 
with constant free-strain velocity. 


SIMILARITY SOLUTIONS: THE LAMINAR 
INCOMPRESSIBLE BOUNDARY LAYER 
WITH CONSTANT PROPERTIES AND 
CONSTANT FREE-STREAM VELOCITY 


Consider steady flow without turbulence over a semi-infinite flat plate aligned 
with the flow (Fig. 9-1). Let the free-stream velocity u,. be constant, and let all 
fluid properties be constant. The physical requirement of zero velocity at the sur- 
face must result in the development of a momentum boundary layer, starting at 
the leading edge of the plate, as shown in Fig. 9-1. The applicable equations of 
motion must be the momentum equation’ (4-10), together with the continuity 
equation (4-7). Since u is stipulated as constant, dP /dx must be zero accord- 
ing to Eq. (5-3). With viscosity constant, and v = z/p introduced, our equations 
then become 


a? 
al a jaa. =p E (9-1) 
ax dy ay? 
du Ov 
= tS 0 9-2 
ait ay (9-2) 


u——>Ug atl yo 


Sg at = 0 


The shapes that the velocity profiles (Fig. 9-1) must take in order to satisfy 
the boundary conditions suggest that they may possibly be geometrically similar, 
differing only by a stretching factor on the y coordinate, such a factor being some 


*Many authors prefer to develop the boundary-layer momentum equation from the more general 
Navier-Stokes equation (4-14), employing an order-of-magnitude argument, which, in turn, shows that 


Eg. (9-1) is valid only for Rey = (Ucopx/H) > 1. 
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function of the distance x along the plate. It frequently occurs that partial differ- 
ential equations have solutions that involve this kind of similarity; if a differen- 
tial equation has a family of similar solutions, these are usually much easier to 
obtain than other solutions. 


The statement that the velocity profiles at all the x positions are georetri- | 
cally similar, differing only by a multiplying factor, is equivalent to the statement | 


that . 
u= fly: g(x)] (9-3) 


Let us now see if an assumption that the solution can be expressed in this 
form truly leads to such a solution. Let 


Then 


u= f(n) (9-5) 
With the nomenclature f’ = df/dn and g’ = dg/dx, Eq. (9-3) can be substituted 
into the boundary-layer equations (9-1) and (9-2) as follows: 


du of. of dan ec 
I Oe Opeet Ae 
Odie Oy it Upon , 
dy ay an ay 


eB? (HL) 22 af) 8m pres 
dy? ay? Ay Lay) an \ay dy 8 


Substituting these derivatives into Eqs. (9-1) and (9-2) yields 
ff'yg' + vf'g =vf"s? 


alee OU 
fxs = ifs 0 
y 
Combining these equations to eliminate v, and then rearranging to separate 
variables, we obtain 
laps Le 
rEG)ets “ 
fdn\f vg 


Since one side is a function of 7 only and the other side is a function of x only, 
and since x and 7 are independent, then each side must be a constant; that is, we 
have successfully separated variables and reduced the problem to the solution of 
two ordinary differential equations. This result immediately suggests that a sim- 
ilarity solution does indeed exist. 

Consider first the right-hand side, and set it equal to an arbitrary constant, —k: 


us abe 
ve 


n=y- g(x) (9-4) | 
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Solving gives 


dg p siuog ys 1 

re ae Xs ay ie 

At y = 00, U = Ua; but at x = 0 a boundary condition is that u = u.. even at 
y = 0. Thus g(0) must be infinite. It thus follows that C = 0. Then 


l y 
os = 9-7) 
V 2kvx 43 J 2kvx 
Note the implications of this sesult. Evidently the velocity function is of the 
form 
Ss Oa 
Si (Zz 


This always turns out to be the case for those solutions of the boundary-layer 
equations where similar velocity profiles are obtained, and y/./x is sometimes 
referred to as a similarity parameter. 

Let us now consider the left-hand side of Eq. (9-6): 


£54 Pr ee a 
ny a 


54 
ef”. / 
—=-k ]| fdn+C 
Be 
To evaluate the constant of integration, note that 
n a 
u=0 va 
6 at y =0 
f =0 
and, from Eq. (9-1), 
ga 2 
Pe i On ys (lever 10) 
dy? dn? 
Thus C = 0, and 
Wa n 
Fak [fan 
a 0 


Let us now define a nondimensional velocity in terms of a derivative of a 
function of 7, the derivative being for the purpose of eliminating the integral. 
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Let 
ergo 
Us 
Then 
F — Hest’ 
f = Heat. 
te = hoot. * 
and 
he ky 
ie (gs 


Substituting gives 


Dee ae 

= =k f Yess ABE we 
0 dn 

Co Khitest C7 0 


Since k is an arbitrary constant but ku. must be nondimensional, let 


Kucg = 5 
Thus 
ee BS oo" nee 0 (9-8) 
where 
be y / ‘eg wi 
Leama nics sce é() < 


Equation (9-8) is the Blasius equation, an ordinary differential equation for 
which the boundary conditions must be 


ui 0 cat y= 0 
v= 05 aty =0 
U—-> Ug al y —> CO 
Then 
6’) =0, (oo) = 1 
Since 
FO) =.0, ¢’"(0) =0 (provided that v, = 0) 

Then, from Eq. (9-8), 


fO)5"(0) =0 
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It is not possible that all the derivatives are zero at the surface [in fact, CAOy= 0 
would correspond to zero shear stress at the surface], so we conclude that 


¢(0) =0 


Equation (9-8) can also be developed by introducing a stream function w, 
although this is not necessary. The stream function is simply a device for replacing 
the u and v components of velocity by a single function. If we define (x, y) by 

aw ay 
u= —, =Se—4 9- 
dy 4 Ox 0 
we find that such a definition satisfies the continuity equation (9-2). It can read- 
ily be shown that 7 is directly related to ¢; in fact, 


V = JVXU gS (9-10) 
As before, ¢ = €(n), and 
Us 47 Ah f 
DY ate ue 


Note that by combining these equations we obtain vu = u.f'(n). 
With these definitions, the Blasius equation is readily developed by just sub- 
stituting Eq. (9-9) into Eq. (9-1) and then replacing y by ¢ through Eq. (9-10). 
Equation (9-8) was first solved numerically (and undoubtedly by hand) by 
Blasius,° but it can be readily solved now by standard computer-based numerical 
procedures. A brief summary of typical results is given in Table 9-1. 

The velocity profiles are given by ¢’ = u/u.,. We can also evaluate a fric- 
tion coefficient based on free-stream velocity, using the defining equation (5-10): 
Ts 
Pls. 

The surface shear stress t, can then be evaluated from (3-1) by invoking the 
boundary-layer approximations: 


0 
con(%) =1[e(@)] =r 


The value for ¢”(0) = 0.332 and thus 
0.664 — 0.664 


= (9-12) 


(9-13) 


°1 = Faas] ~ RO? 
where we define 
Goo 
Beat ies whe oe (9-14) 


v be 


We term cy the local friction coefficient since it is used to evaluate the local 
surface shear stress. We may also be interested in the total shear force from 0 to 
x, in which case we would like to know the mean shear stress from 0 to x. We 
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Table 9-1 Solutions to the laminar constant-property boundary layer with an 
impermeable surface and ug. = constant 


0 0 0 0.3321 
0.2 0.00664 0.06641 0.3320 
0.4 0.02656 : 0.13277 0.3315 
0.6 0.05974 0.19894 
0.8 0.10611 0.26471 
1.0 0.16557 0.32979 
2 0.23795 0.39378 
1.4 0.32298 0.45627 
1.6 0.42032 0.51676 
1.8 0.52952 0.57477 
2.0 0.65003 0.62977 
222, 0.78120 0.68132 
2.4 0.92230 0.72899 
2.6 1.07252 0.77246 
2.8 1.23099 0.81152 
3.0 1.39682 0.84605 
322 1.56911 0.87609 
3.4 1.74696 0.90177 
3.6 1.92954 0.92333 
3.8 2.11605 0.94112 
4.0 2.30576 0.95552 
4.2 2.49806 0.96696 
4.4 2.69238 0.97587 
4.6 2.88826 0.98269 
4.8 3.08534 0.98779 
5.0 3.28329 0.99155 


For higher values of n, € = n — 1.72 


can define a mean friction coefficient on this basis; it is easy to show that this is 
simply the average of cy with respect to x. Performing the integration, we find 
the mean friction coefficient cy, becomes 


1.328 
Rel? 


By use of Eq. (5-11), cr can also be expressed in terms of the momentum 
thickness Reynolds number 


2 (9-15) 


cr /2 = 0.2204/Res, (9-16) 


The previously defined boundary-layer thickness parameters 5; and 55, 
Egs. (5-5) and (5-6), can now be readily evaluated from the data of Table 9-1 
(note that in the integrations dy = ./vx/u. dn). Thus 


Oj = 1,1 2y/ DK} Use (displacement thickness) (9-17) 
3b. = 0.664,/ vx /Uoo (momentum thickness) (9-18) 
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¥ Note also that 6, can be perhaps more easily evaluated by integration of 


© Eq. (5-11), obtained from the momentum integral equation. 
( Our original simplifying assumption in deveioping the boundary-layer equa- 


tions was that the boundary layer remains “thin,” so that u/dy is always very 


) much greater than any other velocity gradient. This assumption would seem to be 
#) valid as long as 6; < x. From Eq. (9-17) 


6y = 1L-72A/ VX] 5 = 72 


x Y Re? 


(9-19) 


Thus the boundary-layer approximation would appear to be valid as long as 
* Re, > 1. Thus, for example, our boundary-layer approximation would not be 
| valid in the region very close to the leading edge of the plate. 


SIMILARITY SOLUTIONS FOR THE LAMINAR 
INCOMPRESSIBLE BOUNDARY LAYER 

FOR u,, = Cx” 

Similar solutions to the boundary-layer equations can be obtained if the free- 
stream velocity varies as 


Weg Cx” (9-20) 
Before examining this family of solutions, let us consider what physical prob- 


lems are approximated by such a velocity variation. Note the family of two- 
dimensional potential flows shown in Fig. 9-2. 


Figure 9-2 The family of “wedge” flows. 
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These flows are very easily solved by potential flow theory, and it is found 
that the velocity along the surface varies according to Eq. (9-20) in each case; in 
fact, it is found that 


= ——— (9-21) 


The boundary-layer solutions corresponding to these potential flows are fre- 
quently called wedge-flow solutions for obvious reasons. They are also fre- 
quently called the Falkner and Skan flows after the authors who first published 
their boundary-layer solutions.* The previously obtained solution for constant 
free-stream velocity is a special case of these’ flows, 6 = 0, and the family 
includes the two-dimensional stagnation point 6B = 7. 


For constant-property, two-dimensional flow the boundary-layer momentum | 


equation (4-10) becomes 


du du 1 dP 0°u 
et ee ee = 9-22 
cetaar DaAR. 39 OW 
The pressure-gradient term can be expressed in terms of the velocity via the 
Bernoulli equation, as was done in Eq. (5-3), which is valid in the free stream 
where a potential flow presumably exists. Combining Eq. (9-20) with Eq. (5-3), 
we get 


dP 2 
— = —pCx™Cmx™ | = ee 
dx x 
Thus 
Oth Our utennh’” oF 
Maat (9-23) 


aie a yr oe ae y? 
In addition to Eq. (9-23), the continuity equation (9-2) is still applicable. 
We now seek similarity solutions in the same manner as before. Actually the 
same similarity parameter is applicable; the simplest procedure is to substitute 
Eq. (9-9) into Eq. (9-23) and then transform to (¢, 7) using Eqs. (9-10) and 
(9-11). An ordinary differential equation results, so that similarity solutions must 
exist: 


cM 4 Sm +1)e0" +m(1 —¢7) = 0 (9-24) 
The boundary conditions are the same as for the previous problem: 
¢0)=0, g)=0, g(oo)=1 


[Note that the constant-u,. problem, Eq. (9-8), is merely a special case of this 
more general problem.] 

Equation (9-24) can be solved numerically for the indicated boundary condi- 
tions. For m > 0, the solutions are unique. For m < 0, two families of solutions 
exist for a limited range of negative B, corresponding either to a decelerating 
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Table 9-2 Solutions to the laminar constant-property boundary layer 
with an impermeable surface and ug) = Cx” 


20 (oe) 


oo 
I 1.0 1.233 Stagnation 
Sy) 0.333 0.759 
0.627 0.111 0.510 
0 0 0.332 Flat plate 
—0.314 —0.0476 0.220 
—0.625 —0.0904 0 Separation 


mainstream to the point of incipient separation or to flows in a laminar boundary 
layer after separation. A partial summary‘ of the results for m > 0 and for the 
m < O decelerating flows is given in Table 9-2. A friction coefficient can be eval- 
uated as before: 


_ 260) 
52 A Rel2 


(9-25) 
We make more use of the wedge solutions later when we consider heat transfer. 


SIMILARITY SOLUTIONS FOR THE LAMINAR 
INCOMPRESSIBLE BOUNDARY LAYER FOR 1, 4 0 


A boundary condition employed in the examples considered so far has been that 
the velocity normal to the surface at the surface is zero; that is, vy; = 0. Anumber 
of interesting applications occur in which there is mass transfer, and hence a nor- 
mal velocity component, at the surface. Evaporation from or condensation onto 
a surface is one example. Another is that of a porous surface through which a 
fluid (possibly the same fluid as the main stream) is being forced in order to pro- 
tect the surface from an extremely high-temperature main stream. Another might 
be the case of a porous surface through which part of the main stream is being 
sucked, possibly to prevent boundary-layer separation because of an adverse 
pressure gradient. 

The applicable differential equation is still Eq. (9-22), and we are merely 
changing a boundary condition. The general problem where », varies in any ar- 
bitrary manner along the surface can probably be solved only by direct numeri- 
cal integration of Eq. (9-22). However, let us examine the conditions under 
which similarity solutions exist. This merely involves examination of the possi- 
ble boundary conditions for Eq. (9-23) to see if a change of boundary conditions 
allows v, to be nonzero, and, if so, how v, must vary along the surface. 

From Eqs. (9-9), (9-10), and (9-20), 


Y= JVXUoS(N) Uo = CX” 
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-Combining these gives 


+1] m—t1 ae 
v= =F) — nO PAI acy aa 


But 7 = 0 and v = v, at y = 0. Thus 


m+ 1 

* =) x E (9-26) 

We now let C = uq/x”™ and obtain 

m " 1 
Ni era 9-27 
v 60 aT (9-27) 
and 
pee cae Po pee i) 

0) = ——__ — /— = -——__ — Re!” 9-28 
5(0) m+ lug v m+ lug “x ( ) 


Thus ¢(0) = constant, as a boundary condition to Eq. (9-24), gives us a fam- 
ily of similarity solutions for v, 4 0. However, for ¢(0) to be a constant, v, must 
vary along the surface in the particular manner prescribed in Eq. (9-26); that is 


UsOCe (9-29) 


Note that only for the stagnation point m = 1 can v, be a constant, for uo = 
constant, m = 0 and v, must vary as 1/,/x in order for similar velocity, profiles 
to obtain. 
The group of variables 
—* Rel/? (9-30) 
Uoo 
is frequently referred to as the “blowing” (or “suction’”’) parameter. Equation (9-24) 
has been solved numerically for various values of this parameter, as well as vari- 
ous values of m. Some of the results for m = 0 are given in Table 9-3, from which 
the local friction coefficient may be evaluated from Eq. (9-25). Further results may 


Table 9-3 Solutions to the laminar constant-property boundary 
layer with blowing or suction at the surface and 
Ugg = constant 


~2.500 2.590 


—0.750 0.945 } Suction 
—0.250 0.523 
0 0.332 
+0.250 0.165 
+0.375 0.094 
+0.500 0.036 Blowing (Separation) 


oe Be 0 
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be found in Ref. 5. However, the major area of usefulness of these solutions 
arises in connection with heat- and mass-transfer solutions to be considered later, 
where the complete ¢(7) is required for each case. 


NONSIMILAR MOMENTUM BOUNDARY LAYERS 


In the preceding sections we transformed the momentum equation and boundary 
conditions using 7, a similarity variable, to eliminate the x dependence from the 
equation and boundary conditions. We found that the transformation was suc- 
cessful, provided that u.. was constant or u., and/or v, had power-law variations 
with x. For arbitrary vu, vs constant, or arbitrary transverse surface curvature, 
the boundary-layer flow will be nonsimilar. 

Several classes of solution methods exist for solving the nonsimilar laminar 
boundary-layer problem. Perhaps the most exact solution is a numerical solution 
to the governing partial differential equations by finite-difference or finite- 
element methods. A second class comprises the approximate boundary-layer 
solutions employing the momentum integral equation. This class is discussed in 
the sections following this one. 

The third class of approximate solutions employs the concept of local simi- 
larity and local nonsimilarity. Consider the general transformation of the inde- 
pendent variables in the momentum equation and boundary conditions from 
(x, y) to (€, n). If either € or derivatives with respect to € remain after transfor- 
mation, similarity solutions will not exist." However, local similarity solutions 
can be obtained by dropping the € derivatives from the transformed momentum 
equation and boundary conditions and retaining € as a parameter. The resulting 
solution is generally valid if € or the discarded derivatives are small. Local non- 
similarity solutions carry the essence of the locai similarity solution a step further 
by retaining the € derivatives in the solution procedure. Sparrow, Quack, and 
Boerner’ develop a procedure to generate an additional equation and boundary 
conditions for 0¢ /d& and solve it and the momentum equation simultaneously. A 
solution procedure using asymptotic expansions is described by Dewey and 
Gross.® With both the local similar and local nonsimilar methods, the solutions 
are independent of the upstream history of the flow. 


AN APPROXIMATE LAMINAR BOUNDARY-LAYER 
SOLUTION FOR CONSTANT FREE-STREAM 
VELOCITY DEVELOPED FROM THE MOMENTUM 
INTEGRAL EQUATION 

To illustrate the power and simplicity of the momentum integral equations as a 


device for approximate solution of the boundary layer, let us again consider the 
laminar constant-property boundary layer with constant free-stream velocity. 


‘It is possible that another set of similarity Variables will result in similarity. The free-parameter method 
described by Hansen’ is a useful method for searching for similarity variables. 
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The applicable form of the momentum integral equation is Eq. (5-9). The surface 
shear stress can be expressed in terms of the velocity gradient at the surface, and 


thus Eq. (5-9) becomes 
es (ee (9-31) 
dui ¥nzz Koy} 


We now must propose some kind of velocity profile in the boundary layer so that 
we can develop an expression for the momentum thickness 4). The power of the 
method lies in the fact that the solution is not highly dependent on the shape of 
the velocity profile. Previous experience with laminar flow in a tube might sug- 
gest that a simple parabola would be satisfactory; and, as a matter of fact, a quite 
good solution can be obtained with a simple parabola. A better solution is ob- 
tained, however, if the boundary-layer differential equation (9-1) is examined 
and it is noted that the second derivative of u with respect to y must go to zero at 
the surface. A simple parabola does not have this property, but a cubic parabola 
does. Consider the cubic parabola 


u=ay+by> 


A parabolic velocity profile implies that the boundary layer has a definite, finite 
thickness, rather than extending indefinitely in the y direction as in the exact so- 
lution, and this artificiality must be accepted in the integral methods. Suppose we 
let this distance be a boundary-layer thickness 5. Then we can introduce the 
boundary conditions that du/dy = 0 and u = u. when y = 6. The constants a 
and b can then be evaluated, yielding 


u Bay hniel-fan3 
Bi bois “Ata bee” 
Substitution of (9-32) into the integral definition of 5, Eq. (5-6), yields an ex- 
pression for 5). This expression is, in turn, differentiated with respect to x and 
substituted in place of the right-hand side of Eq. (9-31). The left-hand side is 
obtained directly from Eq. (9-32), with the final result 
: 140 
6db = dx 
13 


Do Uo 


This equation is readily integrated for the boundary condition 5 = 0 at x = 0 (for 
example, the boundary layer originates at the beginning of the plate), yielding 


5 = 4.64,/vx/ux (9-33) 
Equation (9-33) gives the boundary-layer thickness (artificial though it may be) 
as a function of x. The surface shear stress can next be evaluated by substituting 
£gq. (9-33) into Eq. (9-32), which gives the complete velocity field, and then 
evaluating the gradient at the surface. Next the friction coefficient, Eq. (5-10), is 
introduced, and the final result for the local friction coefficient is 


0.646 


= aa 
Re, 


Cf (9-34) 


a pe a SS a aye 
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This result is within 3 percent of the exact Blasius solution, Eq. (9-13), and is 
illustrative of the power of the method. We use this result later in connection with 
a heat-transfer solution, where it proves more convenient than the exact solution. 


AN APPROXIMATE LAMINAR BOUNDARY-LAYER 
SOLUTION FOR ARBITRARILY VARYING 
FREE-STREAM VELOCITY OVER A BODY 

OF REVOLUTION 

A somewhat different use of the momentum integtai equation in an approximate 


solution is illustrated by the following simple and powerful procedure. 
Consider Eq. (5-7) with density constant and no injection or suction: 


if dd> }| 1 dus  b)dR 
Se dy | 2p Seber pie fe 9-35 
pie Ae 3 a( is | Uso AX a R dx ( ) 


To simplify the algebra, let us introduce still another boundary-layer thickness: 
the shear thickness 


[Ux Uo 
bee a 9-36 
MEET. (Ou/dy), oe 
As a further simplification, let 


apitel onsleni ds 


is i, TB (9-37) 
Substituting these definitions into Eq. (9-35) and then rearranging, we get 
se atest =2/7-2+ macs (9-38) 
Let us define a local parameter: 
= S ag (9-39) 
v dx 


Let us now make the assumption that the boundary-layer velocity profile de- 
pends only on local conditions and, specifically, that 


T=T(A), H=H() 


A dimensional analysis of the variables on which the momentum thickness must 
depend would also suggest that the A group is a significant parameter. The right- 
hand side of (9-38) is, then, entirely a function of A; that is, 


Uo 483 33 253 Woo dR = F(A) (9-40) 


where 
F(A) = 2(T — (24+ A)A] 
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Attempts to find a satisfactory form for F (A) have followed various courses. Ex- 
amination of various exact solutions indicates that the fundamental assumption 
is valid to a good degree of approximation; for example, a plot of F versus A 
from the wedge solutions and from various other particular solutions yields 
curves that are quite close together, especially for accelerating flows. Thwaites” 
made such a comparison and further showed that the function could be quite well 
approximated by a linear relation, which greatly simplifies the algebra: 


F =a— bir =0.44 — 5.681 (9-41) 


Amore exact but somewhat less convenient procedure is suggested by Spalding."° 
Substituting Eq. (9-41) into Eq. (9-40), rearranging, and combining the de- 
rivatives, we get 
d(R783u?,) = avu2s'R? dx 
Integrating between 0 and x yields 
R*55u?, — Rod5 oleo.9 = av an a Reds 
0 


Take x = 0 as the leading edge of the body; one of the following is also zero 
there: Ro, 52.9, OF Uoo.o. Thus 


R*55ue, = av if ue>' R? dx 
0 
Taking the given values of a and b and solving for 5, we find 


0.664v°5 / /* - 
ee a ( / U8 R? ax) (9-42) 
co 0 


Solution of (9-42) then involves only a simple integration procedure that de- 
pends on the given variation of u,, and R with x. Once we have the momentum 
thickness 52, the shear thickness and the local surface shear stress can be evalu- 
ated from Table 9-4 on the basis of the wedge solutions. 


Table 9-4 Functions for use with Eq. (9-42) 


0.024 0.182 271 
Ore 0.220 2.60 Flat plate 
0.016 0.244 2.55 
0.048 0.291 2.44 
0.080 0.333 2.34 Stagnation (approx. 
0.12 0.382 2.23 goin 


0.25 0.500 2.00 
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More exact procedures for calculating the laminar boundary layer may be 
found in many places in the literature, and the appropriate one should be used 
where precise results are required. Most, however, require tedious numerical cal- 
culations, and for many engineering purposes Eg. (9-42) will suffice. 


PROBLEMS 


9-1. Air at 26°C and 1 atm pressure flows normally to a 5-cm-diameter circular 
cylinder at a velocity of 9 m/s. It can be shown from potential flow theory that 
in the vicinity of the forward stagnation point for flow normal to a cylinder the 
velocity along the surface, u.. (which is the velocity just outside of any boundary 
layer), is given by 


where V is the oncoming normal velocity, x is the distance along the surface 
measured from the stagnation point, and D is the diameter of cylinder. Calculate 
the displacement thickness of the boundary layer at the stagnation point, and 
discuss the significance of the result. 

9-2. Derive Eq. (9-21) from potential flow theory. 

9-3. Solve the laminar boundary layer for constant free-stream velocity, using the 
momentum integral equation and an assumption that the velocity profile may be 
approximated by 


Uu _ Wy 
— = sin — 
Wes 26 


Evaluate the momentum thickness, displacement thickness, and friction 
coefficient, and compare with the exact solution. 

9-4. Redevelop Eq. (9-42) for the case where density and dynamic viscosity are 
functions of x. 

9-5. Air emerges from the axisymmetric nozzle shown in Fig. 9-3 at a centerline 
velocity of 10 m/s at 1 atm pressure and 21°C. Assuming an essentially 
constant-density and constant-temperature process (and this is ensured by the 
low velocity), calculate the displacement thickness of the boundary layer at the 
nozzle throat, assuming that the free-stream velocity along the inner surface of 
the nozzle varies linearly with distance, starting with u.. = 0 at the sharp 
corner. Calculate the air mass flow rate through the nozzle and the overall 
pressure drop through the nozzle. On the basis of these results, discuss the 
concept of a nozzle “discharge coefficient.” What would be the discharge 
coefficient of this nozzle? If you were to define a Reynolds number based on 
throat diameter and mean velocity, how would the discharge coefficient vary 
with Reynolds number? 

9-6. Derive Eq. (9-24) in a manner similar to that used in the development of Eq. (9-8) 
for zero pressure gradient. 
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10 cm 


Figure 9-3 


TEXSTAN PROBLEMS 


9-7. TEXSTAN analysis of the laminar momentum boundary layer over a flat plate 


with zero pressure gradient: Choose a starting x-Reynolds number of about 1000 
and pick fluid properties that are appropriate to air, evaluated at a free stream 
temperature of 300 K. Use constant fluid properties, and note that the energy 
equation does not have to be selved. The geometrical dimensions of the plate are 
1 m wide (a unit width) by 0.2 m long in the flow direction, corresponding to an 
ending Re, of about 2 x 10°. Let the velocity boundary condition at the free 
stream be 15 m/s. The initial velocity profile appropriate to the starting 
x-Reynolds number (a Blasius profile) can be supplied by using the kstart=4 
choice in TEXSTAN. 

Calculate the boundary layer flow and compare the results with the similarity 
solution for development in the streamwise direction of such quantities as the 
boundary-layer thickness (see Table 9-1), displacement thickness (see Eq. 9-17), 
and momentum thickness (see Eq. 9-18). Evaluate the concept of boundary-layer 
similarity by comparing nondimensional velocity profiles at several x-locations to 
themselves and to Table 9-1. Compare the friction coefficient results based on 
x-Reynolds number with Eq. (9-13) and momentum-thickness Reynolds number 
with Eq. (9-16). Calculate the friction coefficient distribution using momentum 
integral Eq. (5-11) and compare with the TEXSTAN calculations. Feel free to 
investigate any other attribute of the boundary-layer flow. 

TEXSTAN analysis of the laminar momentum boundary layer stagnation flow 
(the Falkner-Skan m = I case): Choose a starting x-Reynolds number of about 
200 and pick fluid properties that are appropriate to air, evaluated at a free-stream 
temperature of 300 K. Use constant fluid properties, and note that the energy 
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equation does not have to be solved. The geometrical dimensions of the plate are 
1 m wide (a unit width) by 0.12 m long in the flow direction, corresponding to an 
ending Re, of about 4 x 10°. The initial velocity profile appropriate to the 
starting x-Reynolds number (a Falkner-Skan m = 1 profile) can be supplied by 
using the kstart=S choice in TEXSTAN. Note that the profile comes from solving 
Eq. (9-24). Because this is a variable free-stream-velocity flow, there are two 
choices within TEXSTAN: either the user provides a table of u. versus x, 
computed from the function u(x) « x”, or the user lets TEXSTAN supply the 
distribution for m = 1 by using the k4 = 4. With the latter choice, TEXSTAN 


builds the table using 
Y= C m 
m — A 
USO OW (5 = =) 


The user will supply the values for A, B, C (called axx, bxx, and cxx in 
TEXSTAN), where C is a virtual origin for the flow, which for stagnation flow 
corresponds to C = 0, and A and B are linked to make sure that whatever starting 
x value is chosen gives a free-stream velocity such that the starting x-Reynolds 
number is correct. Typically we can set B = 1, and then for a given choice of 
starting Re,, the corresponding u. value permits calculation of A. 

Calculate the boundary layer flow and compare the friction coefficient results 
based on x-Reynolds number with the results in the text. Evaluate the concept of 
boundary-layer similarity by comparing nondimensional velocity profiles at 
several x locations with each other. Calculate the friction coefficient distribution 
using momentum integral Eq. (5-8) and compare with the TEXSTAN 
calculations. Feel free to investigate any other attribute of the boundary-layer 
flow and to compare your results with other open-literature solutions. 
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tion over that body is considered in this chapter. It is assumed that the 

thermal and momentum boundary layers that develop along the surface of 
the body are not influenced by the development of boundary layers on any adjacent 
surfaces; this is the distinguishing feature of the problems considered in this chap- 
ter as compared with the internal flow problems of Chap. 8. This chapter covers a 
very broad range of applications, including flow over airfoils, turbine blades, flow 
inside nozzles, and flow at the stagnation points of cylinders and spheres. 

We assume that all body forces are negligible, so that the fluid is forced over 
the body by some external means unrelated to the temperature field in the fluid. 
All the laminar flow solutions considered in this chapter are based on an ideal- 
ization of constant fluid properties, unaffected by temperature. The influence of 
temperature-dependent properties is discussed later in Chap. 15. Constant prop- 
erties also imply no concentration gradients, so mass diffusion is neglected here 
but taken up later in Chap. 18. Consideration is also restricted to velocity suffi- 
ciently low that the viscous dissipation term in the energy equation can be 
neglected; the high-velocity boundary layer is considered in Chap. 16. 

We consider first constant free-stream velocity flow along a flat, constant- 
temperature surface, then the same problem with u.. = Cx” and with injection 
or suction of fluid at the surface. For all these problems the applicable energy dif- 
ferential equation of the boundary layer is Eq. (4-39). These problems have in 
common the fact that similarity solutions are obtainable in much the same fash- 
ion as for the laminar momentum boundary layer in Chap. 8. In fact, the velocity 
solutions from Chap. 8 are employed in solving the energy equation. 

Next a solution is developed for the thermal boundary layer on a flat plate with 
constant free-stream velocity but with an unheated starting length. In this case the 
energy integral equation (5-20) is employed to obtain an approximate solution. 
Then, by employing superposition, the unheated starting-length solution is used to 


H eat transfer between a body and a fluid flowing with steady laminar mo- 
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develop solutions for any arbitrarily specified surface temperature or heat flux. 
These solutions are restricted to the case of constant free-stream velocity. 

Finally, an approximate solution is developed for variable free-stream ve- 
locity flow over a body of arbitrary shape. 


CONSTANT FREE-STREAM VELOCITY 
FLOW ALONG A CONSTANT-TEMPERATURE 
SEMI-INFINITE PLATE 


This is perhaps the most elementary of the laminar-boundary-layer heat-transfer 
solutions. Specification of a constant-temperature surface means that a thermal 
boundary layer will originate together with the momentum boundary layer at the 
leading edge of the plate. The system to be analyzed, the coordinate system, the 
development of the thermal boundary layer, and the expected temperature pro- 
files are indicated in Fig. 10-1. 

The applicable energy differential equation of the boundary layer is Eq. (4-39). 
Let us first define a nondimensional temperature 0: 


T, —T 
=— 10-1 
0 T_T. (10-1) 
Then Eq. (4-39) becomes 
00 00 076 
u— +0 = (10-2) 


We seek a solution to Eq. (10-2) subject to the boundary conditions 


6=0-—at-y=0 
| 6é=1 aty> ow 
C=) ax =) 
| 


We already have a solution for the hydrodynamic counterpart of this problem, 
Egs. (9-1) and (9-2), and associated boundary conditions; this solution is given 
in Eq. (9-15) and Table 9-1. 
| 


Figure 10-1 Temperature profiles in the thermal boundary layer. 
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Before discussing a general solution to Eq. (10-2) for the specific boundary 
conditions, it is worth noting one particular solution that can be readily obtained, 
simply by analogy. Note that Eq. (10-2) is very similar to the corresponding mo- 


mentum equation of the boundary layer, Eq. (9-1). In fact, the same function will” 


satisfy both equations and boundary conditions if @ = v. But a = v corresponds 
to Pr = 1. Thus for a fluid with Pr = 1 the nondimensional velocity and temper- 
ature profiles are similar and grow along the plate at the same rate. 

Similar velocity and temperature profiles can be easily shown to lead to a 
simple relation between the Stanton number and the friction coefficient: 


St = c//2 (10-3). 


We already know c; for this case from Eq. (9-15). Thus, purely by inspection, we 
already have one heat-transfer solution to the laminar boundary layer. Let us now 
proceed to a more general solution to Eq. (10-2). 

The shape of the nondimensional temperature profiles and the fact that at 
Pr = | the temperature profiles are identical to the velocity profiles suggest that 
similarity solutions may be obtainable for this problem. We could go through the 
identical procedure that we used for the velocity part of this problem, but it 
seems rather likely that we will obtain the same similarity parameter as before. 
Let us assume that this is so; the validity of this assumption will depend on 
whether we are successful in obtaining a solution. 

Let us assume that 


6 = 6(n) 
where 
y 
eens [ee 


To introduce the velocities uw and v, which have already been evaluated in 
Chap. 9, let us use the stream function y and the relation between w and ¢ as 
given in Egs. (9-9) and (9-10): 


ays cea Ww = J vxugt 


Performing the indicated differentiation and substituting in Eq. (10-2), we 
obtain 


O° + -—F0' =O (10-4) 


Pr 
2 
where 

=O), ¢=F(n) 
The ¢ function was found in Chap. 9 from solutions to the Blasius equation. 


We thus seek solutions to this ordinary differential equation subject to the 
boundary conditions 


e0)=0, @(x)=1 


| 
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The fact that we were successful in reducing the partial differential equation (10-2) 
to an ordinary differential equation (10-4) indicates that similarity solutions do 
indeed exist for the constant-surface-temperature boundary condition. 

Equation (10-4) may be directly integrated as follows: 


do’ Pr do’ Pr 
as Hecke Oh. \ Ae dn 0 
ay ae a pean 
P n 
t! =Cyexp G / edn) (10-5) 
J0 


n Pr n 
6=C / exp (-F can) Um -aiGs (10-6) 
0 0 


In applying the boundary condition 6 = 0 at n = 0 it is apparent that 
C,=0 


For the boundary condition 8 = 1 at n = oo, 


(10-7) 


Therefore 


Io exp (-F ["san)] dn 
ro Pr “5 ay \ , 7 (10-8) 
[ [eo(-5 [ean) | an 


Equation (10-8) can now be readily solved for any particular Prandtl num- 
ber, since we already have a tabulation of ¢(7), Table 9-1. We can also define a 
local conductance, or heat-transfer coefficient, h, as follows: 


O(n) = 


(positive g” in the positive y direction) 


qs 
—T, 


Ss co 


(OT ae 
Shee pales =e Px. saad i; pee 
Eye aa ) a 1G) 


dd’ 9d k (Tey Peo) vi, 
= K(1,— 10) ( 1) = WWiey, wee (0) 


To put the conductance in nondimensional form, a local Nusselt number Nu, 
can then be defined: 


dy ay 


fx 5 0) 2 Rel6'(0) 


= 90 — 
Dae Se ar ah acs 
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From Eq. (10-5) it is apparent that 
a'(0) = C, 
and 
Rel”? 


Nuip= se oS ee 
[ [eo(-F fe) ]@ 
0 2 Jo 


Again, since we already know ¢(n), we can readily evaluate the integrals for 
any particular Prandtl number. 

The results of such calculations, based in part on the calculations of Elzy and 
Sisson,” are given in Table 10-1. 

Over the Prandtl number range 0.5—15 these results are very well approxi- 
mated by the equation 


(10-9) 


Nu, = 0.332 Pr’? Re?!? (10-10) 


We could have anticipated the result for Pr = 1 from Eq. (10-3). 

Temperature profiles for this solution are shown on Fig. 10-2. The curve for 
Pr = 1.00 is identical to the velocity profile. Note in particular the strong depen- 
dence of the thermal boundary-layer thickness on Prandtl number. Low values of 


Table 10-1 Values of Nu, Re, !/ * for various Prandtl numbers; heat transfer to the laminar constant-property boundary 
layer (Uoo, Too, Ts = const) 


Pr 
Nu, Re, !/* 


0.001 


0.01 0.1 0.5 0.7 1.0 7.0 10.0 15.0 50 100 1000 


0.0173 0.0516 0.140 0.259 0.292 0.332 0.645 0.730 0.835 1.247 1.572 3.387 


1.0 


0.8 


0.6 
™ Pr=0.6 


1 2 3 4 


n 


0.4 


0.2 


0.0 


Figure 10-2 Temperature profiles for the laminar constant- 
property boundary layer, with constant free-stream velocity 
and constant surface temperature. 
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the Prandtl number result in a thermal boundary thickness greater than the mo- 
mentum boundary-layer thickness, while high values of the Prandtl number re- 
sult in thermal boundary-layer thickness smaller than the momentum boundary- 
layer thickness. . 

Simple closed-form solutions can easily be obtained for fluids whose Prandtl 
number is either very high or very low. 

For very low Prandtl numbers the thermal boundary layer will develop very 
much faster than the velocity boundary layer, and little error will be introduced if 
the velocity everywhere in the thermal boundary layer is assumed to be the free- 
stream velocity Uo. If we transpose Eq. (10-4) and differentiate with respect to 
n, we obtain 


d(0/6')” Pr 
OEE ELSE Em | 
dn 1 2 5 
But ¢' = u/u. If u is everywhere equal to u., then ¢’ = 1. Thus 
d(t"/t’) Pr | 
LE A ety 4) 
dn hd 2 


This equation can now be integrated three times with respect to 7. An additional 
necessary boundary condition is that 6”(0) = 0, which can be obtained from the 
original partial differential equation (10-2), noting that at the surface v = 0 and 
00/dx = 0. Carrying through as before, we obtain the following for the local 
Nusselt number: 


Nuj,'=.0.565 Pr'/? Rel’? “for Pr < 1 (10-11) 


When the Prandtl number is very high, the velocity boundary layer will be 
very much thicker than the thermal boundary layer. If we assume that the thermal 
boundary layer is entirely within the part of the velocity boundary layer in which 
the velocity profile is approximately linear, we can get a simple solution to 
Eq. (10-4). From Table 9-1 we note that 


¢"(0) = 0.3321 
Then letting ¢” = ¢”(0) in the region of interest and integrating twice with re- 
spect to 7, we get 
bes 0.3321 7 


Ly 


Substituting in Eq. (10-4) and completing the integration, we obtain 
Nu, = 0.339Pr'/? Rel? for Pr > 1 (10-12) 


Equation (10-12) corresponds closely to the exact solution for Pr = 10. 
Note that these solutions can also be expressed in terms of a Stanton number, 
since Nu = St Pr Re. Thus Eq. (10-10) becomes 


St Pr’? = 0.332 Re, '/? (10-13) 
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The heat-transfer coefficient / decreases in the flow direction as the bound- 
ary layer becomes thicker. As x — 0, on the other hand, h becomes indefinitely 
large, since the temperature gradient at the surface is infinite at x = 0. 

Equation (10-10), or Eq. (10-13), can be used to evaluate the local heat- 
transfer rate at any point along the plate, but often we are interested in the total 
heat transfer. From each of the previous solutions we note that 


h = Cx7\/? 


To calculate total heat-transfer rates, we would like a mean conductance with re- 
spect to x. Thus 


oa C x 
hm = - | hdx = =f xt? dx =2h (10-14) 
0 x Jo 


x 
Then the complete result for the mean conductance is 
Nu,, = 0.664 Pr'/? Ret!” (10-15) 
or 
Stn Pr’? = 0.664 Re, '? 


Equations (10-13) and (10-15) are frequently referred to as the Pohlhausen 
solutions. 

It is sometimes convenient to be able to express the Stanton number as a 
function of a Reynolds number based on enthalpy thickness rather than distance 
x along the surface. The energy integral equation (5-24) is applicable to this par- 
ticular case. If Eq. (10-13) is substituted into Eq. (5-24), and the equation is then 
integrated, a relation between enthalpy thickness and distance is obtained. Sub- 
stituting this result back into Eq. (10-13) yields 


St Pr? = 0.2204/Re,, (10-16) 


FLOW WITH uz, = Cx” ALONG A CONSTANT- 
TEMPERATURE SEMI-INFINITE PLATE 


For this problem Eq. (4-39) is again applicable, and since the temperature bound- 
ary conditions are the same, Eq. (10-2) with the indicated boundary conditions is 
again applicable. Since similarity solutions were obtained for the momentum 
equation, it might be expected that similarity solutions would be obtained for the 
energy equation. Using the same substitution of variables as above, the energy 
equation is transformed to an ordinary differential equation similar to Eq. (10-4), 
but with Pr replaced by Pr (im + 1). The solution becomes Eq. (10-8) with Pr re- 
placed by Pr (m + 1). The solution for ¢ is obtained from the appropriate wedge 
solution of Chap. 8, and a few of the results of this calculation by Eckert! are 
given in Table 10-2. 

{t is of interest to evaiuate the mean conductance along the plate and com- 
pare it with the local conductance as tabulated above. For any value of m and Pr 
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Table 10-2 Values of Nu, Re; !/ ? for various Prandtl numbers; heat transfer to the laminar 
constant-property boundary layer (T>., T; = const; Ug = C se) 


—0.0753 0.242 0.253 0.272 0.457 0.570 
0 0.292 0.307 0.332 0.585 0.730 
0.111 0.331 0.348 0.378 © 0.669 0.851 
0.333 0.384 0.403 0.440 0.792 1.013 
1.0 0.496 0.523 0.570 1.043 1.344 
4.0 0.813 0.858 0.938 1.736 2.236 


the results for the local Nusselt number are given in Table 10-2 in the form 
Nu, Re,'/* = const 


‘from which 


k pl/2 


hx (He) (const)kx~!/?ul/? 

—— = const, f= See 
v 

But for the wedge problem u,. = Cx”. Then 


ia (const)k 


(m-1)/2 
x 
ply2 


Note that for m = 1, the two-dimensional stagnation point, h is a constant 
and does not vary with x. Since all temperature profiles are similar, a constant h 
can only mean that the thermal boundary layer is of constant thickness for 
m = 1. Note that for m < 1 (including negative m and m = 0, the flat-plate 
case), h starts indefinitely large at x = 0 and decreases along the plate. For 
m > 1,h starts at zero and increases with x. 

The mean conductance h,, from x = 0 to x is defined as 


] x 
in = =f hdx 
xX JO 


Then 
alice Ok, (m-1)/2 i Desk (m-1)/2 
ead | 512 Bi hes debe yy 
Thus 
Pm — wns (10-17) 
h m+1 


For m = 1 and a Prandtl number not too far removed from 1 the Nusselt 
number varies as about the 0.4 power of the Prandtl number, so that to a good ap- 
proximation the solution for m = 1 may be expressed as 


Nu, = 0.57 Rel? Pr°# (10-18) 
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Figure 10-3 Nomenclature for flow 
normal to a cylinder or sphere. 


By a transformation’ of the coordinate system it is possible to obtain a similar 
solution for a three-dimensional axisymmetric stagnation point such as occurs as 
the nose of a blunt-nosed axisymmetric body’: 


Nu, = 0.76 Ret’? Pr°* (10-19) 


In order to make use of either Eq. (10-18) or Eq. (10-19), it is necessary to 
know the variation of free-stream velocity in the vicinity of the stagnation point. 
In the general case this must be evaluated from the applicable potential flow solu- 
tion for the region outside the boundary layer. However, a good approximation for 
the stagnation point for any rounded-nosed two-dimensional or axisymmetric 
body may be obtained from the potential flow solutions for flow normal to a cylin- 
der and a sphere, respectively. For a cylinder the velocity, referring to Fig. 10-3, is 


2Vx x 
= — fe all — 10-20 
ee R forsmall > ( ) 
Similarly, for the sphere 
3V 
aes aa for small = (10-21) 


Substituting Eq. (10-20) into Eq. (10-18), and Eq. (10-21) into Eq. (10-19), 
it is found that in both cases x cancels (indicating, as we have already seen, that 
the conductance is constant in the stagnation region), and we can re-form the 
Nusselt numbers and Reynolds numbers with R as the length dimension and V 
the velocity, yielding 


Nur = 0.81 Re” Pr°4 (10-22) 
for the two-dimensional stagnation point and 
Nur = 0.93 Rey” Pr (10-23) 


for the axisymmetric stagnation point. 


"Mangler transformation; see Ref. 2, p. 235. 
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Equations (10-22) and (10-23) can now be used as an approximation for the 
Stagnation-point heat transfer for any rounded-nose blunt body by simply using 
the radius of curvature at the nose for R and the oncoming velocity for V. 

Making use of the energy integral equation, Eq. (10-19) for the axisymmet- 
ric stagnation point can also be expressed in terms of the local enthalpy thickness 
Reynolds number: 


St = 0.45/Re,, (for Pr = 0.7) (10-24) 


FLOW ALONG A CONSTANT-TEMPERATURE 
SEMI-INFINITE PLATE WITH INJECTION 
OR SUCTION 


It was seen in Chap. 8 that similar solutions to the momentum equation of the 
boundary layer are obtainable for v, nonzero (normal velocity at the surface) for 
Uo = Cx” provided that v, varies in the following manner along the surface: 


v, oc xD? 
The differential equation is unchanged; only the boundary conditions are differ- 
ent. The same is true of the energy differential equation, except that the bound- 
ary conditions are also unchanged; that is, Eq. (10-4) is again applicable, as well 
as its symbolic solution, Eqs. (10-8) and (10-9). However, for m 4 0, Pr must be 
replaced by Pr(m-+ 1) as discussed previously in connection with the wedge 
solutions. It is only necessary to employ the appropriate values of ¢(n) from the 
solutions to the momentum equation for various values of the blowing parameter 
Some of the available results are given in Tables 10-3 and 10-4.4*?? 
Solutions of the axisymmetric stagnation point can be deduced again by 
employing the Mangler transformation. Some results are given in Table 10-5.’ 
Examination of the Nusselt numbers tabulated in Tables 10-3 to 10-5 shows 
that injection causes a decrease in the heat-transfer rate while suction increases 


Table 10-3 Values of Nu, Re, !/ 2 for various Prandtl numbers and rates of blowing or 
suction; heat transfer to the laminar constant-property boundary layer 
(Too, Ts, Uo = Const) 


= 2200) 1.850 2.097 ass) 

—0.750 0.772 0.797 0.945 

—0.250 0.429 0.461 0.523 
0 0.292 0.307 0.332 
0.250 0.166 0.166 0.165 
0.375 0.107 0.103 0.0937 
0.500 0.0517 0.0458 0.0356 
0.619 0 
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Table 10-4 Values of Nu, Rey!” for various rates-of blowing or suction and various values of m; heat transfer to the 
perty boundary layer (Too, T; = const; Pr = 0.7) 


Table 10-5 Values of Nu, Re; '/? for various rates of blowing for the 
axisymmetric stagnation point; heat transfer to the laminar 
constant-property boundary layer (75, T; = const; Pr = 0.7) 


— jo 0 0.567 1.154 
Uso Ke 
NuRe,!/? 0.664 0.419 0.227 


heat transfer. Thus, injection can be used as a means for cooling surfaces exposed 
to extremely hot gases such as rocket nozzles or rocket vehicle nose cones. Note 
that these solutions contain the condition that the fluid being injected is the same 
as the free-stream fluid, and that the temperature of the injected fluid is at the sur- 
face temperature. For suction the same is also true, because a boundary condition 
is that the fluid immediately adjacent to the surface is at surface temperature. As 
injection is increased, the Nusselt number ultimately become zero, which simply 
means that the boundary layer is completely blown off so that the fluid tempera- 
ture gradient at the surface is zero. If the suction rate is increased indefinitely, the 
heat-transfer rate ultimately becomes-equal to the change of enthalpy of the fluid 
sucked in, since it is changed to surface temperature right at the surface. The 
problem of injection of a fluid different from the free-stream fluid becomes one 
of mass diffusion in addition to heat transfer. The solution to the mass-diffusion 
problem is based on the same basic similarity solutions as presented here, but the 
whole problem must be cast in a somewhat different form. 

In Chap. 19 this same problem is formulated in a different manner, with 
the results presented in Eq. (19-7) and Table 19-2 actually including all of 
Tables 10-3 to 10-5 as well as other interpolated values of the parameters. 
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NONSIMILAR THERMAL BOUNDARY LAYERS 


The previous solutions have all been based on the energy and momentum differ- 
ential equations of the boundary layer, but only those particular boundary condi- 
tions leading to similarity solutions have been considered. A comprehensive set 
of solutions to the laminar boundary-layer similarity equations for a perfect gas 
is given by Dewey and Gross.’? As with the momentum boundary layer, several 
classes of solution methods exist for solving the nonsimilar thermal boundary- 
layer problem. The first class is a numerical solution whereby the momentum 
and energy differential equations are finite-differenced and then integrated. With 
this method, any number of other boundary conditions can be handled. The sec- 
ond class comprises the approximate boundary-layer solutions employing the 
energy integral equation. The third class of solutions employs the concept of 
local similarity and local nonsimilarity. This method is described by Sparrow and 
Yu."! The fourth class of solutions employs the concept of linear superposition 
similar to that developed for heat transfer in tube flow. In the following sections 
methods belonging to the second and fourth classes will be developed. 


CONSTANT FREE-STREAM VELOCITY FLOW 
ALONG A SEMI-INFINITE PLATE WITH UNHEATED 
STARTING LENGTH 


As an example of the use of the energy integral equation of the boundary layer, the 
laminar incompressible boundary layer on a flat plate with no pressure gradient is 
solved for the case where heating starts at a point x = € on the plate, rather than 
x = Owhere the hydrodynamic boundary layer starts. A quite satisfactory approx- 
imate solution may be obtained using integral methods.'” Later the result is used to 
solve the laminar boundary layer on a flat plate with no pressure gradient for the 
case where the surface temperature varies in an arbitrary manner along the surface. 


The hydrodynamic and thermal boundary layers will build up on the plate 


as shown in Fig. 10-4. It is assumed that the thermal boundary layer is always 


LLL LALLA 
et 
x 


Figure 10-4 Boundary-layer development on a plate with an unheated starting length. 
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thinner than the hydrodynamic boundary layer (the implications of this assump- 
tion will become apparent later). 

In Chap. § a reasonably good solution to the hydrodynamic boundary layer 
under these conditions was obtained using a cubic parabola to approximate the 


velocity profile: 
u sy bys3 
do 2d 5 (5) 


A reason for choosing the cubic parabola was that it yields a zero second deriva- 
tive at the surface, a condition demanded by the boundary-layer differential 
equation. The same condition obtains for the energy differential equation (10-2), 
suggesting that a cubic parabola might also be satisfactory for the thermal 
boundary layer. On this basis, let 


O0=Tp— Ff, 0, = T= Tog 
and let 


eran tA (10-25) | 


QTV AG 


As is characteristic of the integral methods, the thermal boundary layer is treated 
as if it had a finite thickness A, whereas in reality it is recognized that this is not 
the case. The assumption of a finite thickness is one of the idealizations of the 
method, 

Equations (9-32) and (10-25) can now be used to develop an expression for 
the enthalpy thickness of the thermal boundary layer A> by simply substituting 
into Eq. (5-15) and integrating. The integration need be carried through only the 
thermal boundary layer, because the integrand is zero for y > A. Thus 


Mee 2 AK* 
on 208) 4 28002 


The ratio of the thermal and hydrodynamic boundary-layer thicknesses at 
any point x is now defined as 


r= Ac Fh 


A 
3° 


Making this substitution for A and simplifying, 


from which we obtain the following for dA>/dx: 


dA, 1 ie sme: de 1 arr. 
partons IRR SY a So pinay cecil 7 alegre en Me Vac tet 
ax (sat oT eta a0") 
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If r <1, the second term in each parenthetical expression is small, end we 
obtain, approximately, 
dr _ 36r dr ead dé 


dx 10 dx eng. 73 


The applicable form of the energy integral equation is Eq. (5-21), and the 
heat-flux term g” can be expressed in terms of the temperature gradient at the 
surface. Thus 


dak -KGT /3y), 


dx re: (T, — Ts) pect (T, — Tx) 


Substituting these expressions for dA,/dx and evaluating the gradient at the 
surface from Eq. (10-25), we finally obtain the following ordinary differential 
equation: 


d 


97752 a = ate. : 
dx 


s=— 


+ré , 
Ls peo pe 


Note that 6 and 6d6/dx are already available from the earlier solution of the 
hydrodynamic boundary layer in Chap. 9, Eq. (9-33). Substituting for these 
terms, we obtain the following ordinary differential equation for r. noting that 
v/a = Pr: 


dr 131 
34 hr? — = — 
CLs eT 
This differential equation can readily be solved to yield 
13 1 
Reich nr B/Mlgs FEL: 
Fr =Cx + 4a 
The constant is evaluated from the boundary conditions, r = 0 at x = €. The 
final result for 7 is 
if3 
Pr? é 3/4 
= —— |1-{+ 10-26 
r am |! (=) (10-26) 


Note that for no unheated starting length (£ = 0), the ratio of boundary-layer 
thicknesses becomes 
1 
1.026 Pr’? 


At Pr = 1 the two boundary layers have close to the same thickness; at high 
Prandtl numbers the hydrodynamic boundary layer is thicker than the thermal 
boundary layer; at low Prandtl numbers the thermal boundary layer is evidently 
the thicker. but the solution is not applicable for this situation because A was 
assumed to be always less than 5. Thus care must be exercised in using this 
solution for Prandtl numbers below 1, although in the gas Prandt! number range 


(10-27) 


- r rS 
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(0.5-1.0) it is applicable over a reasonable range. For example, for Pr = 0.7, 
r <1 for 0.2 < &/x < 1. As is seen below, even for €/x = 0 the final solution 
for the Nusselt number is very close to the known exact solution in the gas range, 
so that it would appear that the entire solution is a very good approximation in 
this Prandtl number range. 

The heat-transfer rate at the surface and a heat-transfer coefficient can now 
be evaluated from the assumed temperature profile, since 6 andr are now known: 


oT 
q, =—k (=) = hé, 
dy /, 


Substituting Eq. (10-25) for 6, Eq. (9-33) for 5, and Eq. (10-26) for r, and solv- 
ing for h, we get 


zis 0.332k Pri’? 
~ /0x[ueall — (&/x)3/4 143 
A local Nusselt number can then be formed, and the final result is 
(6. 0.332 Bri? Ret" 
~ [l= &/x)3/4113 
For the case of no unheated starting length (§ = 0), Eq. (10-28) becomes 


Nu, (10-28) 


Nu, = 0.332 Pr’/? Re}? (10-29) 


The result is seen to be identical to the exact solution, Eq. (10-10). 

This development provides a striking example of the power of the integral 
methods to yield quite adequate solutions for a problem where an exact solution 
might be considerably more difficult. Equation (10-28) is used later to build up 
flat-plate laminar-boundary-layer solutions for any type of surface-temperature 
variation rather than just the constant surface temperature that had to be assumed 
in the above analysis. 


CONSTANT FREE-STREAM VELOCITY FLOW 
ALONG A SEMI-INFINITE PLATE WITH 
ARBITRARILY SPECIFIED SURFACE 
TEMPERATURE 


All the boundary-layer solutions considered so far have been for either a constant 
surface temperature or an unheated starting length followed by a step in surface 
temperature to a constant surface temperature. The method of superposition can 
be used in the same manner as for tube flow to develop heat-transfer solutions for 
the boundary layer for an arbitrary surface-temperature variation because of the 
linearity of the energy differential equation of the boundary layer, Eq. (10-2). 
Let 6(&, x, y) be a solution to Eq. (10-2) for constant-property, constant free- 
stream velocity flow along a flat plate for the step-function boundary condition 
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T, = To for x < €, T; = constant (different from T,.) for x > €. Then 6 will be 
defined such that 


ee) 
Tis, ori 


Then, by following the same line of reasoning as in the tube flow problem, a so- 
lution to Eq. (4-39) for any arbitrary variation in surface temperature T,, but with 
free-stream temperature constant, is 


Z aT, 
ret. (= 9%, : 
0 dé 


The heat flux from the surface is determined from 


oT 
q, = —k eo ) 
dy /, 


Differentiating Eq. (10-30) with respect to y at y = 0, and substituting, 


ed Oe 
0 


For the single-step-function solution, 


— 6 ,x,y)JAT,; (10-30) 


x, 0) 037, | 


qf 2k (=) = k6,(E, x, 0)(T, = Too) = A(T, — Toe) 
dy J yo 
h(T, — To.) = k0,(&, x, 0)(T; = Loo) 


hé, 
0, (€,x,0) = ste 


Thus for arbitrary surface-temperature variation, 
a eae h(é, x) at + m3) AT (10-31) 
0 


where A(é,x) is the local unit conductance from the single-step-function 
solution. 
The previously derived step-function solution for the laminar boundary 


layer, Eq. (10-28), can be rewritten as 
=1/3 


3/4 
ne we O35 pel Re a (:) (10-32) 


Equation (10-32) substituted into Eq. (10-31) then provides the method for the 
calculation of heat-transfer rates from a flat plate with a laminar boundary layer 
and any axial surface-temperature distribution. It is necessary to insert only the 
desired dT, /dé as a function of € in the integral and any abrupt changes in sur- 
face temperature in the summation. 
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Figure 10-5 Example of a step—ramp surface temperature. 


As an example of the method, consider a plate with a step in surface tem- 
perature at the leading edge, followed by a linear surface-temperature variation 
(Fig. 10-5). Then 

T, = Too t+a+ bx 
ate at 
ee Sealers 

Equation (10-31) can now be evaluated. There is only one step in surface 
temperature, at € = 0, so there is only one term in the summation. Thus 


sp SOBA nae eae ene a 
0 


Problems of this sort lead typically to integrals of the type 


l 
/ Zz" — Z)""!dZ = B(m,n) (10-34) 
0 
where the beta function 
_ T@)r) 
eC TGh an) (10-35) 


form > 0 andn < oo. 
The following change of variable in the integral of Eq. (10-33) transforms 
the integral into the form of the beta function, Eq. (10-34): 


3/4 
rai-(8 
% 


The integral is then readily evaluated by use of beta function tables (see App. C), 
giving 


k 
q; = 0.332—Pr'/? Re!/?(1.612bx +a) 
Xx 
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A local heat-transfer coefficient and a local Nusselt number are then defined, 
leading to the final result 


_ 0.332 Pri’? Re\?(1.61bx + a) 


Nu, 
a+bx 


(10-36) 

For b = 0 this equation reduces to the constant-surface-temperature solu- 
tion. Note ihat for a = 0 the solution reduces to a similar expression, but the 
Nusselt number is always 61 percent greater than for a constant surface temper- 
ature.’ The importance of taking into consideration any variation of surface tem- 
perature is then apparent. 

A solution for the case where the surface temperature can be expressed as a 
power series is also readily obtainable by the same methods. If the surface tem- 
perature is expressed by 


[o.@) 
Ty = Tos + A+). Bix" 
n=1 


the heat flux at any point on the plate may be expressed by 


G = 0.332 Pr!/ Rel/? (5 nBy 52" Bs + 4) (10-37) 
where 
5, G00) 
P(5n + 3) 


A heat-transfer coefficient and a Nusselt number could be easily evaluated, 
but the Nusselt number begins to lose its usefulness when the surface tempera- 
ture varies markedly. 


CONSTANT FREE-STREAM VELOCITY FLOW 
ALONG A SEMI-INFINITE PLATE WITH 
ARBITRARILY SPECIFIED SURFACE HEAT FLUX 


In many cases of practical interest the heat-flux distribution is given and the 
surface-temperature distribution is to be found. For certain special cases the heat- 
transfer coefficient resulting from a step-function solution can be put in the form 


h(E, x) = f(x)Q” — &”) 


For these cases the solution for heat transfer can be modified to yield the surface 
temperature as a function of heat input.'? The result is in the form 


T(x) — Tj / ql (é)e(&. x) dé (10-38) 
0 


+ For Pr = 0.7 this case leads to Nu, = 0.475 Rel/ 2’ Anexact similarity solution can be obtained for this 


case, leading to Nu, = 0.4803 Rey! oe differing by only 1.1 percent. This provides some indication of the 
accuracy of this approximate procedure. 
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where q”"(€) = q(x) is the arbitrarily prescribed surface heat flux and g(&, x) is 
a modification of the function h(&, x) found by the relation 
HGS spree” 
sehelCe)ie@— 1! 
For a laminar boundary layer on a flat plate the step-function solution previ- 


ously obtained is of the requisite form, and thus g(&, x) can be readily evaluated 
from Eq. (10-28). The result is 


-1/3 pa-!/2 a/Arlnate 
g(x) = a A [ - (=) (10-40) 


g(§, x) (10-39) 


6F (4) (3) (0.332) k x 


Substituting Eq. (10-40) into Eq. (10-38) yields an expression that describes the 
surface temperature of a plate with any arbitrary flux variation: 


0.623 : oa aa 
Ty(8) — Tro = = Prt Re,” f [1 (:) a@)d& (10-41) 
0 


An obvious illustrative example is the case of constant heat rate per unit 
area. If g’’ = constant in Eq. (10-41), the integral is easily converted to the form 
of the beta function and can then be evaluated. The surface temperature is then 
evaluated, and a convection conductance and a Nusselt number can be defined. 
The result is 


Nu, = 0.453 Pr’? Re,’* (10-42) 


This result indicates a heat-transfer coefficient about 36 percent higher than at the 
comparable point on a plate with constant surface temperature, Eq. (10-10). Recall 
that the constani-surface-temperature solution was obtained using similarity analy- 
sis. For the constant-heat-flux boundary condition, no similarity solutions exist. 

It is now of interest to employ the energy integral equation to determine 
the enthalpy thickness A> for this case, and then express the Stanton number as 
a function of enthalpy thickness Reynolds number. The following result is 
obtained: 


St Pr*/? = 0.205/Rea, (10-43) 
Note that there is very little difference from the comparable result obtained for 
the case of a constant surface temperature, Eq. (10-16). In other words, when a 
local length parameter A) is used, the past history of the thermal boundary layer 


is of less importance. This is going to provide the key to an approximate proce- 
dure, employing the energy integral equation, that will be used later. 


FLOW OVER A CONSTANT-TEMPERATURE 
BODY OF ARBITRARY SHAPE 


A rigorous calculation of heat transfer through a laminar boundary layer on a 
body of arbitrary shape involves first solving the momentum equation to estab- 
lish the velocity field and then solving the energy equation. This can be done to 
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any bey ath of precision desired by using numerical finite-difference proce- 
dures,'* or approximate solutions can be obtained based on the momentum and 
energy integral equations developed in Chap. 5. 

A still simpler approach, but one introducing a greater degree of approxima- 
tion, involves a solution to either the momentum or the energy integral equation, 
but not both. The most successful of the procedures, for a constant surface tem- 
perature but with free-stream velocity arbitrarily variable, is based on the energy 
integral equation. 

Eckert! proposed a scheme, later modified by oer wherein it is assumed 
that the rate of growth of any of the thermal boundary-layer thicknesses A is a 
function of local parameters alone, that is, 


dA rla dugg p 
re es ¥Ugo, ——,V, Fr 
dx dx 


Actually, any of the thermal boundary-layer thicknesses might be used, but 
for convenience let us use the conduction thickness: A, = k/h,. By dimensional 
analysis, the variation of A, can be expressed in nondimensional form as 


Or At du, 
eee opr (10-44) 
Vax Dax 


The essence of the method lies in the assumption that the function f for an arbi- 


trary variation of free-stream velocity is the same as for the family of wedge ~ 


flows, since the latter can be readily evaluated via the similarity solutions. 
In Table 10-2 there is tabulated, for each particular value of m and Prandtl 
number, 


—l/ 
Nu, Rez =e; 


from which 
ha us?x rp pies 
Employing 
Us = Cx” (the wedge condition) 
and 


Ag =k/h 
the following expressions can be easily developed for the wedge solutions: 


Uso 2, Sek ae 


2 


= 10-45 
v dx Ci ! 


Aj ditco _ m (10-46) 


= 
vp -dx Cy 
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plo; 
15): 
10 ee ee : 
i _ — Exact wedge solutions 
Uso d Ay? Linear approximation 
vy dx 
5 
0. | 
= | 
Se z= 0 I 2 3) 4 3) 6 7 | 
A? dus, | 
Nees be : 
Figure 10-6 


For each Prandtl number a plot of Eq. (10-44) can then be prepared from the 
data in Table 10-2. Such a plot is shown in Fig. 10-6 for Pr = 0.7. 

Eckert proposes to solve Eq. (10-44) numerically for any arbitrary free- 
stream velocity variation employing such a plot of the wedge solutions for the 
function f; and, of course, this can be readily done. Smith and Spalding'> pro- 
pose a further simplification, albeit a grosser approximation, by replacing the 
curve with a straight line, which leads to a simpler integration procedure. For 
Pr = 0.7 the following linear relation fits the wedge data exactly for the stagna- 
tion point and for the fiat plate; it is a fair fit in-between, but begins to depart 
markedly for strongly decelerating flows, although boundary-layer separation 
limits the curve in this direction: 

ling NG AG dliss 
7 ES 11.68 — 2.87 ae (10-47) 

Equation (10-47) then integrates and reduces to 


11.68v f° uh87 dx 
eee 0 [eve) 
Ay= eae Te (10-48) 
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Equation (10-48) can now easily be evaluated for any desired variation of 
Ug. With x, so the conduction thickness, and thus the local heat-transfer rate, can 
be readily calculated. However, before converting Eq. (10-48) to an explicit 
solution for the local conductance, we can transform the problem from the two- 
dimensional case to the axisymmetric case and thus have a much more useful 
solution. This is essentially the Mangler transformation. 

The integral energy equation (5-18), with T, — T,. and density constant, and 
with A, introduced, may be rewritten as 


(RAs)pusc  R2 dx Uso R2 dx 


(10-49) 


Now if R is constant, the problem reduces to the two-dimensional problem, and 
Eq. (10-49) becomes 


k dA, Ardix 


A4gQUooC dx Ueo6 aX oa 


However, suppose that in Eq. (10-49) we make the following change of vari- 
ables, where L is some arbitrary reference length: 
R R R? 


Ai = Tae AY = am dx’ => = ax 


Substituting, and noting that L cancels, we obtain 
k % dA,... A, duc 


Site G8 10-51 
Ai, PUcol Ax ss suasedx! ( ) 


With this transformation, Eq. (10-51) is identical] to the two-dimensional equa- 
tion (10-50). A solution of the two-dimensional problem can be transformed into 
a solution to the axisymmetric problem by the same change of variables. In the 
present case Eq. (10-48) can be considered a solution to Eq. (10-51), and with the 
indicated change of variables becomes (note that L cancels) 


eae 11.68v f) uh87R? dx 
pee y287 
lo, 2) 
Noting that Ay = k/h. transposing to form a Stanton number, and inserting 
Pr = 0.7, we obtain 


(10-52) 


p!/2 Ry0-435 
St = 0.418 vad 3 


Cl ae 
Equation (10-52) has been derived for constant fluid properties. In many ap- 
plications the fluid density varies markedly in the direction of flow. Examination 


of the manner in which u,, and p appear together in the integral energy equation 
suggests that the following form of Eq. (10-52) should be reasonably accurate for 
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Table 19-6 Constants in Eq. (10-54) for various Prandtl numbers; 
heat transfer to the laminar, constant-property 
boundary layer (Too, T; = const) 


; 0.7 0.418 


0.8 0.384 1.90 
1.0 0.332 1.95 
5.0 0.117 DES 
10.0 0.073 Zo, 


variable-density flow: 


1/2 RpG0-435 
gle yf jada ae 


“CR Gist? ax) ea 


where Goo = PUoo- 
Equation (10-53) provides a very powerful and simple method for calculat- | 
ing the convection conductance for a laminar boundary layer on a constant- | 
surface-temperature body of revolution with any variation of u., along its sur- | 
face. For the two-dimensional case R simply cancels. It is found that Eq. (10-53) 
reduces to the flat-plate solution, Eq. (10-13), and likewise reduces to both the 
two-dimensional and the axisymmetric stagnation-point solutions, Eqs. (10-18) 
and (10-19). Thus, as indicated in Fig. 10-6, the method is exact for the flat plate 
and the stagnation points and is a reasonable approximation for any other case. 
This development has been entirely confined to a fluid with a Prandtl num- : 
ber of 0.7, but it should be quite apparent how a similar solution can be obtained | 
for any Prandtl number for which the wedge solutions are available (Table 10-2). 
The results for the other Prandtl numbers can be expressed in the form 
1/2 PQ 
lait ad (10-54) 
(lp Gok ax) 
where the constants for various Prandtl numbers are given in Table 10-6. 
In Chap. 19 this scheme is extended to the blowing and suction problem. 


FLOW OVER A BODY OF ARBITRARY 
SHAPE AND ARBITRARILY SPECIFIED 
SURFACE TEMPERATURE 


The variable-surface-temperature problem for a body over which the free-stream 
velocity varies must be handled by solving first the momentum equation for the 
specified free-stream velocity and then the energy equation for the varying sur- 
face temperature; thus, it is more difficult than the constant-surface-temperature 
problem where the free-stream velocity varies. A number of methods are pre- 
sented in the literature, of which perhaps the most complete is that given by 
Spalding.'® But in most applications of this type direct numerical solution of the 
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differential equations of the boundary layer proves to.be the more practicable 
approach; and if fluid properties are not constant, this is even more true. A point 
is ultimately reached where approximate methods become so complex that it is 
simpler to seek close-to-exact solutions by numerical integration. 


FLOW OVER BODIES WITH BOUNDARY-LAYER 
SEPARATION 


In the presence of a positive pressure gradient in the flow direction (decelerating 
free-stream velocity) the velocity in the boundary layer decreases in such a way 
that the velocity gradient at the surface can go to zero. In such cases the entire 
boundary layer separates from the surface, leaving a region of reversed flow 
or stall near the surface. Separation can and does frequently occur on smooth, 
continuous surfaces, and virtually always occurs where there is an abrupt step in 
the surface. 

Detailed flow-field and heat-transfer studies of separated flows have fol- 
lowed the advent of large-memory computers and boundary-layer diagnostic 
tools such as the laser-Doppler anemometer. Some of the flows of interest are 
laminar separation bubbles on airfoils, shock-induced separation in supersonic 
flow, and flow over bluff bodies. Reviews of laminar separated flows are given 
by Brown and Stewartson’’ and Williams.'® Two simple bluff-body flows are 
considered here. 

For flow normal to a circular cylinder or flow normal to a sphere, a laminar 
boundary layer forms on the upstream surface (at least for Reynolds numbers 
sufficiently small that transition to a turbulent boundary layer does not occur). 
Calculation of local heat-transfer rates at the stagnation point and over the entire 
upstream surface can be accomplished by methods already discussed. However, 
at a point just before the maximum diameter, boundary-layer separation occurs 
(it occurs somewhat later for a turbulent boundary layer), and over the remainder 
of the cylinder or sphere the local heat-transfer rate fluctuates as vortices are shed 
into the wake. 

The average conductance over the entire surface (front and rear) has been 
measured by numerous experimenters. An extensive summary of available data 
for cylinders in cross flow is given by Morgan.!’ These results can be presented 
in terms of a Nusselt number based on the cylinder diameter and a Reynolds 
number based on cylinder diameter and the upstream normal velocity. If the fol- 
lowing form of the relation is used, the constants C; and C) recommended by 
Morgan for air are as given in Table 10-7: 


Nup = C, Re; (10-55) 


Heat transfer with flow past spheres in the Reynolds number range 3600- 
52,000 has been studied by Raithby and ‘Eckert."? They recommend the 
use of Eq. (10-55) with C,; = 0.257 and C7 = 0.588 if the sphere is sup- 
ported from behind. For cross-supported spheres the C; coefficient increases by 


13 percent. at mt 
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Table 10-7 Constants in Eq. (10-55) for various Reynolds numbers; 
flow normal to a circular cylinder; air 


10-4-4x103 0.437 0.0895 


4 x 1073-9 x 107? 0.565 0.136 
9.x 1072-1 0.800 0.280 
1-35 ‘ 0.795 0.384 
35-5 x 103 0.583 0.471 
5 102=5 510" 0.148 0.633 


5 x 104-2 x 10° 0.0208 0.814 


It has been previously noted that for a laminar boundary layer the Nusselt 
number (for a fixed Reynolds number) varies approximately as Pr'/?, except at 
very low Pr. Since the boundary layers on the cylinders and spheres under con- 
sideration are essentially laminar, Eq. (10-55) for air can be extended to high- 
Prandtl-number fluids on the basis of this approximation. 

There is evidence that the cylinder and sphere behavior is rather sensitive to the 
turbulence intensity in the upstream flow, and this effect apparently is due to a dis- 
turbance of the boundary layer in the vicinity of the upstream stagnation point.'?”° 

Flow normal to banks of circular tubes is a configuration extensively used in 
the construction of heat exchangers. The effect of adjacent and preceding tubes 
on the behavior of any one tube in the bank is substantial and varies greatly with 
tube spacing. Extensive data are available, and the reader is referred to Kays and 
London”! and to an extensive review by Zukauskas.”* 

The flow passages in high-performance heat exchangers are frequently con- 
structed with extended surface, or fins, and the flow is interrupted in such a way that 
a laminar boundary layer forms on each fin segment, only to separate and begin 
again on the next fin. The flow pattern and the heat-transfer mechanism around each 
fin are very complex and do not lend themselves readily to boundary-layer analy- 
sis. Thus the heat-exchanger designer relies on overall experimental data. Data on 
a few such heat-exchanger surfaces may be found for a large variety in Ref. 21. 


PROBLEMS 


10-1. Derive Eqs. (10-11), and (10-12) in the text. (See App. C for tables of error and 
gamma functions.) 

10-2. For flow along a plate with constant free-stream velocity and constant fluid 
properties develop a similarity solution for a constant-temperature plate for a 
fluid with Pr = 0.01. Compare with the approximate results of Prob. 10-1. 
Note that numerical integration is required. 


10-3. Develop an approximate solution of the energy equation for flow at a two- 
dimensional stagnation point for a fiuid with very low Prandtl number, using 
the assumption that the thermal boundary layer is very much thicker than the 
momentum boundary layer. From this, develop an equation for heat transfer at 
the stagnation point of a circular cylinder in cross flow, in terms of the 
oncoming velocity and the diameter of the tube. 


10-4. 


10-5. 


10-6. 


10-7. 


10-8. 


10-9. 
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Repeat Prob. 10-2 for a two-dimensional stagnation point and compare with 
the results of Prob. 10-3. The following results from the momentum equation 
solution for the stagnation point are needed: 


Consider constant-property flow along a surface with constant free-stream 
velocity. Let the temperature difference between the surface and the fluid, 

T; — To, vary as x”, where m is a constant. Show that a similarity solution 

to the energy equation is obtainable under these conditions. Carry out the 
necessary calculations to obtain the Nusselt number as a function of Reynolds 
number for Pr = 0.7 and m = 1. 

Using the approximate solution developed in the text for a laminar boundary 
layer with constant free-stream velocity and a simple step in surface 
temperature at some arbitrary point, develop a solution for Pr = 0.7 and 

T; — Too varying directly with x, using superposition theory. Compare, with the 
exact result from Prob. 10-5. 

Consider liquid sodium at 200°C flowing normal to a 2.5-cm-diameter tube at a 
velocity of 0.6 m/s. Using the results of Prob. 10-3, calculate the “conduction” 
thickness of the thermal boundary layer at the stagnation point. Calculate the 
corresponding “shear” thickness of the momentum boundary layer at the 
stagnation point and discuss the significance of the results. 

Let air at 540°C and 1 atm pressure flow at a velocity of 6 m/s normal to a 
2.5-cm-diameter cylinder. Let the cylinder be of a thin-walled porous material 
so that air can be pumped inside the cylinder and out through the pores in order 
to cool the walls. Let the cooling air be at 40°C where it actually enters the 
porous material. 

The objective of the problem is to calculate the cylinder surface tempera- 
ture in the region of the stagnation point for various cooling-air flow rates, 
expressed as the mass rate of cooling air per square meter of cylinder surface. 
The problem is to be worked first for no radiation and then assuming that the 
cylinder surface is a black body radiating to a large surrounding (say a large 
duct) at 540°C. 

The same cooling air could be used to cool the surface internally by 
convection without passing through the surface out into the main stream. 
Assuming that the cooling air is again available at 40°C and is ducted away 
from the surface at surface temperature, calculate the surface temperature as a 
function of cooling-air rate per square meter of cylinder surface area for this 
case and compare with the results above. 

Let air at a constant velocity of 7.6 m/s, a temperature of 90°C, and | atm 
pressure flow along a smooth, flat surface. Let the plate be divided into three 
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10-10. 


10-11. 


sections, each £0 cm in flow length. The first 10 cm section is maintained at 
40°C, the second at 80°C, and the third at 40°C. Evaluate and plot the heat flux 
at all points along the 30 cm of plate length, and find the local heat-transfer 
coefficient. 

TEXSTAN can be used to confirm the results of this variable surface- 
temperature problem. Choose a starting x-location near the leading edge, say 
0.1 cm, and pick fluid properties that are appropriate to air, evaluated at the 
free stream temperature. Use constant fluid properties and do not consider 
viscous dissipation. The piecewise surface temperature boundary condition is 
modeled easily in TEXSTAN by providing temperatures at two x locations for 
each segment, é.g.,jat x = 0, x = 0.10, x =0.101, x = 0.2,,.x =0.201,.and 
x = 0.3 m. Because TEXSTAN linearly interpolates the surface thermal 
boundary condition between consecutive x locations, a total of six boundary 
condition locations is sufficient to describe, the surface temperature variation. 
The initial velocity and temperature profiles (Blasius similarity profiles) can be 
supplied by using the kstart=4 choice in TEXSTAN. 


Repeat Prob. 10-9 but let the surface temperature vary sinusoidally from 40°C 
at the leading and trailing edges to 80°C at the centerline. 

TEXSTAN can be used to confirm the results of this variable surface- 
temperature problem. For the surface temperature distribution, break up the 
length of the plate into 10 to 20 segments and evaluate the surface temperature 
at these x locations. These values then become the variable surface temperature 
boundary condition. Note that a larger number of points will more closely 
model the sine function. 


The potential flow solution for the velocity along the surface of a cylinder with 
flow normal at a velocity V is 


Us, = 2V'ism'@ 


where 6 is measured from the stagnation point. Assuming that this is a 
reasonable approximation for a real flow on the upstream side of the cylinder, 
calculate the local Nusselt number as a function of 0 for0 < 6 < 57 for 

a fluid with Pr = 0.7 and prepare a plot. Compare these results with the 
experimental data for the average Nusselt number around a cylinder. What can 
you conclude about the heat-transfer behavior in the wake region on the rear 
surface of the cylinder? 

TEXSTAN can be used to confirm the results of this variable free-stream 
velocity problem. For the velocity distribution, break up the surface length of 
the cylinder over which the boundary layer fiows into at least 20 segments 
and evaluate the velocity at these x locations. These values then become the 
variable velocity boundary condition. A larger number of points will more 
closely model the distribution, which is especially important because this 
distribution is differentiated to formulate the pressure gradient, as described by 
Eg. (5-3). Note that TEXSTAN spline-fits these velocity boundary condition 
values to try to provide a smooth velocity gradient in construction of the 
pressure gradient, but it is the user’s responsibility to have the velocity 
distribution as smooth as possible. The initial velocity and temperature profiles 
(Falkner-Skan m = | sirnilarity profiles, applicable to a cylinder in crossflow) 
can be supplied by using the kstarf=6 choice in TEXSTAN. . 


10-12. 


10-13. 


10-14. 


10-15. 
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The potential flow solution for the velocity along the surface of a sphere with 
flow normal at a velocity V is 


Uo = $V sin 6 


Do the same problem as the preceding one for the sphere. 


Let air at a constant velocity of 7.6 m/s, a temperature of —7°C, and | atm 
pressure flow along a smooth, flat surface. The plate is 15 cm long (in the flow 
direction). The entire surface of the plate is adiabatic except for a 2.5 em wide 
strip, located between 5 and 7.5 cm from the leading edge, which is electrically 
heated so that the heat-transfer rate per unit of area on this strip is uniform. 
What must be the heat flux from this strip such that the temperature of the 
surface at the trailing edge of the plate is above 0°C? Plot the temperature 
distribution along the entire plate surface. Discuss the significance of this 
problem with respect to wing deicing. (A tabulation of incomplete beta 
functions, necessary for this solution, is found in App. C) 

TEXSTAN can be used to confirm the results of this variabie surface heat 
flux problem. Choose a starting x location near the leading edge, say 0.1 cm, 
and pick fluid properties that are appropriate to air, evaluated at the free 
stream temperature. Use constant fluid properties and do not consider viscous 
dissipation. The piecewise surface heat flux boundary condition is modeled 
easily in TEXSTAN by providing heat flux values at two x-locations for each 
Segment, .e1oy, at 1 —=10; X = 0105 x" =:0.0501,'x 10.075, x= 00751, and 
x = 0.15 m. Because TEXSTAN linearly interpolates the surface thermal 
boundary condition between consecutive x locations, a total of six boundary 
condition locations is sufficient to describe the surface heat flux variation. The 
initial velocity and temperature profiles (Blasius similarity profiles) can be 
supplied by using the kstart=4 choice in TEXSTAN. 

Let air at a constant velocity of 15 m/s, a temperature of 300°C, and | atm 
pressure flow along a smooth, flat surface. Let the first 15 cm of the surface be 
cooled by some internal means to a uniform temperature of 90°C. How does 
the surface temperature vary for the next 45 cm? 

Hint: Note that the first 15 cm must be treated as a surface-temperature- 
specified problem, while the last 45 cm must be treated as a surface-heat-flux- 
specified problem. Because this problem requires two different types of 
thermal boundary conditions, TEXSTAN is not suitable for this problem. 
Water at 10°C flows from a reservoir through the convergent nozzle shown in 
Fig. 10-7 into a circular tube. The mass flow rate of the water is 9 g/s. Making 
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a plausible assumption as to the origin of the boundary layer in the nozzle and 
assuming that the nozzle surface is at a uniform temperature different from 
10°C, calculate the heat-transfer coefficient at the throat of the nozzle. How 
does this compare with the coefficient far downstream in the tube if the tube 
surface is at a uniform temperature? 


TEXSTAN PROBLEMS 


10-16. TEXSTAN analysis of the laminar thermal boundary layer over a flat 

plate with constant surface temperature and zero pressure gradient: Choose 

a starting x-Reynolds number of about 1000 (a momentum Re of about 20) 

and pick fluid properties that are appropriate to fluids with a Prandtl number = 

0.7, 1.0, and 5.0, evaluated at the free stream temperature. Use constant 

fluid properties and do not consider viscous dissipation. The geometrical 

dimensions of the plate are 1 m wide (a unit width) by 0.2 m long in the flow 

direction, corresponding to an ending Re, of about 2 x 10° (a momentum 

Re of about 300). Let the velocity boundary condition at the free stream be 

i5 m/s and let the energy boundary conditions be a free stream temperature 

of 300 K and a constant surface temperature of 295 K. The initial velocity and 

temperature profiles appropriate to the starting x-Reynolds number (Blasius 

similarity profiles) can be supplied by using the kstart=4 choice in 

TEXSTAN. | 
For each Prandtl number calculate the boundary-layer flow and evaluate 

the concept of boundary-layer similarity by comparing nondimensional 

temperature profiles at several x locations to themselves for independence : 

of x. Compare the Nusselt number results based on x-Reynolds number with 

Eq. (10-10). Convert the Nusselt number to Stanton number and compare the 

Stanton number results based on x-Reynolds number with Eq. (10-13) and 

based on enthalpy-thickness Reynolds number with Eq. (10-16). Calculate the 

Stanton number distribution using energy integra] Eq. (5-24) and compare with 

the TEXSTAN calculations. Feel free to investigate any other attribute of the 

boundary-layer flow. 


10-17... TEXSTAN analysis of the laminar thermal boundary layer stagnation flow 
(the Falkner-Skan m = I case) and constant surface temperature: Refer 
to Prob. 9-8 for the plate geometry and the setup of the velocity boundary 
condition. Pick fluid properties that are appropriate to fluids with a Prandtl 
number = 0.7, 1.0, and 5.0, evaluated at the free stream temperature. Use 
constant fluid properties and do not consider viscous dissipation. The energy 
boundary conditions are a free stream temperature of 300 K and a constant 
surface temperature of 295 K. 

For each Prandtl number calculate the boundary layer flow and evaluate the 
concept of boundary-layer similarity by comparing nondimensional temperature 
profiles at several x locations to themselves for independence of x. Compare the 
Nusselt number results based on x-Reynolds number with Table 10-2. Evaluate 
the concepts of thermal and velocity profile similarity for Pr = 1.0, examine the 
development of the momentum and thermal boundary layers, and discuss the 
validity of h = const for this case. Convert the Nusselt number to Stanton 
number, calculate the Stanton number distribution using energy integral 


CHAPTER 10 Laminar External Boundary Layers: Heat Transfer 


Eq. (5-24) and compare with the TEXSTAN calculations. Also, evaluate the 
validity of the approximate integral solution, Eq. (10-52). Feel free to 
investigate any other attribute of the boundary-layer flow. 
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transition to a turbulent type of boundary layer is described. The character- 

istics of the turbulent boundary layer are first discussed in general terms. 
Following this, the Prandtl mixing-length theory is introduced as one method for 
solving the boundary-layer equations. This leads to the concept of a viscous sub- 
layer and the development of the /aw of the wall for the near-wall region using a 
two-layer mixing-length model. 

At this point an approximate solution to the momentum equation of the 
boundary layer is developed, leading to algebraic equations for the momentum 
thickness and friction coefficient. Next the Van Driest model for the sublayer is 
introduced, leading to a continuous law of the wall. The mixing-length theory is 
then extended over the entire boundary layer, and a method for solving the com- 
plete boundary-layer equations using finite-difference methods is described. 

A turbulence model employing the turbulence kinetic energy equation is next 
described, and this leads to a so-called two-equation model based on the turbu- 
lence energy equation and another equation based on the turbulence dissipation 
rate, the kK-e model of turbulence. 

There then follows a discussion of the concept of “equilibrium” turbulent 
boundary layers, the effects of transpiration, surface roughness, axial surface 
curvature, and free-stream turbulence. 


| n this chapter the stability of the laminar boundary layer is discussed, and a 


TRANSITION OF A LAMINAR BOUNDARY LAYER 
TO A TURBULENT BOUNDARY LAYER 
An important characteristic of a laminar boundary layer, and of a laminar flow in 


a pipe or duct, is that under certain conditions the flow is unstable in the presence 
of small disturbances, and a transition to a fundamentally different kind of flow, 
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a turbulent flow, can occur. The viscous forces, largely responsible for the char- 
acteristics of a laminar flow, have the effect of restoring the flow to its previous 
state when it is subjected to an external disturbance; on the other hand, inertia 
forces associated with the velocity changes caused by a disturbance have quite 
the opposite effect. Inertia forces tend to be destabilizing and thus to amplify 
local disturbances. The Reynolds number is a ratio of inertia to viscous forces, 
and thus one might well expect that the stability of a laminar flow is in consider- 
able part associated with the value of the Reynolds number, stable laminar flows 
being associated with low Reynolds numbers. 

For a simple laminar boundary layer on a flat, smooth surface with no pres- 
sure gradient, it is found in typical laboratory wind tunnel experiments that a 
transition to a turbulent type of boundary layer tends to occur when the length 
Reynolds number Re, reaches the range 300,000-500,000. But this particular 
range of critical Reynolds numbers seems to be associated with the surface 
roughness and free-stream disturbances characteristic of typical laboratory wind 
tunnels for low-speed flows. Laminar boundary layers have been observed to 
persist to Reynolds numbers several orders or magnitude higher if the free stream 
is devoid of disturbances and the surface is very smooth. Such conditions fre- 
quently occur during the reentry of space vehicles into the Earth’s atmosphere. 

At low Reynolds numbers it is found experimentally that a laminar bound- 
ary layer under a zero pressure gradient is stable to even very large disturbances 
if the length Reynolds number is less than about 60,000. Similarly, it is found 
that fully developed laminar flow in a pipe or duct is stable to large disturbances 
if the Reynolds number based on hydraulic diameter is less than about 2300. 

There exists a theory of viscous stability—-for that is what we are discussing 
here—and, for small disturbances (which permit a linearized theory), it is found 
that the laminar external boundary layer for zero pressure gradient is stable for 
Re, less than about 60,000. It can also be shown that a “favorable” pressure 
gradient (accelerating flow) leads to higher critical Reynolds numbers, and an 
“unfavorable” pressure gradient (decelerating flow) leads to lower critical 
Reynolds numbers. Suction or blowing at the surface might be expected to have 
similar effects, with suction being stabilizing and blowing destabilizing. 

The length Reynolds number Re, is not a particularly convenient parameter 
to use as a transition criterion, since it has useful significance only for flows of 
constant free-stream velocity (no pressure gradient). If it is assumed that the 
phenomenon is primarily a local one, then a local Reynolds number criterion 
might be more generally useful. Either the displacement or momentum thickness 
Reynolds numbers might be used, but since the momentum thickness Reynolds 
number must generally be evaluated in any case in most applications, its use is 
suggested here. 

Let us evaluate the momentum thickness Reynolds number Re;, for the 
laminar, zero-pressure-gradient boundary layer as it reaches its lower critica] 
Reynolds number, Re, = 60,000. From Eq. (9-20) 


= 0.664,/ Vx /tt, 
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Then 


Rey crit = 60,000 = — 


Combining, and eliminating x, 


e (U052/v)? 
60,000 = 0442 


But 
Uo 62/V = Res, 
Thus 
Res, an— 162 (11-1) 


This value of Res, is now proposed as a general criterion for transition when- 
ever substantial free-stream disturbances are present, regardless of pressure gra- 
dient or mass transfer at the surface, and this seems to correspond reasonably 
well with the experimental facts. The laminar boundary layer can, of course, per- 
sist to higher values of Res, under undisturbed conditions. A strongly accelerated 
laminar boundary layer may have a somewhat higher critical Reynolds number, 
but such an acceleration inhibits the growth of Res, (it can actually decrease), so 
the point is usually moot. 

It is interesting to note. that if the equivalent of the momentum thickness 
Reynolds number is evaluated for fully developed laminar flow in a flat duct at a 
value of the hydraulic diameter Reynolds number equal to 2300, almost the same 
value of Res, is found as for the simple external boundary layer. This further sug- 
gests the general applicability of Eq. (11-1). 


THE QUALITATIVE STRUCTURE OF 
THE TURBULENT BOUNDARY LAYER 


The breakdown of the laminar boundary layer discussed in the preceding section 
does not occur everywhere across the flow at the same distance x. It occurs at 
certain favorable “spots” and then spreads laterally and downstream until the 
entire boundary layer is engulfed. There is thus a three-dimensional aspect to 


‘ transition, and there is a definable “transition region,” which can be as long or 


longer than the preceding laminar region. Ultimately however, a fully developed 
turbulent boundary layer is established, and this new boundary layer is again, 
on the average, two-dimensional to the same order as the preceding jaminar 
boundary layer. 

We are not going to attempt here to develop a theory for the transition region, 
other than to suggest that in engineering design the extent of this region can usu- 
ally be assumed to be about the same length as the laminar region, and that the 
friction, heat-transfer, and mass-transfer coefficients can usually be assumed to 
(on average) vary continuously from the laminar to the fully developed turbulent 
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) region. With this said, we are going to skip forward to the fully developed turbu- 
» lent region. Let us first see what it looks like and what seems to be happening. 

The important characteristics of a turbulent flow adjacent to a solid surface 
differ little whether we are speaking of a turbulent boundary layer on an external 
| surface or fully developed turbulent flow in a pipe or duct. Experimentally, at 
%; least two regions are observed: (1) a predominantly viscous region immediately 


§} adjacent to the wall surface where the momentum and heat transfer can be 


i) largely accounted for by the simple mechanisms of viscous shear and molecular 


© conduction; and (2) a fully turbulent region, comprising most of the boundary 


" layer, where velocity is nowhere independent of time, where “eddy” motion is 
| observed, and where momentum and heat are transported normally to the flow 
| direction at rates that are generally very much greater than can be accounted for 
| by viscous shear and molecular conduction alone. 

. Examination of the fully turbulent region reveals that the velocity at any 
| point seems to consist of a relatively large time-averaged velocity, upon which is 
superimposed a smaller fluctuating velocity with instantaneous components in 
all directions. The existence of velocity components normal to the mean velocity 
vector means that fluid is moving, at least momentarily, in the normal direction; 
this fluid carries momentum with it, and it may carry thermal energy, or any other 
property for which there is a mean gradient in the normal direction; and, in fact, 
this is the primary mechanism whereby such effects are transported in the normal 
direction. 

Further examination of the fully turbulent region reveals that the velocity 
fluctuations are the result of vorticity in the fluid. In fact, virtually every particle 
is a part of fluid eddies that are turning over in various directions, and this is what 
we mean by a turbulent flow. 

The thin, viscous region close to the wall, which we call the viscous sub- 
layer, is in some ways of more importance than the fully turbulent region. It is in 
this sublayer that events leading to the production of turbulence occur. A simple 
description of the sublayer is that it is essentially like a continually developing 
laminar boundary layer, which grows until its local Reynolds number becomes 
supercritical, at which point it becomes locally unstable and suffers a local 
breakdown. This breakdown is identified with a “burst” of turbulence from the 
wall region. The bursts are sufficiently frequent in both space and time to cause 
the sublayer to maintain, on the average, a constant thickness Reynolds number. 

A “burst” resulting from local instability is a three-dimensional event that 
results in the ejection from the wall region of a relatively large element of slow- 
moving fluid, which moves out into the fully turbulent region, and its replace- 
ment by a similar element of higher-velocity fluid. Although there is some 
momentum (and heat) transfer within the sublayer associated with these events, 
viscous shear (and molecular conduction) remains the predominant transport 
mechanism in the inner part of the sublayer, especially immediately adjacent to 
the wali, simply because of the relative infrequency of the event. 

These elemenis colliding with the higher-velocity fiuid in the fully turbulent 
region outside of the sublayer provide the primary source of the turbulence 
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kinetic energy in that region, i.e., the kinetic energy of the eddies. As we move out 
through the turbulent region, more turbulence kinetic energy is then generated 
through the interaction of the turbulent eddies with the mean velocity gradient. 
While this production of turbulence kinetic energy is taking place, the viscosity 
of the fluid is acting to decay the eddies and transform the turbulence energy into 
thermal energy. A new state of stability is established in which the production of 
turbulence energy is equal to the dissipation of that energy, plus a certain part that 
is convected and diffused outwards. 

In a sense, then, the turbulent boundary layer is a stable region possessing 
the property of diffusing momentum, and other properties, very much more 
rapidly than by simple molecular processes. Although an instability in the sub- 
layer is an essential feature, the overall structure is completely stable, self- 
adjusting, and experimentally repeatable. 

As we move along the surface in the downstream direction, the turbulent 
boundary layer grows, much like the laminar boundary layer but more rapidly, 
and its momentum thickness Reynolds number grows. But the sublayer main- 
tains essentially the same thickness Reynolds number (obviously a critical 
Reynolds number having to do with its viscous stability), and thus becomes a 
smaller and smaller fraction of the overall boundary layer. 


THE CONCEPTS OF EDDY DIFFUSIVITY 
AND EDDY VISCOSITY 


A useful, though not totally necessary, concept is now introduced. To perform 
turbulent boundary-layer calculations, we need either information or a theory 
to evaluate the term —u'v’ in Eq. (6-28). This is frequently referred to in the lit- 
erature as the turbulence “closure” problem, and it is usually solved by solving 
an algebraic equation, or a differential equation, for —u’v’. In Chap. 6, —u/v’ is 
defined as an apparent turbulent shear stress, and it seems plausible that it 
should go to zero if there is no gradient in the mean velocity profile, just as the 
viscous shear stress goes to zero. In actual fact, this is not precisely so, but it 
is close enough for many practical applications. Thus it seems reasonable to 
state that 


For the proportionality factor, we define the eddy diffusivity for momentum ey: 


‘y! fe (11-2) 
STUD = Ey = 
dy ‘ r 
This is nothing more than a definition; we still have the problem of evaluating & jy. 
Let us now examine the implications of this definition. When Eq. (11-2) 
is substituted into Eq. (6-28), the momentum differential equation for the 
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constant-property turbulent boundary layer becomes 


, oH 3H ldP ri ies 
ox ay _ | pdx ~~ dy ee ay ule 


€y is dimensionally the same as the kinematic viscosity v, and the turbulent 


% contribution tc diffusion in the y direction can be readily compared with the mo- 


lecular contribution. In most cases it is found that ¢y >> v in the fully turbulent 
region, while v >> €,y in the viscous sublayer close to the wall. 

It is sometimes convenient to define an eddy viscosity 44,. By analogy with 
the corresponding molecular quantities, 


Lt; = pEmu (11-4) 


THE PRANDTL MIXING-LENGTH THEORY 


The Prandtl mixing-length theory is by all odds the simplest, as well as the 
oldest, of the turbulence closure models. Despite its simplicity, it provides a 
remarkably adequate basis for many engineering applications, We will carry the 
mixing-length theory as far as seems practicable, and then develop a more so- 
phisticated model based on the turbulence kinetic energy equation and an equa- 
tion for the turbulence dissipation rate (the k-e model). The differences between 
these two models will then be demonstrated by some actual comparisons with 
experimental data. 

The defining equation for the mixing length, by itself, provides an adequate 
starting hypothesis for development of the mixing-length theory. However, the 
following development is given not as a proof of anything, but rather as a plausi- 
ble argument for the form of the mixing-length equation. 

Let us idealize the turbulent fluctuating-velocity components uw’ and v’ as 
simple harmonic functions having the same period f, but differing amplitudes 
and phase angles. That is, 


‘ a ant 
== Moe SIN ———— 
tj 
F P 20 (t +a) 
Uae max ee ites 


Next, form the time average of the product of uw’ and v’: 


t / / 
iy, = I u'v’ dt a=, Umax Umax cos 27a 
ty Jo 2 fy 


From this result we see that if v’ and v’ are in phase, or nearly in phase, the “tur- 
bulent shear stress” —u’v’ is a finite quantity, although it is also possible for 
—u'v' to be zero (if a) /t) = t). The first condition evidently does obtain when 
there is a gradient in the mean velocity profile, because we do observe substan- 
tial turbulent shear stresses in such situations. 
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= 


Figure 11-1 Graphical definition of the mixing length. 


Now let us define a “mixing length” / in the manner illustrated in Fig. 11-1. 
If / is small relative to the other dimensions of the system then, approximately, 


“n=l es 
max dy 
Next let us assume that 
Ou 


where C is simply a local constant. Then, for the case a, = 0, we obtain 
eee 1 au \* 

—u'v! = —u’ a = O12 = 

uv 5 tmax Vmax Y (=) 


Next, we absorb 5C into 1, which has yet to be determined anyway, and we 
obtain the defining equation for the mixing length: 


ah au? 
—uv =I (=) (11-5) 
dy 


If we prefer to express the mixing length in terms of ey and/or jz;, we can then 
use Eqs. (11-2) and (11-4) to obtain 
Ou 


1 = pl? |— 
Mr =p ay 


| 5 Eu = (11-6) 

We are still faced with the proposition of assigning a value to /, but here sim- 
ple dimensional reasoning can be useful. One can ask the question, on what sys- 
tem dimension would the mixing length be expected to scale? In the region not 
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Figure 11-2 Mixing-length measurements of Andersen! for no pressure 
gradient, adverse pressure gradient, blowing, and suction. 


too distant from the wall the only significant length dimension is the distance 
from the wall, and thus it is reasonable to assume that the mixing length might 
scale on that distance. If we let the proportionality factor be «, we can then 
obtain 


i=xKy (11-7) 


The validity of all these assumptions rests on whether « does, in fact, turn 
out to be a constant when measured at various points in the boundary layer. 
Figure 11-2 shows some typical experimental measurements of / at five different 
stations along a surface (599 is the boundary-layer thickness at the point where 
ui/U. = 0.99). In the region near the wall the data do indeed appear to be well 
represented by Eq. (11-7), with « taking a value of about 0.41 (« is usually called 
the von Karman constant). 

It should be added that the mixing length is not a quantity that can be 
“measured” directly. It is actually determined from measurements of the turbu- 
lent shear stress and the velocity gradient, employing Eq. (11-5). 

There remains a region still closer to the wall, the viscous sublayer, where 
Eq. (11-7) is no longer valid, but the measurements shown on Fig. 11-2 do not go 
this close to the wall. We will discuss this region later. 

In the outer part of the boundary layer it is apparent from Fig. 11-2 that the 
mixing length is proportional to total boundary-layer thickness rather than the 
distance from the wall. For y/d99 greater than about 0.7, the value of the mixing 
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length becomes relatively unimportant, so the outer region can be adequately 
approximated by 

= Ad99 (11-8) 
where A is typically about 0.085. 

Similar behavior is noted for adverse pressure gradients, favorable pressure 
gradients, blowing and suction, and the observed values for x and A seem little 
affected by these differing boundary conditions. Strictly speaking, these obser- 
vations are valid for so-called equilibrium boundary layers, a subject that is dis- 
cussed later, but the turbulent boundary layer tends to approach equilibrium, at 
least in the inner region, remarkably quickly. 


WALL COORDINATES 


Before discussing the viscous snblayer, we will find it convenient to introduce a 
new coordinate system that is meaningful in the region close to the wall. But first 
we will develop an expression for the distribution of the total shear stress near 
the wall. 

From the definition of ¢, and the viscosity coefficient, the total apparent 
shear stress, molecular plus turbulent, can be expressed as 


T Ou 
Liege (11-9) 
p dy 

Substituting this into Eq. (11-3), we obtain 


Phe tBMey Shigg = By (11-10) 
{Note that Eq. (11-10) does not include any assumption about the shear mecha- 
nism; in fact, it is also valid for a steady laminar boundary layer. ] 

Let us now confine our attention to a region relatively close to the wall such 
that pu du/dx is sufficiently smaller than the other terms that it can be neglected. 
We are talking about a region that generally extends outside the viscous sublayer, 
and in some cases can include as much as one-third of the entire boundary layer. 
We call this a Couette flow assumption and speak of a Couette flow region. 

Under this assumption, pu du/dx =0,u = u(y) alone, Eq. (11-19) be- 
comes an ordinary differential equation, and v = v,, the value of the normal 
velocity component at the wall surface (which would be 0 unless there is blow- 
ing or suction at the surface): 


Vs = ——— + — : 
Gf dy dx dy Git 
This equation can now be integrated with respect to y between the limits 
tT =T, and u = 0 at y = 0, and corresponding values at any distance y, resulting 
in an equation for the shear stress ratio: 
T uv, dP 
—=]1 =o DUsU + bia SL 


a Te dxtty: eves, 
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Next we will introduce a set of nondimensional variables that are based on 
quantities that are significant in the near-wall region; these are what are referred to 
as wall coordinates. First, from the definition of the friction coefficient we define 
a shear velocity, or friction velocity, u, for the constant-property boundary layer: 

2 
ts = CAUd = ue 
p 


p! t 


Thus 
u, = /T;/p 


Note that u, has the dimensions of velocity. Employing u, as a characteris- 
tic velocity, the following nondimensional variables can be formed (although 
these nondimensional variables can also be expressed in terms of the free-stream 
velocity and the friction coefficient, they are fundamentally independent of the 
former): 


ceaiiey U/Use 
Uu ramen eee 
Uu; hepl 2 


ee ae YVT/P _ WUooy Cf /2 


v Vv Vv 
Sd AT ame 
© 5 he eel te] D- | ferf2 
, _ waP /dx 
| pi2r? 


When these are substituted into Eq. (11-12), we obtain 
5 artaitvutut + pty* (11-13) 
ts 
Note that Eq. (11-13) is valid only in the region where the Couette flow 
assumption is valid; at the outer edge of the boundary layer t/t, must go to 0. 


THE LAW OF THE WALL FOR THE CASE 
OF p+ = 0.0 AND vt = 0.0 


This is the simplest possible boundary layer, with constant free-stream velocity, 
no transpiration, and an aerodynamically smooth surface. If we consider only the 
Couette flow region, i.e., that near the wall, Eq. (11-13) reduces to 


T 
a | 
Ts 


To obtain the law of the wall, we integrate Eq. (11-9) under this condition. Thus, 


te 
Poaigey iste (11-14) 
p dy 
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Now we will propose a model of the turbulent boundary layer consisting of 
two distinct regions, a viscous sublayer for which we will assume v > €y, and a 
fully turbulent region for which €y > v. For the latter we will employ the 
Prandtl mixing-length model of turbulence. Later we will examine a consider- 
ably better model of the near-wall region, but we will still employ the mixing- 
length theory. 

For the viscous sublayer, Eq. (11-14) reduces to 


du = —dy = —dy 
pv iv 
Integrating from the wall, 
U ti y 
‘ du = — / dy 
0 M Jo 
bg es 
u=—y 
iv 
We now introduce the wall coordinate definitions for u* and y*, and obtain 
yt exey Ss (11-15) 


This can also be arrived at by recasting Eq. (11-14) in terms of the wall coordi- 


nate variables, 
se =i) dut 
hie (1 = vp /-dy* 
Then with the use of Eq. (11-13), and v > éy, 
dut 
oe 
and thus we obtain Eq. (11-15) upon integration. 

Next we must face the question of the effective thickness of the sublayer. 
Experimentally we find that the sublayer thickness can be expressed in terms of a 
critical value of y*, and this value remains unchanged regardless of the total thick- 
ness of the boundary layer. The reason is that yt is simply a local thickness 
Reynolds number, and the stability of the viscous sublayer is such that this 
Reynolds number always remains a constant at the outer edge of the sublayer. It is 
a completely self-adjusting process related to the local collapses and “bursting” 
phenoinena discussed earlier. If the effective value of yt at the outer edge of the 
sublayer exceeds this critical value, the sublayer becomes unstable and a “burst” 
ejects low-momentum fluid, replacing it with higher-momentum fluid from out- 
side the sublayer, thereby momentarily decreasing the sublayer thickness. 

For the fundamental case of pt = 0 and vt = 0, it is found that the critical 
value of y* for this two-layer model is 10.8. But note that this is an effective 
thickness that is obtained when using the rather artificial two-layer model. In 
actual fact, the viscous-flow-dominated region can be much thicker, although 
locally and momentarily it can be thinner. The artificiality of the thickness will be 
seen shortly when we compare the results of this model with experimental data. 


tm =1.0 
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If we introduce a pressure gradient in the direction of flow, or introduce blow- 
ing or suction, or consider a rough surface, then the critica! value of y* changes. 
We will discuss these effects later in connection with a better sublayer model. 

For the fully turbulent region, where we intend to neglect v relative to ey, 
Eq. (11-14) becomes 


Now let us introduce the Prandtl mixing-length theory, Eqs. (11-6) and (11-7). 
Note that we are still confining attention to the region for which Eq. (11-7) is 


valid: 
5-3) --"@) 
p dy dy 


Next, we introduce the definitions of u+ and yt; after taking the root of the 
resulting equation, we obtain 


dyt Kyt 
We then integrate from the outer edge of the viscous sublayer: 


3 


: eae 
/ du* = =| ele 
10.8 K Jios yt 


Setting « = 0.41] and rearranging, we obtain the logarithmic equation that is gen- 
erally called the law of the wall: 


ut = 2.44 Iny*+ + 5.0 (11-16) 


A comparison with experiment is shown on Fig. 11-3. Data from two dif- 
ferent investigators, one using water and the other air, at widely differing mo- 
mentum thickness Reynolds numbers are plotted, along with Eqs. (11-15) and 
(11-16), plotied on semi-logarithmic coordinates, Note that the data for these two 
velocity profiles depart in the outer part of the boundary layer, but they collapse 
together in the inner region and are well represented by Eq. (11-16) down to 
about y* = 40, where the effects of the sublayer begin to be seen (although the 
data of Wieghardt do not extend into the sublayer region). Numerous other ex- 
periments at widely differing values of velocity, fluid properties, and Reynolds 
number yield essentially the same results. 

Note that very close to the wall, i.e., for yt <5, the data do approach 
Eq. (11-15). However, the artificiality represented in the two-layer model is 
apparent, and what is meant by an effective sublayer thickness should be evident. 

Note the use of semi-logarithmic coordinates to represent these data. This 
coordinate system results in a straight line for the region where the law of the 
wall is valid, but it also has the effect of expanding the region near the wall and 
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Figure 11-3 The law of the wall (constant free-stream velocity): 
turbulent boundary-layer profiles in wall coordinates.’ 


The term IDENT refers to the data sets used at the 1968 Stanford University 
AFOSR Conference, as well as to data sets tabulated in App. E. 


compressing the outer region. Since most of the velocity change takes place in 
the inner region, the logarithmic scale provides a convenient way to critically ex- 
amine the most important region, and for that reason it is extensively employed 
in presenting experimental data. 

In the outer part of the boundary layer the departure of the two profiles from 
one another, and from Eq. (11-16), results from both Eqs. (11-7) and (11-13) no 
longer being valid—facts that were of course anticipated. As we go to higher and 
higher Reynolds numbers, the outer edge of the boundary layer goes to higher 
and higher values of yt, and the range of y* for which Eq. (11-16) is applicable 
increases. At the outer edge there is yet another interesting feature. For the case 
of no pressure gradient and no blowing or suction, the value of ut at the ouier 
edge of the boundary layer is always approximately 2.3 above Eq. (11-16), a fact 
that is observed experimentally, and is also predictable if / in the outer region is 
evaluated from Eq. (11-8) and the full partial differential equation (11-3) is 
solved. The outer region in which there is a departure from the logarithmic law 
of the wall is frequently called the wake region. 

Figure 11-4 shows the effects of streamwise pressure gradients, both posi- 
tive and negative, on the velocity profile. Note that the wake is very different. For 
an accelerating flow (a favorable pressure gradient) the wake is diminished and 
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Figure 11-4 The effect of pressure gradient on the turbulent velocity 
profile. 


can even be negative, i.e., u* can fall below the law of the wall, while a deceler- 
ating flow (adverse pressure) leads to a much larger wake. But notice that 
Eq. (11-16) is again approached in the inner region of the boundary layer. This is 
the reason why Eq. (11-16) is usually called the law of the wall, because it ap- 
pears to be somewhat more general than the simple case of no pressure gradient 
for which it was derived. 

Although a logarithmic form of the law of the wall generally fits the data 
better, a power law is sometimes more convenient. A power law that fits the log- 
arithmic form fairly well out to at least yt = 1500 is 


ut = 8.75yt!/7 (11-17) 


We will use this equation to develop an approximate solution for the friction 
coefficient. 


AN APPROXIMATE SOLUTION FOR THE 
TURBULENT MOMENTUM BOUNDARY LAYER 


Equation (11-17), together with the momentum integral equation, can be used to 
obtain a relatively simple algebraic equation for the friction coefficient for a sim- 
ple turbulent boundary layer. Since Eq. (11-17) was developed for the case of 
constant free-stream velocity, i.e., no pressure gradient, this result is likewise so 
restricted. However, it turns out to be a quite good approximation for rather 


191 


192 


Convective Heat and Mass Transfer 


strongly accelerated flows and a fair approximation for very mild decelerations. 
But it is not at all useful when there is blowing or suction. 

First we make the assumption that Eq. (11-17) is valid over the entire bound- 
ary layer, i.e., we ignore the wake. Let the total boundary layer thickness be des- 
ignated as 5, the location at which the velocity is u... We are thus assuming that 
the boundary layer has a finite thickness, but since the thickness cancels out later, 
this is not a critical assumption. Then 


Solving for tT, gives 
3 -1/4 
T; = 0.0225pu2, (==) (11-18) 
v 
Next, 5; and 5) the displacement and momentum thicknesses, respectively, can 
be evaluated substituting Eq. (11-17) into Eqs. (5-5) and (5-6), with the results 
51 59 
— = 0.125, — = 0.097 
6 6 
From these we get the following ratio, the shape factor, which is used later: 
6,/6o.= 1.29 = H 


Next, Eq. (11-18) can be expressed in terms of the momentum thickness: 


Seu cl 
es 0.0125pu, ( - ) (11-19) 


Now introducing the definition of the friction coefficient, we obtain an expres- 
sion for the friction coefficient as a function of a Reynolds number based on the 
local momentum thickness, i.e., 


c¢/2 = 0.0125 Re," (11-20) 


Next we would like to develop a way to evaluate 5, as a function of x along the 
surface. Let us assume that Eq. (11-19) is a reasonable approximation for the sur- 
face shear stress even when the free-stream velocity is increasing or decreasing 
in the direction of flow. This is a reasonable assumption for an accelerating flow, 
but for a decelerating flow (adverse pressure gradient) it is adequate only for very 
mild decelerations. The momentum integral equation, Eq. (5-7), for the case of 
v; = 0 and constant density is 


Ts dd> root 1 diay 1 dR 
= — +6](2+— ) ——— + —-— 
pu2, 7 +h| (24 j= dx a 


Substituting Eq. (11-19) for the shear stress and taking a value of 1.29 for the 
shape factor H yields . . 
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This can be rearranged to 
dione Rolie.) = 0.0156R*4 12 y'4 dx 


For integration with the initial condition that at x = 0, at least one of 69, R, OF Ugo 
will be zero, and solving for 53, we obtain 


0.036 0.2 bp 0.8 
Spr Aleerevs ( / Ru. ds) (11-21) 
0 


3.29 
Ruz; 


Like its laminar flow counterpart, Eq. (9-42), this equation then involves a 
simple procedure that depends upon a given variation of u., and R with x. With 
62 established as a function of x, the shear stress, or the friction coefficient, is 
then determined from Eq. (11-19). However, it should again be emphasized that 
Eq. (11-21) should not be used for any but very mild adverse pressure gradients, 
although it is quite reasonable for favorable pressure gradients. 

This equation implies that the turbulent boundary layer originates at x = 0, 
without a preceding laminar boundary layer and transition region. In such a case, 
and in Eqs. (11-22)-(11-24) to follow, the point x = 0 is a fictitious virtual origin 
of the turbulent boundary layer—the point where the turbulent boundary layer 
would have originated were it not preceded by a laminar boundary and a transi- 
tion region, provided that the same turbulent transport mechanisms were applic- 
able down to zero Reynolds number. 

Note that if a laminar boundary layer precedes the turbulent boundary layer, 
and if sufficient information is available to solve the laminar boundary layer and 
to determine the “point” of transition, then the value of 52 at transition as deter- 
mined from the laminar boundary-layer solution would provide the necessary 
lower limit on 5, at transition in the equation preceding Eq. (11-21). Without this 
information, we will simply use Eq. (11-21) with the understanding that x is the 
distance from the virtual origin of the turbulent boundary layer. Practically 
speaking, if x is sufficiently large, the difference between the real and virtual ori- 
gins is often sufficiently small that little error is introduced if the preceding lam- 
inar boundary layer is ignored, and that is the course we will follow for the 
moment. If such an assumption is not warranted, it is a relatively simple matter 
to start back at the equation preceding Eq. (11-21). 

Let us now reduce Eq. (11-21) to the elementary case of constant u.. and 
constant (or very large) R: 


ry paierisy 386,,) 8 


5) = 
or a 
036v° 
Dd nent eReac (11-22) 
Xx Uunsx- 


This result can now be substituted into Eq. (11-19), and, after introduction of the 
definition of the local friction coefficient, we obtain 


c7/2 = 0.0287 Re,” (11-23) 
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Equation (11-23) is in quite good agreement with experiments for Reynolds 
numbers up to several million, but then becomes increasingly lower than the 
experimental data for higher Reynolds numbers. The reason is that Eq. (11-17) 
is no longer a good approximation to the law of the wall at higher Reynolds 
numbers. Equation (11-17) could be modified for higher Reynolds numbers by 
using a smaller exponent, but this hardly seems worthwhile, since empirical 
equations based on experimental data are available, and also since a solution to 
the full partial differential momentum equation (11-3) can be readily obtained 
using numerical methods and the same mixing-length theory. Probably the most 
definitive experimental correlation is that of Schultz-Grunow,’ which is valid 
from Re, = 5 x 10° to very high Reynolds numbers: 


c7/2' = 0.185(log,, Rex) 4 (11-24) 


A CONTINUOUS LAW OF THE WALL: 
THE VAN DRIEST MODEL 


It is quite possible to improve upon the two-layer model of the turbulent bound- 
ary layer in a number of ways, but any model that involves a totally viscous sub- 
layer (€y = 0), while perhaps satisfactory for solution of the momentum equa- 
tion, can lead to substantial underprediction of heat transfer, especially at high 
Prandtl numbers. The reason is that a very small eddy diffusivity in the region 
y* < 5.0 can contribute greatly to the heat-transfer rate while having a negligi- 
ble effect on momentum transfer. 

The concept of a sublayer in which relatively large elements of fluid lift off 
the surface, to be replaced immediately by other fluid from the fully turbulent 
region—the “bursting” phenomenon that was discussed earlier—demands a sub- 


layer model for which the eddy diffusivity retains a finite magnitude throughout 


the sublayer and goes to zero only at the wall itself. The idea that ¢,, is nonzero, 
though very small, very near the wall does not mean that we are talking about 
small turbulent eddies. €y is a statistical quantity averaged over time and space, 
and very small €y in the sublayer merely implies a relatively infrequent event. 

The Van Driest hypothesis* is a sublayer scheme that provides for an eddy 
diffusivity that is only 0 at y = 0, and that also has the virtue that it allows a 
continuous calculation through the sublayer and into the fully turbulent region 
with no discontinuities. It does a reasonable job of predicting the various flow pa- 
rameters throughout the entire sublayer region. There are other schemes that will 
do much the same thing, so the particular function used in the Van Driest hypoth- 
esis should not be regarded as having any theoretical basis. 

With this scheme, we use the Prandtl mixing length all the way to the wall 
instead of truncating it to zero at an assumed effective outer edge of the sublayer, 
but we simulate the sublayer by introducing a damping function into the mixing- 
length equation (11-7). An exponential function has the desired characteristics, 
so Van Driest proposed that 


l=xy(1—e 4) 
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The constant A is an empirically determined effective sublayer thickness, but 
since it is a dimensional quantity, and we have previously argued that the sub- 
layer thickness should be expressed as a local thickness Reynolds number, we 
should multiply the numerator and denominator of the exponent by u,/v so as to 
obtain y+ /A*. Then 


Dowy 2 i" } (11-25) 


We now propose to evaluate the total shear stress using Eqs. (11-6) and (11-9) 
throughout the entire boundary layer, without neglecting either ¢y or v anywhere. 
If we confine attention to the region relatively near the wall, we can still make the 
Couette flow assumption if desired, but we are forced to make computer calcula- 
tions using finite-difference methods, and simple algebraic solutions are no longer 
feasible. 

There remains the problem of determining At. This is done by assuming 
various values of At and carrying out calculations until the calculated values of 
u* outside of the sublayer correspond to the law of the wall, Eq. (11-16). The 
results of such calculations for At = 25.0 are shown on Fig. 11-5. 

At = 25.0 is determined for a boundary layer with no axial pressure 
gradient and no blowing or suction; it is found that both pressure gradient and 
transpiration (as well as surface roughness and perhaps other effects) have a 
pronounced effect upon At. Since the latter is an effective sublayer thickness, 
these other parameters apparently influence the sublayer thickness. A favorable 
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Figure 11-5 The Van Driest sublayer (constant free-stream velocity): the 
sublayer as calculated using the Van Driest equation with AY = 25.0. 
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pressure gradient (accelerating flow) induces a thicker sublayer; an adverse 
pressure gradient has the opposite effect. Blowing decreases A*, while suction 
increases it. Roughness, discussed later, decreases A’. These results are not sur- 
prising when one contemplates the probable influence of these various effects on 
the stability of the viscous sublayer. 

An empirical equation for A* as a function of the pressure gradient para- 
meter p* and the transpiration parameter v* (both in wall coordinates) is pre- 
sented by Kays and Moffat.° 


aap 25.0 te 
ASF bp yd Lan) 1 14329) 


where 
Gh a FN b = 4.25, e= 10:0 
If pt i.0,, then-bi=2:9:and c=.0.0. 


SUMMARY OF A COMPLETE MIXING- 
LENGTH THEORY | 


In the preceding sections we have discussed the elements of a complete mixing- 
length theory, and then approximate procedures that lead to simple algebraic 
solutions. For the sake of clarity it is now worthwhile to summarize the complete 
mixing-length theory, which does, however, require a finite-difference procedure 
and a digital computer for implementation. 

The momentum boundary-layer equation to be solved, together with the ap- 
propriate version of the continuity equation and any desired initial and boundary 
conditions, is Eq. (11-3). 

dH | du 1dP a | 


v— = 
ax dy pdx A dy 


or, for variable property behavior, 


where the effective viscosity is defined as 


Met =U + Lr = p(v + Em) 


and the model for either the turbulent diffusivity wu, or the eddy diffusivity e,, 
comes from Eq. (11-6), 


wal 


Ou 
ps = oP), ey =? 


dy 
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In the outer part of the boundary layer, the mixing length / is evaluated from 
Eq. (11-8), while in the inner part it is evaluated from Eq. (11-25), and the effec- 
tive sublayer thickness A* in the Van Driest damping function evaluated from 
Eq. (11-26). In summary, 


D 
Ky) = ise 


Ded—¢/*) 
I(y) = min(xyD, Ado) 


On the basis of results from Figs. 11-2, 11-5, and 11-6 the model constants of 
k = 0.41 and A = 0.085, coupled with At = 25 work for flat plate (zero pressure 
gradient) turbulent boundary layers at moderate Re;,. For lower values of Re;,, 
A increases, and a function that more accurately represents the A behavior is 


ROS Bi) 2.9345758 Xo 1-675 Us 
7 > (Res, )°-125 : US 


where A. = 0.085. 

One difficulty that arises in using Eq. (11-26) is that the sublayer thickness 
does not instantaneously change when p* and/or v* are abruptly changed. A 
new state of sublayer equilibrium may not obtain for some distance along the 
surface, and the following lag equation provides a convenient and reasonably 
practicable way to handle this problem: 


dA‘ (At — Ad) 
ahs Cc 
where A* is the value determined from Eq. (11-26), xt = x./t;/p/v, and C is 
an empirical constant. Since At = At(pt, v,"), a more accurate way to reflect 
the change of the sublayer thickness is to reformulate Eq. (11-26) to become 
rr 25.0 
aU ae + bLpen/ (+ cdg ee) 1} + 


(11-27) 


and compute the effective value of p* using the following scheme based on a 
form of lag Eq. (11-27) 


apie _ (P* = Pei) 


dxrt e 
which upon integration becomes 


a. 
: xtdx ee (Pra ae Pil.) exp (=) 


ax = dix} p/v 


+ | Ay 
Pest Soa ne P 
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Figure 11-6 Prediction of a constant free-stream velocity 
profile (data of Wieghardt IDENT 1400, Res, = 10,600). 


For the pressure gradient lag equation, C = 4000, and this value is reduced to 
C = 1200 if the equilibrium value exceeds the effective value. With acceleration 
and blowing, the effective value of p* cannot be more negative than —0.032. A 
similar equation is used for v-. 

Figure 11-6 shows an example of a complete velocity profile calculated by 
the mixing-length procedure just described. (Also included is a velocity profile 
calculated by using the k-e model, which will be discussed later.) This is a case 
of constant free-stream velocity, which is easy for most models to handle, but it 
is worth noting that the “wake” is quite well reproduced by this very simple ver- 
sion of a mixing-length model. 

Figure 11-7 shows the friction coefficient plotted as a function of Res, for 
this model, together with experimental data, and also Eq. (11-23). Note that the 
mixing-length model (and also the k-e model) predicts this case very well, but 
that Eq. (11-23) tends to underpredict c;/2 at the higher Reynolds numbers. The 
reasons for this were discussed earlier. 

Figure 11-8 shows a prediction of c-/2 for an accelerating flow. Here 
again the mixing-length model fares rather well, and it is likewise quite ade- 
quate for blowing and suction, and strong acceleration. Where it fares less well 
is for adverse pressure gradients (as shown in Fig. 11-9) and for strongly non- 
equilibrium boundary layers, a topic that will be discussed later (as shown in 
Fig. 11-10). 
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Figure 11-7 Friction coefficient for constant free-stream velocity (data of 
Wieghardt IDENT 1400). 
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Figure 11-8 Friction coefficient for an accelerating flow. Accelerating flow 
IDENT 2800. 
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Figure 11-9 Friction coefficient for an adverse pressure gradient. 
Equilibrium decelerating flow IDENT 2600. 
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Figure 11-10 Friction coefficient for a strongly nonequilibrium 
boundary layer (constant free-stream velocity following 

an adverse pressure gradient). Bradshaw relaxing flow 

IDENT 2400. 
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_ A MODEL BASED ON THE TURBULENCE 
KINETIC ENERGY EQUATION 


Some of the limitations of the mixing-length model of turbulence were noted in 
the last section. Although the mixing-length model seems quite adequate for ac- 
celerating flows, and it also seems adequate for blowing and suction (although 
this has not yet been examined), its limitations begin to show up when decelerat- 
ing flows (adverse pressure gradients) are considered, and it becomes quite evi- 
H dent that it has serious limitations in nonequilibrium situations. An example of a 
/ nonequilibrium flow was shown in Fig. 11-10. In that case an adverse-pressure- 
gradient flow, where the velocity profile has a large wake, is followed by con- 
stant free-stream velocity. The level of turbulence in the outer part of the bound- 
ary layer is very much greater than it would be for a constant free-stream 
velocity, and the boundary layer in the constant free-stream section is rather 
slow to respond to this change of boundary conditions; the mixing-length model 
provides no provision for this possibility. The result is a considerable under- 
prediction of the friction coefficient. The mixing-length model also contains no 
simple way to account for the effects of free-strearn turbulence. 

When heat and mass transfer are considered, situations may be encountered 
where there is a substantial level of turbulence but no gradient in the mean ve- 
locity profile. The mixing-length model would predict zero eddy diffusivity, 
which is obviously incorrect. An example of this possibility would be the region 
near the centerline of a duct where the velocity gradient is zero or near zero. The 
eddy diffusivity in this region can be quite substantial, which would have little 
effect on velocity-profile calculations, but could have very substantial effects on 
heat-transfer calculations if the duct were heated asymmetrically. 

The difficulty is that it is only for a few relatively simple cases that the 
mixing length is a function of distance from the wall and/or boundary-layer 
thickness. 

However, a model based on the kinetic energy of turbulence offers a possi- 
bility for predicting the eddy diffusivity under conditions such as those described, 
because it seems plausible that there is a relationship between eddy diffusivity 
and turbulence kinetic energy. Furthermore, Eq. (6-40), developed in Chap. 6, 
shows that the turbulence kinetic energy is a quantity that is produced and decays 
in the boundary layer, but that also diffuses across the boundary layer in much the 
same manner as heat. And, in fact, it seems to have some of the very characteris- 
tics that would be necessary to account for the apparent behavior of the eddy dif- 
fusivity in the examples cited above. 

If the fluid density is treated as constant, the turbulence kinetic energy equa- 
tion for the boundary layer, Eq. (6-40), becomes ° 
A WC GOO, ieee re ey Sora Olin OS 
rae => (k + PT pH | + ( ike ( ) 
The terms on the left-hand side are analogous to similar terms found in the 
momentum equation and the energy equation in that they represent convection 
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of turbulence kinetic energy. The first term on the right-hand side is diffusional 
in nature, because of both molecular and turbulent motion. The second term on 
the right-hand side accounts for the production of turbulence kinetic energy, 
while the third represents the dissipation of that energy into thermal energy 
through the action of viscosity. 

Note that the equation tells us that it requires turbulence to produce turbu- 
lence, and that turbulence is produced:only when there is a gradient in the mean 
velocity. The equation further implies that viscosity continually acts to decay the 
turbulent motion regardless of whether turbulence is being produced. The con- 
vection and diffusion terms act to transport the turbulence into regions where it 
is not being produced. 

Equation (11-28) is valid only in the region where turbulence is fully devel- 
oped. It is not applicable in the sublayer region, where viscous forces predominate. 

We will now introduce some simplifications into Eq. (11-28). First the defi- 
nition of eddy diffusivity, Eq. (11-2), provides a way of evaluating u’v’. Next the 
similarity of the term (k’ + P’/p)v’ to the molecular term suggests that an eddy 
diffusivity for the turbulent transport of turbulent kinetic energy be defined: 


P’ ak 
(« oe =) yl =e — (11-29) 


With these substitutions, Eq. (11-28) becomes 
(ok, ak a ) 4 ay ok ah du \? ef a8 
u— +vu— = — | (v — -—]} —-e - 
Ox dy dy dy M dy 


To help develop a relationship between eddy diffusivity and the turbulence 
kinetic energy, we consider dimensional analysis of the model for mixing length, 


Eq. (11-6) 
lou 
= bint : (1-1 ae ) 


dy 
For this choice for the decomposition we can observe that the eddy diffusivity for 
momentum is the product of a length scale and a velocity scale. On the basis of 
this idea, the following model is proposed: 


du 


= |? 
EM ay 


ey Ona E (11-31) 


Here the length scale J, can be interpreted as a scale associated with the size of 
the turbulent eddies. Information on this scale will have to be supplied, as with 
the mixing length, and the constant a will have to be interpreted. Note that in the 
mixing-length model the constant is absorbed in the definition of J,,_;. The 
velocity scale Vk will be computed directly from the turbulence kinetic energy 
equation. 

To use Eq. (11-30) we observe that we will also need models for ¢; and €. 
First we consider the dissipation ¢ because it reflects the behavior of k both 
within the boundary layer and in the free stream. If we consider first the free 
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| i stream, the form of Eq. (11-30) reduces to 


( Using this equation, we again invoke dimensional analysis, and we observe that 


é can be formed purely from velocity and length scales. Thus we propose a 


i) model for the dissipation: 


ine (vi)? ae (11-32) 


l, 


" Once again, the velocity scale is chosen to be Vk, and the corresponding length 
_ scale is a dissipation length scale, /,. From turbulence measurements in the free 
i) stream, we know that k decays in the flow direction and the corresponding length 
3 scale of the turbulent eddies in the free stream becomes larger. The constant of 
% proportionality for the model is Cp. 


Recall that a primary reason for selecting a turbulence kinetic energy equa- 


i tion model over the Prandtl mixing-length model is to account for the effects of 


free-stream turbulence on the eddy diffusivity for momentum within the bound- 


i ary layer. Within the boundary layer, especially near the wall, we will expect 
' both models to have similar behavior, because within this region the production 
«© of turbulence will be expected to dominate. Now let us examine the region near 

the wall, but outside of the sublayer, where the law of the wall, Eq. (11-16), is 
* applicable. For a flat-plate (zero pressure gradient) turbulent boundary layer in 
b this region, experimental results show that the wall shear stress is constant, 
} t =1,; the effects of the laminar shear stress is negligible such that v < €,,; and 
| a is a function of y alone. Measurements of k in this region show it to be some- 


what constant, and the ratio of turbulence kinetic energy to turbulent shear stress, 


) k/u’v’, is also nearly constant. With this information, Eq. (11-30) reduces to 


au \? 
seg (=) -e (11-33) 
dy 


This reduced form of the turbulence kinetic energy equation is often interpreted 
as stating that in the region where the law of the wall is valid (the log region) a 
local equilibrium exists such that the production of k is balanced by the dissipa- 
tion of k. We can now work with this reduced form (production = dissipation) to 
gain further insight into the model constant Cp. To do so, we first need an ex- 
pression for the velocity gradient in the law of the wall region using ideas simi- 
lar to what was needed to develop Eq. (11-16). 

In the fully turbulent region, Eq. (11-9), converted to wall coordinates, and 
with v < &,,, becomes 


See eat 1 EM du* | ey dut 
aay dyt v dyt 
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Equation (11-13) for the flat-plate turbulent boundary layer is reduced to 


These two equations combine to give 


du* al 1 


dy+ — ey/v em /v 
or, in terms of physical coordinates 


2 


duu, 


dy em 
Using this expression for the velocity gradient and using Eq. (11-32) for the dis- 
sipation, Eq. (11-33) becomes 
is 73/2 


Em ts 


If we convert k to the inner-layer wall-coordinate form 
anes 
ur 


and use Eq. (11-31) for the eddy diffusivity for momentum, we find the relation- 
ship between a and Cp: 


It is generally assumed that in the log region the length scales for production 
(relating to /,) and dissipation (relating to /,) are similar, and the expression for 
Cp reduces to 


> 


half Ae N 
ODS = (11-34) 


Turbulent boundary layer experimental data for zero-pressure-gradient flows 
show k* to be in the range of about 3-5 in the region where production balances 
dissipation. If we absorb the constant a into J, as is done in the mixing-length 
model, a = 1, and let kt be 3.33 we obtain Cp = 0.09. 

We now need to relate /, to /,,;, the traditional mixing length. Once again 
we examine the relationship between production and dissipation of turbulence 
kinetic energy, Eq. (11-33), and we substitute the dissipation model for the dissi- 
pation term (Eq. 11-32), obtaining 


& ; all 
éE — = 
M ay D i, 
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For the log region, the velocity gradient is replaced by that derived from the law 


of the wall, 
2\2 73/2 
Em UE 


Now we substitute the mixing-length model for the eddy diffusivity for momen- 
tum (Eq. 11-6), and we obtain 


. . 
[AP Soe ON AS | 
(lm—1) (=) D i, 


fis =o (4) =Cp(Vkr) 


Rearranging, we obtain, 


T 


Inserting Eq. (11-34) for Cp, along with a = 1 and the approximation of I, = /,, 
yields the relationship between /; and J,,_/, 
l 
a = c\i4 (11-35) 
m—I 
The final form of Eq. (11-31) for the turbulence kinetic energy model of eddy dif- 
fusivity for momentum is now complete. The eddy diffusivity model becomes 


em = Cl Ig k= 0.548ly Vk (11-36) 
and the dissipation model becomes 
<3 = 4 
(VRP 8? ier (11-37) 
&=Cp- = — = 0.164 
at pean ¢ Lat lm=t 


Any adjustment to this model to further establish the validity of the model will 
focus on Cp, relating to the value of k* in the log region and the balance between 
production and dissipation. 

To complete the model, we need to be able to evaluate ¢,, the eddy diffusiv- 
ity for turbulence kinetic energy transport. If we assume that a direct relationship 
probably exists between e, and €y, we can define a turbulence Schmidt number 
Sc;,, and treat it as an experimental constant; 1.e., 


Sc, = Em /Ex (11-38) 


To use this model, it is necessary to solve Eq. (11-30) simultaneously with 
the momentum equation, so there is an additional partial differential equation to 
deal with; however, this is not difficult to do on a computer when performing 
numerical calculations, because the two equations have similar structures. 

It is also necessary to provide some kind of independent solution for the sub- 
layer region, where this model is not valid. We assume that the sublayer is not 
affected by variations in k in the outer region; i.e., the sublayer comes to equi- 
librium with the imposed boundary conditions more quickly than does the outer 
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region. The mixing-length model can then be used to solve the momentum equa- 
tion through the sublayer and for some predetermined distance into the logarith- 
mic region. At this point, which can be arbitrarily chosen, éy is established from 
the mixing-length solution, and then Eq. (11-36) can be used to determine k at 
this point. Equation (11-30) is then solved from this point outwards using the 
calculated value of & as its inner boundary condition. This procedure is called a 
two-layer model procedure. 

The boundary condition on k at the otiter edge of the boundary layer is either 0 
or whatever is specified as the free-stream value of k. Traditionally this value 
comes from measurement of the flow-direction fluctuation in u.,, which is nor- 
malized and cailed flow-direction turbulence intensity, 

"nD 


Ux, 


Toe= t= 
Uoo 
and then converted to turbulence kinetic energy with the assumption that the 
fluctuations are isotropic, namely the same in the two coordinate directions per- 
pendicular to the flow direction. Thus the free-stream turbulence kinetic energy 
becomes 


3 
Koo = 5 (TU Hoo)” 


Values for Tu are traditionally reported in percentage, and they can range from so- 
called low values near 1 percent, associated with “quiet” experimental wind- 
tunnel facilities, and upward to 20 percent or more, associated with products of 
combustion. Tu either is treated as frozen, that is, unchanging, or is permitted to 
change in the flow direction, following the physics of the turbulence decay process. 

The unsatisfactory aspect of this model is the necessity to provide an empir- 
ical algebraic equation for the length scale, since one would expect the length 
scale to be affected by the very same influences that cause k to depart from 
its equilibrium values. It is feasible to develop a differential equation for the 
length scale (actually the product k/;,) similar in form to the equation for k (see, 
for example, Ref. 6), and the solution of such an equation simultaneously with 
Eq. (11-30) would in principle provide a more satisfactory model. However, 
a differential equation for the dissipation rate e can also be developed (see 
Chap. 6), and the dissipation rate equation, together with Eq. (11-30), has been 
found to provide a more satisfactory model. This two-equation model, which is 
usually aes to as the k-e model, was apparently first propesed by Harlow 
and Nakayama,’ and first popularized . Jones and Launder.* This model is the 
subject of the next section. 


THE k-e MODEL 


A transport equation for the dissipation rate e¢ was introduced in Chap. 6. 
Although this equation is significantly more complex than the k equation, its 
modeling proceeds in an almost identical manner. Two modeling issues must be 
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addressed, namely the diffusion terms and the source and sink terms, i.e., the 
production and dissipation of ¢. In the set of diffusion terms 7, + I, + D,, the 
pair T, + TI, are modeled by using the same eddy diffusivity concept as that 
leading to Eq. (11-29), and D, is modeled as a molecular-gradient diffusion term. 
The set P.-€, is modeled by using dimensional analysis and the requirements 
that it reflect production of ¢ proportional to the production of k, and dissipation 
of € that follows the trend of the decay of grid-generated turbulence as observed 
experimentally. With these models, the boundary-layer form of the dissipation 
equation (5-42) becomes, for the case of constant fluid properties, 


pilings 98 ach 9 leg opt Mrlano gall tu Via, goes labors 295 
case: y ae UAT ROS) rm a tO ee rai a a 
Ox dy dy ay 7. r dy ik af ) 


The eddy diffusivity for the turbulent transport of €, ¢,, can be assumed to 
be related to the eddy diffusivity for momentum, ¢y, so we will define a turbu- 
lent Schmidt number for the transport of dissipation rate: 


Sc, = €y/€- (11-40) 


The hope here, of course, is that Sc, can be treated as an experimentally deter- 
mined constant. 

To use this model, let us return to Eqs. (11-31) and (11-37). If these are each 
solved for /, and then combined to eliminate /,, we obtain an equation for €y in 
terms of k and ¢ (the constants have been combined into a new constant C,,): 


eye Cyk>/e (11-41) 


Thus if we have a solution to both the k equation (11-30) and the ¢ equa- 
tion (11-39), we can determine ¢y,. A set of constants recommended by Jones and 
Launder® after examination of a considerable body of experimental data is 


Ces).09. C4,=5 1:44, Co == 11.92 
Sepia lO} Ses ies: 


Once more, this equation is valid only outside of the sublayer. The sublayer 
region can be calculated using mixing-length theory, and then the value of € at 
the point at which it is desired to patch the inner and outer regions together can 
be determined from Eq. (11-41). In other words, the wall region is handled in the 
same manner as described for the k equation. The boundary condition on ¢ at the 
outer edge of the boundary layer is determined by using a value specified from 
what is known about the free stream, or, if the free-stream turbulence is specified 
as zero, an adequate procedure is to assume that the gradient of € with respect 
to y is zero. Note that if the free-stream turbulence kinetic energy and the length 
scale for the free-stream turbulence are known, a boundary value for ¢ can be 
evaluated from Eq. (11-37). 

The k-¢ model thus involves simultaneous solution of the momentum equa- 
tion, continuity equation, k equation, and ¢ equation. Since these equations ail 
have the same general structure, their simultaneous solution by numerical methods 
does not add greatly to the complexity and time required for solution. 
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Numerous proposals have been made to extend the k and € equations all the » 


way to the wall. This has generally involved adding additional terms to the right- 
hand sides of Eqs. (11-30) and (11-39), together with additional experimental 
constants. However, it is not at present clear which proposal is definitive. In the 
meantime, using mixing-length theory for the sublayer, or simply using an alge- 
braic equation such as the law of the wall, is adequate for many applications. The 
use of an algebraic equation is often referred to as “using a wall function.” 
Some examples of use of the kK-e model are shown in Figs. 11-6 to 11-10. 
Figure 11-6 shows a comparison of a velocity profile, as predicted by the k—e 
model, with experiment for the case of constant free-stream velocity. Note that 
the model does predict a wake, although it does not fit the experimental data 
quite as well as the mixing-length model. The prediction for the friction coeffi- 
cient, Fig. 11-7, for the same case is virtually identical to the results from the 
‘mixing-length model. Figure 11-8 shows friction-coefficient results for an accel- 
erating flow. The mixing-length model appears to give slightly better results than 
the k—e model, but the differences are smali. Where the k—e model appears to be 
jan improvement is shown in Figs. 11-9 and 11-10. Figure 11-9 shows the case of 
an adverse pressure gradient (decelerating flow), while Fig. 11-9 shows a non- 
‘equilibrium case produced by following an adverse pressure gradient with a 
constant free-stream velocity section. In both cases the mixing-length model 
underpredicts the friction coefficient while the k-¢ model comes considerably 
closer to the data. 


EQUILIBRIUM TURBULENT BOUNDARY LAYERS 


In the preceding sections reference has been made to equilibrium boundary 
layers without precisely defining what the term implies. In the study of laminar 
boundary layers it was found that significant simplifications occurred when 
attention was confined to certain classes of flows, in particular to those flows that 
led to similarity solutions and geometrically similar velocity profiles. 

In the study of turbulent boundary layers it would be convenient to be able to 
define some kind of similarity that would lead to a classifiable group of flows. The 
problem is not quite so straightforward as for laminar boundary layers. In our dis- 
cussion of the law of the wall we observed a type of similarity in the inner region 
in (u*, y*) coordinates, but in that coordinate system the outer region is not sclf- 
similar, as can be seen when the two velocity profiles shown in Fig. 11-3 are com- 
pared. We are now going to seek a family of flows having outer-region similarity, 
even if we have to sacrifice inner-region similarity in order to define such flows. 

Clauser’ proposed that turbulent boundary layers having outer-region simi- 
larity be called equilibrium boundary layers, and that an equilibrium boundary 
layer be one for which the velocity profiles plotted in velocity defect coordinates 
be universal, i.e., 
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Figure 11-11 Defect profiles for an adverse pressure gradient, transpired 
turbulent boundary layer (data of Andersen et al.'). 


where this function is independent of position along the surface, and where 


ie) Ti — 

a= - | nadia 6 (11-42) 
0 Uz 

Figure 11-11 shows a plot of three velocity profiles for a typical equilibrium 

boundary layer. (Actually, this one is an adverse-pressure-gradient boundary 


layer with blowing.) 
Clauser also proposed a shape factor that would be a constant, independent 


of x, under these conditions: 


oo - pL 
ony (==) a(2) (11-43) 
0 ur 53 


It is now instructive to examine the momentum integral equation, which can 
be put in the following form (for p constant): 


d(uz,5o) 


Ts 
Bt B+) (11-44) 
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Us/Ugg,  PUsUgo 


where By = ——— = , ablowing or transpiration parameter 
Cr if 2 Ts 
5, dP ; 
fp = ——.,  apressure-gradient parameter 
ie 15% 


B, is really the same “blowing parameter” that we encountered in connec- 
tion with the laminar similarity solutions; i.e., the parameter that had to be main- 
tained constant (recall that c,/2 varies as Re, / > for laminar boundary layers). 
But its physical interpretation can be seen in the second term. It is the ratio of the 
transpired momentum flux to the wall shear force, and thus it is this ratio that is 
being maintained constant when the laminar similarity solutions for blowing or 
suction are obtained. 

B is another force ratio, of axial pressure force to wall shear force. Note that 
the overall equation expresses the rate of growth of the momentum deficit of the 
boundary layer. 

B is related to some of the other parameters that we have discussed: 


B = p*H Res, (c,/2)'” 


We find experimentally that if for a turbulent boundary layer By or B or both 
are constant, we also observe outer-region similarity and G is constant. As a mat- 
ter of fact, we find that G is a unique function of By + B, as can be seen from the 
experimental data plotted on Fig. 11-12—data that include a variety of combina- 
tions of By and p. 

Finally, the question remains as to how free-stream velocity or axial pressure- 
gradient must vary in order to maintain constant 6. For a laminar boundary layer 
it was found that similarity solutions were obtained if 


ya hme Cs lt 


Not too surprisingly, the same free-stream velocity variation for a turbulent bound- 
ary layer leads to constant G, that is, to equilibrium boundary layers having outer 
region similarity. 

Another rather special case of equilibrium boundary layers occurs in accel- 
erating flows if an acceleration parameter K is maintained constant along the 
surface: 4 


Vv dus 
) ae ih gas (11-45) 
Note that K is related to the inner-region pressure-gradient parameter p* by 
ier eee 
wiGnata 
Using this parameter K, the momentum integral equation (for plane flows and 
constant density) may be written as 


1 BRO Tee Ra LR 
Lote de oe ae (1 + H) Re;, (11-46) 
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Figure 11-12 Clauser shape factor for a variety of equilibrium 
turbulent boundary layers, no pressure gradient with and without 
transpiration, and various adverse pressure.gradients with and 
without transpiration (data of Andersen et al. bye 


If K and v, /u.. are maintained constant with respect to x, if K is positive, and 
if the last two terms sum to a negative number, then the boundary layer inevitably 
approaches an equilibrium condition for which Re;, is constant. We speak of this 
as an asymptotic accelerating flow (it is also called a sink flow). Actually, it is a 
boundary layer that has both inner and outer similarity; not only is Res, constant, 
but so also are c¢/2, H, G, and B. 

Note that for K = 0 an asymptotic layer will be reached for negative values 
of v,/U 9, that is, constant suction. This is spoken of as an asymptotic suction 
layer. 

If v,/Uoo = 0, the value of Res, at the point of equilibrium depends on K, 
large values of K leading to low Re;,. Note that Res, can decrease in the flow 
direction if K is large. If K is sufficiently large, the equilibrium value of Res, 
can be below the critical Reynolds number for transition from a laminar to a 
turbulent boundary Jayer, in which case turbulence production ceases, the turbu- 
lence decays, and a laminar boundary layer reemerges. Experimentally, this phe- 
nomenon, which is often called laminarization, occurs when K exceeds about 
3 x 107°, although “Jaminar-like” heat-transfer behavior is observed at consid- 
erably lower values of K . This phenomenon is frequently seen in highly acceler- 
ated flows in nozzles. 
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As can be seen from the relation following Eq. (11-45), a large value of K 
is accompanied by a large negative value of pt. Referring now to Eq. (11-26) 
for the effective sublayer thickness A‘, a large negative value of p* causes At 
to increase; i.e., the viscous sublayer becomes thicker. At approximately 
K =3 x 10~°, A+ becomes indefinitely large, which means that the viscous 
sublayer overwhelms the entire boundary layer, all turbulence production ceases, 
and the boundary layer becomes laminar. So this is another way to explain 
laminarization. ° 


THE TRANSPIRED TURBULENT BOUNDARY LAYER 


So far we have discussed only turbulent boundary layers for which the normal 
component of velocity v, is zero, i.e., the case of the impermeable wall. Nonzero 
values of v, can occur if the wall is porous and fluid is “blown” or injected into 
the boundary layer, or is withdrawn or “sucked.” Evaporation or condensation or 
mass transfer in general lead to nonzero values of v,. We use the term transpira- 
tion, or the transpired boundary layer, as a general description interchangeably 
with blowing, suction, mass transfer at the surface, etc. 

For laminar boundary layers it was found that similarity solutions exist for 
nonzero values of v, provided that a blowing parameter, essentially By, is main- 
tained constant. We have already noted that constant B; results in an equilibrium 
turbulent boundary layer. 

Transpiration alters the structure of the turbulent boundary layer rather con- 
siderably, affecting the shear-stress distribution [see Eq. (11-13)], and also 
strongly affecting the sublayer thickness At [see Eq. (11-26)]. The transpired 
boundary layer can be calculated quite adequately by finite-difference techniques 
using the mixing-length model discussed earlier. It is found that both « and A are 
essentially unchanged, so one only need account for the effect of transpiration 
on A*. Alternatively, the k-e model can be used, but since the primary effect of 
transpiration is in the sublayer, and the k-e model described here is valid only in 
the outer region, it is still A* that provides the critical information. It is also quite 
possible to develop a transpiration law of the wall comparable to Eq. (11-16) but 
with an additional log-squared term. 

Figure 11-13 shows two typical velocity profiles, in wall coordinates, for a 
turbulent boundary layer with strong blowing and one with strong suction. Two 
things are worthy of note. First, in both cases there is definitely a “logarithmic” 
region Close to the wall (a region that yields a straight line on semi-logarithmic 
coordinates), but it departs significantly from the law of the wall, Eq. (11-16). 
Second, the wake is very large for the blowing case and resembles the wake for 
an adverse pressure gradient; see Fig. 11-4. Suction has the opposite effects, and 
the wake completely disappears under strong suction conditions, like the wake 
for a favorable pressure gradient. 

As an alternative to complete solution to the momentum partial differential 
equation, approximate closed-form algebraic solutions can be developed that are 
extremely useful and provide quick and easy ways to obtain engineering answers 
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Figure 11-13 The effect of transpiration on velocity profiles, constant free- 
stream velocity (data of Andersen'® and Simpson’). 


that are frequently quite adequate. The following Couette flow solution is rather 
crude theoretically, but has the virtue of fitting the experimental data surpris- 
ingly well. 
Consider Eg. (11-3) under the conditions of no pressure gradient, and apply 
the Couette flow approximation: 
due d (es sa u 
= = 
dy dy w dy 
Let the boundary conditions be 


w= 0; i = »() at y= 0 
dy/, 


b= Us; aty=6 


Integrating once and applying the first boundary condition, we get 


"ie 
vu = (v +Héy)— -— = 
dy 


Rearranging, and integrating across the boundary layer gives 
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that is, 


Ss 


1 Bikes 
= in(1 4 eP p 
Us 


But note that 
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This equation is indeterminate for By = 0, but 
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lim. —-————— 
Br—0 By 
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where subscript 0 refers to the By = 0 case. 
Then if we make the assumption (obviously not proved) that the two inte- 
grals are independent of By, dividing the two equations yields 


“2 _ +B) 
(c¢/2)o “ By 


We find that this is an excellent representation of the available experimental 
data for the no-pressure-gradient case if (cf/2)o is evaluated at the same 
x-Reynolds number. Thus we can use Eq. (11-23) to obtain 


= LAS 


So, 


(11-47) 
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By use of the momentum integral equation, this result can also be expressed 
as a function of the momentum thickness Reynolds number: 


Ind B 1.25 
ss = 0.0125 i=! = aan ad (1+ By) Reso (11-49) 
; : 


Experimental data indicate that the function (c¢/2)/(cy/2)o implied by 
Eq. (11-49) applies equally well in pressure gradients if the comparison is made 
at the same value of Re;,. (Experimental data supporting this point will be 
presented later in connection with the corresponding heat-transfer problem.) 
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Furthermore, although the experiments for which these relations have been es- 
tablished were generally carried out at constant By (i.e., equilibrium boundary 
layers), it is found that they hold quite well if B; varies along the surface, as, for 
example, when v;/.. is held constant rather than By. This is simply because the 
viscous sublayer and the inner region of the turbulent boundary layer come into 
“equilibrium” very quickly. 

Because we have specified a constant-density fluid throughout this discus- 
sion, density canceled out of the defining equation for B;, leaving a velocity ratio 
Us/Ueo. If the numerator and denominator are multiplied by p, this becomes a 
mass-flux ratio, and it is really mass flux rather than velocity that is responsible 
for the phenomena observed. Since many applications, especially to gases, in- 
volve significant density differences across the boundary layer, a preferred defi- 
nition for By is 
Ti m'/Goo 

Cf / 2 


where m” is the mass flux at the wall surface and G,, is the free-stream mass 
flux; that is Goo = UoPoo- (Note that m”/G. is also denoted by F.) 
Another “blowing parameter” frequently used is 


yt hae 
5/20 
From Eq. (11-47) we then find that by = In (1 + By), and then 


(ce/2). 9 bg 
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It is frequently more convenient to use by than By in the evaluation of c, 
because of the implicit nature of such an equation as Eq. (11-48). However, 
Eq. (11-50) is valid only when u,, is a constant. 

Two limits to the transpired boundary layer should be pointed out. One, the 
asymptotic suction layer, was described in the discussion of equilibrium bound- 
ary layers. From Eq. (11-46), for K = 0, a constant negative value of u;/u (or 
m” /Goo) leads to constant Res,, and then 


cp/2 = —mh" | Goo 


The second limit occurs at large values of blowing, where the friction coef- 
ficient tends to zero and the boundary layer is literally blown off the wall surface, 
an occurrence similar to the separation of a boundary layer in an adverse pressure 
gradient. Two commonly used rules of thumb for “blow-off” are m"/G.. = 0.01 
and by = 4 }. 


THE EFFECTS OF SURFACE ROUGHNESS 


In ail of the preceding discussion of the turbulent boundary layer, it has been as- 
sumed that the surface is aerodynamically smooth, without defining what that 
term implies. At this point it is appropriate to discuss a rational definition of 
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roughness, so as to establish the limits of the theory already presented, and then 
to describe some of the effects of roughness. 

Surface roughness can take on many shapes. The name of Nikuradse’” is in- 
delibly associated with the rational analysis of rough surfaces as a result of his 
experiments with turbulent flow in pipes that were artificially roughened with 
uniform grains of sand. Schlichting’? introduced the concept of equivalent sand- 
grain roughness as a means of characterizing other types of roughness elements 
by referring to the equivalent net effect produced by Nikuradse’s experiments. 
We will use the symbol k,, a length dimension, to describe roughness element 
size, k, being actually the size of sieve used by Nikuradse to sift the sand. 

The effect of roughness on a turbulent boundary layer is primarily right at 
the wall, and thus a nondimensional expression of a roughness size is logically 
based on the shear velocity u,. This leads to a roughness Reynolds sesigtin Re, 
as a nondimensional measure of surface roughness: 


Reo= uk, /v 


Three regimes can be identified from the experimental data in terms of val- 
ues of Re,. For Re, < 5.0 the surface behaves as perfectly smooth (aerodynam- 
ically smooth). For 5.0 < Re, < 70.0 there is an increasing effect of roughness, 
but some of the smooth-surface characteristics persist, and this is called the range 
of transitional roughness. The range Re, > 70.0 is the regime of a fully rough 
surface. A basic characteristic of the latter is that the friction coefficient cy be- 
comes independent of Reynolds number, which essentially means that viscosity 
is no longer a significant variable. 

A mixing-length model can be readily developed for the fully rough region. 
The first effect of roughness is to destabilize the viscous sublayer, which results 
in an effectively thinner sublayer. At about Re, = 70 the sublayer disappears 
entirely, which accounts for the fact that viscosity is no longer a significant vari- 
able. But this also means that the shear stress must be transmitted to the wall by 
some mechanism other than viscous shear. This-different mechanism is quite 
obviously pressure drag directly on the roughness elements, i.e., a result of im- 
pact or dynamic pressure on the upstream side of each element. 

If the Prandtl mixing-length scheme is used, it is apparent that Eq. (11-7) is 
no longer valid at the wall surface, because /, and thus €y, cannot go to zero at 
the wall, for otherwise there is no mechanism for transferring the shear stress to 
the wall. The eddy diffusivity and mixing length must apparently be finite at 
y = 0 for a fully rough surface. This fact can be readily modeled by a near-wall 
mixing-length equation 


l=K(y +dyy) (11-51) 
where dy, might be expected to be proportional to k, (actually, dy, turns out to be 
considerably smaller than k,). 

If we use wall coordinates, the nondimensional form of dy, is then 


by, Uy 
KOVya ye am (11-52) 
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Experimentally it is found that, approximately, 
(dy,)* = 0.031 Re; (11-53) 
To develop a law of the wall for the fully rough region, we go back to the de- 
velopment leading to Eq. (11-16) and simply replace / = ky with Eq. (11-51). 
This then leads to 
du*..- 1 
dy+ — klyt + (@y,)*] 
Since there is no sublayer in the fully rough region, the lower limit of integration 
for this differential equation is at y+ = 0: 


+ + 


u 1/2 +f 
if Ghee -| J: aoe 
0 Iai eee Oye 
that is, 
1 yt 
ee | 1 (i1- 
We then substitute Eq. (11-53): 
i 32.6yt 
ie x in( Josue i) (11-55) 
K Re; 


For y* > Re, the last term in the parentheses can be neglected and a simpler 
form results: 
ee ee ne (11-56) 
K Kale; 
This equation fits the available experimental data in the fuily rough region for 
zero pressure gradient and no transpiration quite well, using « = 0.41." 

An approximate expression for the friction coefficient under the saine con- 
ditions can be readily developed from Eq. (11-56). Recall that it was noted in 
connection with Eq. (11-16) that at the outer edge of the boundary layer, for the 
case of zero pressure gradient and no transpiration, u* is always greater than the 
law of the wall by an additive 2.3. Assuming that the same wake effect obtains 
for a rough-surface boundary layer, Eq. (11-56) can be modified to yield the 
value of u* at the outer edge of the boundary layer: 


] Ou, 1 32.6 
n + n 


Then noting that 


ae thee I 
Ue =e —— 
a ihe Wi LZ 
we obtain 
1 1. 846 
— In 
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Eq. (11-57) 
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Figure 11-14 Comparison of Eq. (11-57), and the mixing-length model, with 
experimental data of Pimenta!* for a rough surface composed of packed balls at | 
constant free-stream velocity IDENT 71374 fully rough surface, 1.27 mm 
spheres, k; = 0.787 mm.) 


Then if 53/5 = 0.097 still applies, which is a reasonable assumption, : 
?) [In (8646,/k,)]? 


Note that cy depends only on boundary-layer thickness and the roughness 
size, and is independent of viscosity and velocity. Figure 11-14 shows a compar- 
ison of Eq. (11-57) with experiment. To express cy /2 as a function of distance x 
along a surface, the momentum integral equation can be used. 

Of course the comparison with theory in Fig. 11-14 demonstrates only that k, 
is a constant, since the value of k, used was in fact determined to fit the data. A 
more convincing demonstration is shown in Fig. 11-15 where a complete veloc- 
ity profile is shown and compared with Eq. (11-56). Note that the effect of rough- 
ness is to move the u*—y* curve downward, although it retains its original slope. 

This model can be readily adapted to complete solution of the momentum 
differential equation of the boundary layer using finite-difference techniques. 
Referring to the earlier section of this chapter entitled “Summary of a Complete 
Mixing-Length Theory” it is only necessary to include Eqs. (11-51) and (11-53), 
and then modify the At function, Eq. (11-26), to account for the reduction of At 
caused by surface roughness.’ Examples of such calculations are shown on both 
Figs. 11-14 and 11-15. The results are virtually identical to those provided by the 
more approximate thecry, except that now the wake is reproduced, and of course 
other boundary conditions can be easily introduced. 


"For this type of calculation Eq. (11-53) is better approximated by (6y,)+ = 0.031(Re; — 43) 
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Law of the wall 


Mixing-length 
ur model 


Eq. (11-56) 


10 100 1000 10,000 


Figure 11-15 Comparison of theory with experiment for a velocity profile for a fully 
rough surface (data from IDENT 71374, packed spheres, 1.27 mm diameter, 
k, = 0.787; air, constant u = 39.82 m/s, Res, = 11,509, Rez = 101). 


A reasonably adequate procedure for the transitional roughness regime is to 
let A* vary from its smooth-surface value at Re, = 5 to zero at Re, = 70. In the 
absence of other information, a linear variation will usually suffice. 

Blowing and suction also affect the way in which a surface responds to 
roughness. The effective value of Re, is increased by blowing, and it is found 
that the following modification of the definition of Re, provides a reasonable 
way to account for this fact: 


Re, = k, (pu, + 14m") /w 


THE EFFECTS OF AXIAL CURVATURE 


All of the boundary layers considered to this point have been on a flat surface. 
If, in the direction of flow, the surface is either convex or concave, substantial 
changes in the structure of the boundary layer can occur. Figure 11-16 shows 
some examples of the measured friction coefficients for concave and convex sur- 
faces having in both cases a constant radius of curvature of 2.44 m. Convex cur- 
vature causes the friction coefficient to decrease, while concave curvature has the 
opposite effect. 

Convex curvature has a stabilizing effect on the boundary layer, while con- 
cave curvature is destabilizing. One would expect then that the sublayer would 
thicken with convex curvature and thin with concave curvature. While there is 
some evidence that this may be true, the effect is small. What happens to the 
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Figure 11-16 The effect of axial surface curvature on the friction coefficient 
(data of Gibson IDENT 8000/8100; curvature 0.41/m, u = 23 m/s). 


outer part of the boundary layer is much more dramatic. Convex curvature can 
cause a substantial reduction in the eddy diffusivity over the entire outer region. 
Concave curvature causes just the reverse, i.e., an increase in eddy diffusivity 
over the entire outer region. A local nondimensional variable that can be used to 
describe this effect is the curvature Richardson number Ri, defined as follows: 
u |du 
~ RI dy 
where R is the radius of curvature in the flow direction, taken positive for convex 
curvature. 
A fairly good mixing-length model for weak curvature (6/R < 0.05) can be 
constructed by assuming that the effective mixing length at any point in the 
boundary layer can be determined from the following linear function of Ri: 


leg = 1(1 —10Ri) 


Thus convex curvature has the effect of reducing mixing length, and concave 
curvature of increasing it. 

The rather small effect on sublayer thickness can be modeled by the follow- 
ing modification of the At equation: 


1 
sign (1400) 4s 


It is found that upon entering a curved region there is a substantial lag in the 
reduction or augmentation of the mixing length. The following rate equation has 
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been found to provide a reasonable way to approximate this lag, introducing an 
effective value for the radius of curvature. Let C = 1 /R, the curvature, and let 
Cee be the effective value of the curvature. Then 


dCez _ 0.1(C — Cow) 
dx a 599 


where do is the 99 percent boundary-layer thickness. 

If a convex-curved region is followed by a region with no curvature, the 
boundary layer returns to equilibrium rather slowly. Again this effect can be 
modeled by a similar rate equation: 

AC ee _ 800(C — Cz) 


dx Re;, 599 


Figure 11-16 shows examples of friction-coefficient predictions for both 
convex and concave curvature using this mixing-length model. 


THE EFFECTS OF FREE-STREAM TURBULENCE 


It has been assumed in all of the preceding that turbulence in the free stream out- 
side of the boundary layer is negligible. It is customary to describe the intensity 
of turbulence in terms of the root mean square of the velocity fluctuation in 
the flow direction. If the turbulence were isotropic, the velocity components in the 
other directions would be the same, but of course this is not always the case. 
The turbulence intensity can be expressed nondimensionally by normalizing 
with respect to other velocities. If the free-stream mean velocity is used for 
normalization, the turbulence intensity is then defined as 


ly, 
8 ie (11-58) 


Uoo 


The main effect of free-stream turbulence has been found to occur in the 
outer part of the boundary layer, the wake, where free-stream turbulence in- 
creases the eddy diffusivity. The sublayer and the inner part of the logarithmic 
region are generally unaffected, although it seems likely that sufficiently high 
free-stream turbulence would affect the entire boundary layer. 

Figure 11-17 shows three examples of velocity profiles with free-stream tur- 
bulence 0.0, 0.05, and 0.075. There it can be seen rather clearly how the wake is 
depressed at increasingly higher values of Tu, and nearly all of the available ex- 
perimental data show similar behavior. Note that the inner region seems virtually 
unaffected. 

The value of u* at the outer edge of a turbulent boundary layer is always 
equal to 1/,/c;/2, so it is apparent that free-stream turbulence has the effect of 
increasing the friction coefficient. 

At the present time there seems to be no generally agreed correlation for 
the effect of Tu on cr. Some researchers (see, for example, Hancock and 
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Figure 11-17 The effect of free-stream turbulence on velocity profiles; Res, in . 
parentheses (data of Johnson and Johnston’). ) 


Bradshaw’) feel that the enhancement of the friction coefficient is a function of 
both Tu and the scale of the free-stream turbulence. The problem is further com- 
plicated by the fact that free-stream turbulence decays in the flow direction at a 
rate that itself depends upon the scale. This decay can be calculated using the tur- 
bulence energy equation (11-30) and the dissipation equation (11-39). In both 
equations it need only be noted that there are no gradients in the y direction in the 
free stream, so from these we obtain a pair of ordinary differential equations for 
k and e. Then Eq, (11-37) can be used to evaluate a length scale, and in fact a sim- 
ilar procedure is often used to determine a length scale from the measurements 
of the decay of ua, 

The idea that free-stream turbulence effects are a function of both the turbu- 
lence intensity and a length scale suggests that the kK—-e model might provide a 
useful tool for calculating such effects. 

Figure 11-17 shows an example of a k—e calculation. It was assumed that the 
free-stream turbulence was isotropic, so that the turbulent kinetic energy could 
be evaluated from Tu. The value of free-stream ¢ used was based on the experi- 
mental value of a length scale and Eq. (11-37). However, the results were rela- 
tively insensitive to free-stream length scale. If this were generally true, it would 
be fortunate, because estimating the free-stream dissipation rate is a vexing prob- 
lem in design applications. On the other hand, there remains the apparent experi- 
mental evidence that this is indeed an important parameter. Although it appears 
that the K—e model yields reasonable results for Tu < 0.075, it remains to be seen 
whether it is adequate at higher turbulence levels. 
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PROBLEMS 


11-1. 


11-2. 


11-3. 


11-4. 


Using the Van Driest equation for the mixing length in the sublayer, determine 
u* as a function of y* for p+ = 0 and v* = 0 by numerical integration of the 
momentum equation in the region where the Couette flow approximation is 
valid, for A* = 22, 25, and 27, and compare with the experimental data in 
Fig. 11-3. (It is presumed that a programmable computer is used for this 
problem.) 

Develop a law of the wall for a transpired turbulent boundary layer (that is, 
uv; # 0) based on the Prandtl mixing-length theory and a two-layer model of 
the Couette flow region near the wall. Note that you need to develop a new 
relation for both the viscous sublayer and the fully turbulent region, and the 
apparent thickness of the sublayer will be a constant to be determined from 
experiments. 

The table below shows two sets of experimental points for turbulent 
velocity profiles for p* = 0 but v*> # 0. Plot these profiles on semi- 
logarithmic paper and superimpose the equation you have derived for the fully 
turbulent region, determining the apparent sublayer thickness from the best fit 
to the data. Note that there is a “wake,” or outer region, for which your analysis 
does not apply. Finally, plot the apparent sublayer thickness y—, as a function 
of v; and discuss the significance of the results. 


30.6 16.84 35.6 12.33 


50.3 19.37 48.7 13.02 
99.6 23.41 81.7 13.59 
148.9 LIL 150.8 14.24 
247.6 Dg 249.6 14.80 
362.6 34.11 364.8 15.34 
510.6 39.36 496.5 15.87 
724.3 45.13 628.2 16.20 
921.5 47.29 792.8 16.31 
1053.0 47.32 990.4 16.31 


Repeat Prob. 11-2 using the Van Driest equation for the sublayer mixing length 
and numerical integration of the momentum equation. Determine the values 

of A* that best fit the experimental data, and plot these as a function of v;. 

(It is presumed that a programmable computer is used for this problem.) 
Consider constant-property flow along a flat plate with constant uv... Let the 
boundary layer starting at the origin of the plate be laminar, but assume that a 
transition to a turbulent boundary layer takes place abruptly at some prescribed 
critical Reynolds number. Assuming that at the point of transition the 
momentum thickness of the turbulent boundary layer is the same as the laminar 
boundary layer (and this is a point for discussion), calculate the development of 
the turbulent boundary layer and the friction coefficient for the turbulent 
boundary layer. Plot the friction coefficient as a function of Reynolds number 
on log-log paper for transition Reynolds numbers (based on distance from the 
leading edge) of 300,000 and 1,000,000, and compare with the turbulent flow 
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30 cm 45° =< 7 pais : 
oh tine — 36cm 


Figure 11-18 


11-7. 


friction coefficient that would obtain were the boundary layer turbulent from 
the plate origin. On the basis of these results, determine a “virtual origin” of a 
turbulent boundary layer preceded by a laminar boundary layer; that is, the 
turbulent boundary layer will behave as if the boundary layer had been entirely 
a turbulent one starting at the virtual origin. 


Redevelop Eq. (11-21) for the case where density and viscosity are functions 
of x. 


A nuclear rocket nozzle of circular cross section has the geometry shown in 
Fig. 11-18. The working fluid is helium, and the stagnation pressure and 
temperature are 2100 kPa and 2475 K, respectively. Assuming one-dimensional 
isentropic flow, constant specific heats, and a specific heat ratio of 1.67, 
calculate the mass flow rate and the gas pressure, temperature, and density as 
functions of distance along the axis. Then, assuming that a laminar boundary 
layer originates at the corner where the convergence starts, calculate the 
momentum thickness of the boundary layer and the momentum thickness 
Reynolds number as functions of distance along the surface. Assume that a 
transition to a turbulent boundary layer takes place if and when the momentum 
thickness Reynolds number exceeds 162. 

An approximate analysis may be carried out on the assumption of constant 
fluid properties, in which case let the properties be those obtaining at the 
throat. Alternatively, a better approximation can be based on the results of 
Prob. 11-5. In either case it may be assumed that the viscosity varies 
approximately linearly from uw = 5.9 x 10> N - s/m? at 1400 K to 
pt = 8.3 x 10-> N- s/m? at 2500 K. 

Work Prob. 11-6 but let the fluid be air and the stagnation pressure and 
temperature be 2100 kPa and 1275 K, respectively. Calculate the displacement 
thickness of the boundary layer at the throat of the nozzle. Is any correction 

to the mass flow rate warranted on the basis of this latter calculation? 

A gas turbine blade, as illustrated in Fig. 11-19, has the following operating 
conditions: 

Fluid: air 

Stagnation conditions: 


ii Nb pal Sg re tSo 
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Nozzle velocity 366 m/s 


507 m/s blade velocity 


253 m/s 

relative 

to R=0.118 cm 
blade 


Figure 11-19 


Conditions just upstream of the blade: 


P =473.7kPa, 7T=1111K 
V = 253 m/s, G = 376 kg/(s- m’) 


Free-stream conditions along blade surface: 


a 

b 1.40 586 1.31 1052 
c 2.41 635 1.10 988 
d 3.18 620 123 1031 
e 4.19 576 1.31 1056 
fp S21 547 1,34 1068 
g 6.22 537 1.36 Log, 
h 0.25 293 1.52 1122 
i 1.27 317 1.51 1121 
J 229 327 St 1118 
k 3.30 352 1.50 1116 
I 4.32 430 1.45 1100 
m D:33 537: 1.36 1072 


Calculate the momentum thickness and the momentum thickness Reynolds 
number along both surfaces of the blade. Assume that a transition to a turbulent 
boundary. layer takes place when the momentum thickness Reynolds number 
exceeds 162. Describe how the forces acting on the blade could be analyzed 
from the given data. 

The following table is an actual velocity profile measured through a turbulent 
boundary layer on a rough surface made up of 1.27-mm balls packed in a 
dense, regular pattern, There is no pressure gradient or transpiration. The fluid 
is air at 1 atm and 19°C; and ux = 39.7 m/s, 52 = 0.376 cm, Res, = 9974, 
cy /2 = 0.00243. The distance y is measured from the plane of the tops of the 
balls. The objective of this problem is to analyze these data in the framework 
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0.020 12.94 x 0.660 27.38 


0.030 14.08 1.10 31.10 
0.051 15.67 1.61 34.15 
0.081 17.31 22 37.21 
0.127 19.24 2.82 39-31, 
0.191 20.87 3.58 39.68 
0.279 22.68 ‘ 

0.406 24.54 


of the rough-surface theory developed in the text. What is the apparent value of 
k,? Of Re,? What is the roughness regime? What is the apparent value of «? 
How does the wake compare with that of a smooth surface? Do the data 
support the theory? 

The use of the plane of the tops of the balls as the origin for y is purely 
arbitrary. Feel free to move the origin if this will provide a more coherent 
theory. 


TEXSTAN PROBLEMS 


11-10. 


11-11. 


TEXSTAN analysis of the turbulent momentum boundary layer over a flat 
plate with zero pressure gradient: Choose.a starting x-Reynolds number of 
about 2 x 10° (corresponding to a momentum Reynolds number of about 700) 
and pick fluid properties that are appropriate to air, evaluated at a free-stream 
temperature of 300 K. Use constant fluid properties, and note that the energy 
equation does not have to be solved. The geometrical dimensions of the plate 
are 1 m wide (a unit width) by 3.0 m long in the flow direction, corresponding 
to an ending Re, of about 2.9 x 10° (a momentum Reynolds number of about 
5400). Let the velocity boundary condition at the free stream be 15 m/s. The 
initial velocity profile appropriate to the starting x-Reynolds number (a fully 
turbulent boundary layer profile) can be supplied by using the kstart=3 
choice in TEXSTAN. For a turbulence model, choose the mixing-length 
turbulence model with the Van Driest damping function (ktmu=5). 

Calculate the boundary-layer flow and compare the friction coefficient 
results based on x Reynolds number and momentum thickness Reynolds number 
with the results in the text, Eqs. (11-20) and (11-23). Evaluate the virtual origin 
concept as described in Prob. 11-4, and observe whether this affects your ability 
to compare with Eq. (11-23). Calculate the friction coefficient distribution using 
momentum integral Eq. (5-11) and compare with the TEXSTAN calculations. 
Feel free to investigate any other attribute of the boundary-layer flow. For 
example, you can investigate the mixing-length distribution, comparing to 
Fig. 11-2, and the law of the wall, comparing to Fig. 11-5. 

TEXSTAN analysis of the turbulent momentum boundary layer over a flat plate 
with zero pressure gradient: This problem is essentially a repeat of the previous 
problem, but choosing other turbulence models available in TEXSTAN. 

There exists a 1-equation model (ktmu=11) and four 2-equation (k-¢) models 
(ktmu=21,22,23,24). The initial velocity profile appropriate to the starting 


11-12. 
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x-Reynolds number (a fully turbulent boundary layer profile), along with 
turbulence profiles for k (and ¢) can be supplied by using the kstart=3 choice 

in TEXSTAN. Choose an initial free-stream turbulence of 2 percent. Note that 
by setting the corresponding initial free-stream dissipation (for the two-equation 
model) equal to zero, TEXSTAN wiil compute an appropriate value. 

Calculate the boundary-layer flow and compare the friction coefficient 
results based on x Reynolds number and momentum thickness Reynolds 
number with the results in the text, Eqs. (11-20) and (11-23). Calculate the 
friction coefficient distribution using momentum integral Eq. (5-11) and 
compare with the TEXSTAN calculations. Feel free to investigate any other 
attribute of the boundary-layer flow. For example, you can calculate the 
mixing-length model results from the previous problem and compare in a 
manner similar to Fig. 11-7. Likewise you can investigate the law of the wall, 
comparing to Fig. 11-6. 

TEXSTAN analysis of the transitional momentum boundary layer over a flat 
plate with zero pressure gradient: Choose a starting x-Reynolds number of 
about 1000 (corresponding to a momentum Reynolds number of about 20) 

and pick fluid properties that are appropriate to air, evaluated at a free-stream 
temperature of 300 K. Use constant fluid properties, and note that the energy 
equation does not have to be solved. The geometrical dimensions of the plate 
are 1 m wide (a unit width) by 3.0 m long in the flow direction, corresponding 
to an ending Re, of about 2.9 x 10° (a momentum Reynolds number of about 
5400). Let the velocity boundary condition at the free stream be 15 m/s. The 
initial velocity profile appropriate to the starting x-Reynolds number (a laminar 
Blasius boundary-layer profile) can be supplied by using the kstart=4 choice 
in TEXSTAN. For a turbulence model, choose the mixing-length turbulence 
model with the Van Driest damping function (ktmu=5), along with the abrupt 
transition model, corresponding to ktmtr=1 and an appropriate momentum 
Reynolds number for transition, specified by the variable gxx, using the minimal 
value suggested by Eq. (11-1) or a larger value, say 200. Note that this value 
typically depends on the free-stream turbulence level. 

Calculate the boundary-layer flow and compare the friction coefficient 
results based on x Reynolds number and momentum thickness Reynolds 
number with the laminar equations (9-13) and (9-16) and the turbulent 
equations (11-20) and (11-23). Note that, once again, you can evaluate the 
friction coefficient distribution by using momentum integral Eq. (5-11) and 
compare it with the TEXSTAN calculations. Feel free to investigate any other 
attribute of the boundary-layer flow. 
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Turbulent External Boundary 
Layers: Heat Transfer 


sponding momentum boundary layer, the differences being attributable 
primarily to the variety of possible boundary conditions, and to the influ- 
ence of the Prandtl number and the turbulent Prandtl number. However, the only 
new concept and new information required is that of the turbulent Prandtl num- 
ber. This chapter will start by introducing the concept of eddy diffusivity for heat 
transfer, and then the turbulent Prandtl number. The Reynolds analogy will be 
developed as a very much simplified model for the latter. After the available ex- 
perimental evidence for the turbulent Prandtl number has been examined, and 
following the development of a somewhat better model, a thermal law of the wall 
will be developed for a simple thermal boundary layer for air, and for water. This 
then leads to some useful though approximate algebraic solutions. Complete so- 
lutions to the energy differential equation using either the mixing-length or k—e 
models of turbulence developed in Chap. 11, along with finite-difference calcu- 
lations, are then discussed together with a comparison with experimental data for 
a variety of boundary conditions, roughly paralleling the turbulent momentum 
boundary layers considered in Chap: 11. 
Throughout this chapter all fluid properties are treated as constant, and veloci- 
ties are considered sufficiently low so that viscous energy dissipation is negligible. 


‘Le he turbulent thermal boundary layer bears many similarities to the corre- 


THE CONCEPTS OF EDDY DIFFUSIVITY FOR 
HEAT TRANSFER, EDDY CONDUCTIVITY, 
AND TURBULENT PRANDTL NUMBER 


In order to perform turbulent boundary-layer heat-transfer calculations, we need 
some method for evaluating v’T’ in Eq. (5-34). A theory can be sought for direct 
evaluation of v’T’ or alternatively an eddy diffusivity can be introduced, analo- 
gous to the eddy diffusivity for momentum. This is the course that will be 
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followed here. v’T’ is an apparent turbulent heat flux in the direction normal to 
the main flow. It seems plausible that it goes to zero if there is no mean temper- 
ature gradient in the normal direction. Thus it seems reasonable to state that 


are 

Gage 

v dy 

As a proportionality factor we define the eddy diffusivity for heat transfer, &y: 
aes aT 
wT! = &_y— (12-1) 


Substituting into Eq. (5-34), we obtain 


OL ok aT 
Fy ae 2 ee = —— 12 
Ue Ren ay Je tens| ( ) 


As was the case for the momentum boundary layer, we often find that 
€y > a in the fully turbulent region, while a >> €y in the viscous sublayer very 
closé to the surface. However, this is not always the case, and the problem is not 
totally analogous to that of the momentum boundary layer. 

It is sometimes convenient to speak of an eddy conductivity k,, which can be 
defined as follows: 


ke 0G8H (12-3) 
Thus the turbulent heat flux becomes 
a oT oT 
@” = —pceqg§— = +k — (12-4) 
dy dy 


Since we have now defined an eddy viscosity and an eddy conductivity, we 
can define a turbulent Prandtl number analogous to the molecular Prandtl num- 
ber, which is of course a fluid property that we have previously found to have a 
profound influence on the laminar thermal boundary layer: 

Myc 


Emu 
Pr. = oo s 
lr; k, a (12-5) 


If we now substitute for ey in Eq. (12-2), we obtain the following form for the 


energy equation: 
or et a 4 eM ae 
aia a — fs 
ax dy ay % Pr, ( ) 


From Eq. (12-6) it is now seen that if one has a solution to the momentum 
equation, so that €y is known at every point, the only new information needed to 
solve the thermal boundary layer is information on Pr,. Of course, one may 
choose not to introduce the concept of Pr,, in which case it is necessary to either 
attempt to evaluate v’T’ directly, or else evaluate ey directly, and these are 
courses that some choose to follow. However, since the turbulent motions that 
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give rise to u’v’ also generate v’T’ it might be hoped that a simple relationship 
exists between éy and €y, i.e., that Pr, might be a reasonably simple function. If 
this is the case then the problem of calculating the thermal boundary layer is 
greatly simplified, because the momentum boundary layer must be solved in any 
case. 

In the next section we will develop a very simple model for Pr,, and follow- 
ing this we will examine some of the experimental evidence for Pr,. 


THE REYNOLDS ANALOGY 


The oldest and simplest model for Pr, is the Reynolds analogy. Let us propose and 
examine a physical model of the turbulent momentum and energy exchange 
process. Refer to Fig. 12-1 and imagine an element of fluid of mass 6m that moves 
in the y direction a distance / (which is a “mixing length’’) as a consequence of tur- 
bulent motion. Let the element be originally in velocity and temperature equilib- 
rium with the surrounding fluid at u and T, and after the “event” let it come into 
equilibrium with the surrounding fluid at u + du and T + 5T, assuming that gra- 
dients in u and T with respect to y exists. The net result of this “event” is the trans- 
fer of momentum and thermal energy in the y direction completely independent of 
that transferred by purely molecular processes. 

A comment is in order about the mechanisms whereby the element comes 
into equilibrium with the surrounding fluid. The momentum exchange is evi- 
dently primarily through pressure forces acting on the element as a result of con- 
tact with the surrounding fluid. Viscous forces are obviously present, but appar- 
ently play a negligible role because it has already been observed in the 
development of Eq. (11-16) that the turbulent shear stress is independent of vis- 
cosity. On the other hand, the corresponding heat-exchange process must be by 
molecular conduction, since there is no mechanism for heat transfer analogous to 


: Ce ee 
u+ du A 
T+6T 


Figure 12-1 Turbulent exchange model on which the Reynolds analogy is based. 
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the pressure mechanism for momentum transfer. This difference in mechanisms, 
which is ignored in the Reynolds analogy, is considered later when we attempt to 


* improve upon the latter. 


Let us now compute the rate of x-momentum transfer, and the rate of heat 
transfer, implied by Fig. 12-1. Assume that the process at any one point in the 
flow is taking place continuously, i.e., one element following another, such that 
the effective continuous velocity of fluid in the y direction is CV v. Then con- 
sider the transfer rate across some area A parallel to the direction of the main flow. 
The rate of x-momentum transfer across A must be (ACY vu? p) du. Similarly, the 
rate of thermal energy transfer across A must be (ACV v?p)c df. 

According to the momentum theorem, the effective shear force F acting 
across a mean streamline is equal to the rate of momentum transfer. Then the ef- 
fective shear stress must be 


F fz 
om ai a CV v2 0 bi 


Similarly, the effective heat flux is 
gl! = CV v2 pc 5T 
Now if / is small relative to the other dimensions of the system, 
_. di ai WaT 
ES Nees RSM PN 
dy dy 


Substituting gives 
ee hl 7 ae 4 
ton, vol: qa= CV epee 
dy dy 


Now rearrange to the diffusivity form: 


sa 


— di — dT 
+ = cv, # = ov 
y y, 


p pc 

But, by definition of ey and ey, 
3 ae ee 
p dy pc dy 


From comparison of terms in the two sets of expressions, it is apparent that 
€H = Em 
This equality of diffusivities is the Reynolds analogy. But, going back to Eq. (12-5), 
itis seen that the Reynolds analogy also implies that 
Pes 


Such a simple result, if true, would indeed be fortunate. As we shall see 
when we examine the experimental evidence, things are not quite so simple, but, 
on the other hand, the Reynolds analogy is not far wide of the mark. 
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The Reynolds analogy has some consequences that are in themselves some- 
times called the Reynolds analogy. For the case of molecular Prandtl number 
Pr equal to unity, uv. = constant, and (7, — T.) = constant, it can be shown 
easily, just from examination of the differential equations, that Pr, = 1 leads to 
similar velocity and temperature profiles. Under these conditions, it can then be 
shown that 


St = cp /2 


This of course is exactly what obtains under the same conditions for the laminar 
boundary layer, and for basically the same reasons. 


TURBULENT PRANDTL NUMBER 


Experimental Evidence 


From the definition of Pr,, Eq. (12-5), and the definitions of the eddy diffusivi- 
ties, Pr, can be expressed in terms of quantities that can in principle be measured 
at each point in the boundary layer: 


Pr’ a [er ‘Ad 

dy dy 
Four quantities are required: the mean velocity and temperature gradients, the 
turbulent shear stress, and the turbulent heat flux. It is extremely difficult to mea- 
sure all four of these quantities accurately, and for this reason reliable data on 
local values of Pr, are relatively rare. We will examine some of the available data 
shortly, but before doing so we should note that there are indirect methods for 
obtaining at least average values for Pr,. It will be seen later that when tempera- 
ture profiles are plotted in semi-logarithmic wall coordinates for the simple case 
of constant free-stream velocity and constant surface temperature, there is a 
straight-line region similar to that observed for the velocity profiles. From the 
slope of this line, as compared with the slope of the corresponding line from the 
velocity profiles, Pr, can be deduced, and it further follows that Pr, is evidently a 
constant in the logarithmic region of the boundary layer. Table 12-1 shows some 
results using this technique for several cases where the fluid is air, and one case 
where the fluid is water. 

It is evident that, at least for these fluids with Pr = 0.7 and 5.9, the turbulent 
Prandtl number in the logarithmic region, while not equal to | as implied by the 
Reynolds analogy, is certainly close to 1. The data range from about 0.7 to 0.9, 
with a preponderance of data around 0.85. Note that one case is for a “fully 
rough” surface, and roughness evidently has no effect. It is also worth noting that 
water with Pr = 5.9 yields about the same results as air with Pr = 0.7, so there is 
little if any effect of molecular Prandtl number, at least over this range. 

Experiments with liquid metals flowing in pipes with Prandtl numbers in the 
range 0.001—0.02 suggest that Pr, is considerably greater than 1.00 at low values 
of the Prandtl number. The evidence for this is very indirect—it is simply that it 
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Table 12-1 Turbulent Prandtl number from logarithmic-region profile slopes; zero 
pressure gradient 


E 
Reynolds’ Various to 6,400 0.73 
Moffat? 4,419 4,756 0.85 
Thielbahr? 15172 1,684 0.85 
Blackwell* PASI *% 2,648 0.85 
2,609 3,008 0.78 
2,971 3,180 0.79 
Gibson? 2,750 3,129 0.92 
Simon® 4,445 1,756 0.77 
6,365 3,746 0.78 
4,957 4261 0.82 
Pimenta’ 15,142 15,412 0.84 
(fully rough surface) 


. | _ uid: water, Pr = 5.9 
Hollingsworth® 1,552 287 0.85 


is necessary to assume a high value for Pr, in order to predict heat-transfer rates 
adequately by solution of the energy differential equation. Therefore there does 
appear to be a considerable Prandtl number effect, but it is confined to very low- 
Prandtl-number fluids. 

Figure 12-2 shows some data for the logarithmic region presented by Zukaukas 
and Slanciauskas” for a fairly wide range of Prandtl number, all at constant free- 
stream velocity. These results are quite consistent with those in Table 12-1, but, 
most important, show little or no effect of Prandtl number up to Pr = 65. From 
this it can be inferred that Pr, is probably not affected by Prandtl number at high 
values of the latter. 

Local point values of Pr,, obtained using the preceding equation, are shown 
on Fig. 12-3 for air and for water, from constant free-stream velocity experi- 
ments. The data for water extend only to y* = 30 because the thermal boundary 
layer is very much thinner than the momentum boundary layer at this Prandtl 
number, and the measurements become very inaccurate at higher values of y*: 
However, the log-slope in the outer region (see Fig. 12-10) suggests Pr, = 0.85. 
Several observations can be made. Although Pr, is reasonably constant in the 
“logarithmic” or “‘law-of-the-wall” region, it apparently goes to much higher val- 
ues in the sublayer, and air and water yield almost identical results. 

In the “wake” region (and this refers only to the air data), Pr, tends to de- 
crease, and this and other experiments suggest that it approaches about 0.7 at the 
outer edge of the boundary layer. However, in calculating the thermal boundary 
layer, the behavior in the outer region is of minor significance. 

Of much more significance is the sharp rise of Pr, in the sublayer, indicating 
that the mechanisms of heat and momentum transfer differ greatly there, a con- 
clusion that is probably not surprising. Successful calculation of the thermal 
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Turbulent Prandtl number 


0.1 1 10 100 
PE 


Figure 12-2 Turbulent Prandtl number measurements of 
Zukauskas and Stanciauskas’ (data from logarithmic range of y*). 


Turbulent Prandtl number 


1 10 100 1000 
y* 


Figure 12-3 Point values for turbulent Prandtl number for air and water; 
constant uo, [data of Blackwell‘ (air) and Hollingsworth* (water)]. 
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Figure 12-4 Point values for turbulent Prandtl number for air; constant 
Uoo (data of Roganov et al.;'° procedure and Reynolds number 
unknown). 


boundary layer for moderate and high Prandtl numbers depends critically on in- 
cluding these high values of Pr,. The data presented here extend only down to 
y* = 6. For Pr < 10 the value of Pr, for y+ < 6 is not particularly important, but 
for higher-Prandtl-number fluids this region can become of critical importance, 
and at present there are simply no data. 

Additional data on point values of Pr, for air at constant free-stream velocity 
are given by Roganov ef ai.,'° and are shown on Fig. 12-4. These are quite con- 
sistent with the data on Fig. 12-3. However, these data do not extend significantly 
into the sublayer, although a beginning of a rise in Pr, as the surface is ap- 
proached is seen. 

Figure 12-5 shows the results of three experiments with positive transpira- 
tion (blowing). These are all very similar to the results on Fig. 12-3 and indicate 
that transpiration has little or no effect on Pr,. 

Figure 12-6 shows the effect on an adverse pressure gradient on Pr,. It does 
appear that an adverse pressure gradient decreases Pr,, and one would then infer 
that a favorable pressure gradient (negative) would increase Pr,. This is not sur- 
prising, given the mechanisms that must be involved, but the evidence is scanty. 


Analytical Evidence 


Using supercomputers, it has become feasible to calculate turbulent flows over a 
limited domain through a full solution of the time-dependent Navier-Stokes and 
energy differential equations, i.e., to solve for the fluctuating velocities and tem- 
peratures as functions of time. From such solutions it is then possible to evaluate 
all of the statistical properties of the flow, including the turbulent Prandtl number. 
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Figure 12-5 Effect of blowing on turbulent Prandtl number for air, with 
a mild pressure gradient (data of Blackwell‘). 
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Figure 12-6 Effect of an adverse pressure gradient on turbulent Prandtl 
number for air (data of Blackwell’). 
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Figure 12-7 Turbulent Prandtl number for fully developed flow in a 
flat duct, calculated by direct numerical simulation.'* 


Rogers et al. 'l carried out such calculations for a uniform turbulent shear layer, 
found Pr, to be about 0.85. Kim and Moin” carried out calculations for fully de- 
veloped flow in a flat duct, and the results are shown on Fig. 12-7. Three differ- 
ent Prandtl numbers were considered: 0.1, 0.71, and 2.0. 

These results show many of the characteristics seen in the experimental 
data—with the important exception that the steep rise in Pr, in the sublayer does 
not appear. However, the calculations were made for a very low Reynolds num- 
ber, which results in a relatively large favorable pressure gradient. It may be that 
a favorable pressure gradient has an influence on Pr, in the sublayer. These re- 
sults do show a substantial increase in Pr, at low molecular Prandtl numbers, and 
confirm the idea that Pr, can be considerably higher for liquid metals, which gen- 
erally have molecular Prandtl numbers well below 0.1. This would seem to sug- 
gest that it is the thermal conductivity of the low-Pr fluids that causes a high Pr,. 
(Note that high Pr, implies a low eddy conductivity.) Of particular interest is the 
fact that at the surface Pr, apparently approaches a value (about 1.09) that is in- 
dependent of Prandtl number. It is almost impossible to make this kind of a mea- 
surement in a real boundary layer. Kim and Moin’ call attention to the fact that 
Deissler’? presents a turbulence analysis that predicts that Pr, should approach 1, 
independently of Prandtl number, under these conditions. 

More recent calculations using the same techniques, but considering an 
actual external turbulent boundary layer with no pressure gradient, yield results 
very similar to those of Kim and Moin. However, once more the Reynolds num- 
bers are very low: 653 for the momentum thickness and 773 for the enthalpy 
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thickness. At these low Reynolds numbers there is only a very short “logarithmic” 
region in the velocity and temperature profiles, and a comparison with the law of 
the wall suggests that the sublayer is somewhat thicker than is the case at the 
higher Reynolds numbers where the experimental data on turbulent Prandtl 
number have been obtained. Thus it is not certain whether the relatively low val- 
ues for turbulent Prandtl number in the sublayer observed in the calculated re- 
sults do not result from these very low Reynolds numbers. Until full simulation 
calculations can be carried out at Reynolds numbers in the range 2000-3000, it 
may not be possible to explain this discrepancy between the calculations and ex- 
periments. However, as of this writing, the costs of full simulation calculations at 
such Reynolds numbers appear to be prohibitive. 

Yakhot et al. present a calculation of Pr,;, based on fundamental turbulence 
theory, that is entirely devoid of empirical input. At Prandtl numbers of 0.7 and 
higher, and/or at high Reynolds numbers, their result yields a constant Pr, of 
about 0.85 (although a later consideration by the same authors suggests about 
0.72). At very low Prandtl numbers (the liquid metal range) their results yield 
very much higher Pr,, but values that decrease and approach 85 at high 
Reynolds number (or high y*), all of which is consistent with the experimental 
data. However, the Yakhot equation does not yield the high values of Pr, in the 
sublayer that one sees in the experimental data, suggesting that it is valid only in 
the logarithmic region of the boundary layer. 


A CONDUCTION MODEL FOR TURBULENT 
PRANDTL NUMBER 


At this point our concern is with the development of a simple computing equa- 
tion for Pr, that includes the sublayer effect, but that is also based on a physical 
model that is easy to comprehend. The Reynolds analogy was a first attempt to 
develop a model for the calculation of turbulent Prandtl number. The need for 
something better became evident when it was realized that Pr, can become con- 
{ siderably higher than 1 for very low-Prandtl-number fluids. 

| A number of attempts have been made to predict turbulent Prandt! number 
| through highly idealized analyses (see, for example, Ref. 16). Most prediction 
mcdels for low Prandtl number fluids are modifications of an idea, first suggested 
by Jenkins,'” that a turbulent eddy while moving transverse to the mean direction 
of flow might lose heat at a different rate than it loses momentum. Jenkins’ orig- 
inal analysis assumed that the eddy lost heat by simple molecular conduction and 
lost momentum by the action of viscous shear. Thus the ratio of v to q, that is, the 
molecular Prandtl number, became the primary parameter, and for Pr = | the rv 

sults came back to the simple Reynolds analogy. Further reflection on this prob- 
lem suggests that turbulent eddies transfer momentum by the action of pressure 
forces, and that viscous forces are not involved. The success of the mixing-length 
theory, in which viscosity is not a variable, would suggest this to be the case. On 
the other hand, there is no mechanism other than molecular conduction whereby 
heat can be transferred to or from an eddy. Since the transfer mechanisms must 
be different, it is not surprising that Pr, different from | is observed even for a 
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fluid with Pr = 1. It should be perfectly possible for an eddy to lose all its x mo- 
mentum while it still has a velocity in the y direction, and thereby to carry heat a 
greater distance than momentum. This would account for observed values of Pr, 
less than 1, On the other hand, if the fluid has a relatively high thermal conduc- 
tivity, the eddy could lose a substantial amount of heat by conduction before it 
has traversed the distance of the momentum mixing length, and Pr, would be 
greater than 1. 

These ideas can be incorporated into a relatively simple conduction model 
for Pr,. The algebraic details are somewhat lengthy, and the theoretical basis cer- 
tainly rests on insecure footing, so only the final result is presented here. Suffice 
it to say that the model illustrated in Fig. 12-1 is modified to include heat con- 
duction to or from the fluid element 5m as it moves. The important point is that 
the following result contains the variables that intuitively seem correct, and when 
the two free constants are specified by comparison with experiment, the final 
equation fits the available experimental data reasonably well. 


1 
Pr, = $$ er 2) 


1 Pelee ; 1 
+C Pe C Pe,)~ | 1 — exp | -————_—— 
2Pr,.. " 2Pr,.. rae | o( =e) | 


where Pe, = (€y,/v) Pr, Pr;,, is the value of Pr, far from the surface (an experi- 
mental constant), and C is an experimental constant. 

Pe, is a turbulent Péclet number, and although it is conveniently expressed 
as the product of the Prandtl number and the eddy-viscosity ratio (which is 
effectively a turbulent Reynolds number), note that the viscosity v cancels. 

Equation (12-7), with C = 0.3 and Pr,,, = 0.85, is plotted on Fig. 12-8 for 
three Prandtl numbers: 0.7, 0.1, and 0.01. Also included is the experimental data 
for air from Fig. 12-3. Note that it fits the experimental data for air quite well, in- 
cluding the rise in Pr, in the sublayer. The latter fact can only be fortuitous, be- 
cause we have already seen that Pr, in the sublayer is apparently independent of 
Prandtl number, and thus can have nothing to do with heat conduction. Further- 
more, Eq. (12-7) with these constants yields Pr, = 1.7 at the surface, which is 
probably much too high. However, for fluids with Pr < 1 the value of Pr, at 
y* <7 or 8 has a negligible effect on calculations. For very low-Prandtl-number 
fluids Eq. (12-7) with these constants yields values of Pr, over the entire bound- 
ary layer that are quite consistent with the available data. As a consequence, this 
equation provides a reasonable way to evaluate Pr, for any fluid for Pr < 1. For 
gases it can be thought of as merely an empirical fit to the data; for low-Prandtl- 
number fluids it contains at least some theoretical basis. It can be used for fluids 
with Pr up to at least 6 (water), provided that 0.7 is substituted for Pr in the equa- 
tion, since we have seen that the turbulent Prandtl number for water is virtually 
identical to that for ah For higher Prandtl numbers the values of Pr, very close 
to the surface (i.e., yt < 6) become increasingly important, and there are simply 
no data at present available. The best procedure would probably be to patch on a 
function that goes to 1 at the surface. 


| 


CHAPTER 12 Turbulent External Boundary Layers: Heat Transfer 


; 


Pr=.0.01 


NN 
(oete) 


Turbulent Prandtl number 


Figure 12-8 A plot of Eq. (12-7) for a boundary layer with no 
pressure gradient. 


Although there may be a pressure-gradient effect on Pr,, no attempt has been 
made to include such effects in Eq. (12-7). 

The model given by Eq. (12-7) can be extended in its applicability range by 
the following considerations: Analyzing Eq. (12-7) again, it can be seen that 
Pr, — Pr,,, for large values of Pe,, which means far away from the surface. On 
the other side Pr, — 2Pr,,, for Pe, > 0, which is normally the case very close 
to the surface. If the value Pr,,, = 0.85 is now exclusively used in Eq. (12-7), 
Pr, will always be smaller or equal to 1.7. This might introduce an undesired 
behavior in the model for liquid metal flows for very low molecular Prandtl 
numbers, because for Pr — 0 (and a finite Re number) Pr, should tend to large 
values, because heat will be transferred nearly exclusively by molecular conduc- 
tion. Therefore, Pr,,, should depend on the Re and Pr number at least for very low 
values of the Prandtl number. Jischa and Rieke*’ developed a model for Pr, from 
the modeled transport equations for k, ¢ and for the turbulent heat flux. As a final 
result of their analysis, they obtained a correlation for the turbulent Prandtl num- 
ber for pipe and channel flows of the form 

Pik oe h=09- f= 187.4 
In their model Pr, is not dependent on the local distance from the surface, but on 
the Reynolds and Prandtl number. For a finite Re number, Pr, tends to infinity for 
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Pr — 0 which reflects the correlation’s behavior for the heat transfer for very 
low Prandtl numbers. The correlation can now be used to develop a model for 
Pr,,, for Eq. (12-7). For this, the two constants E and F have to be adjusted. 
Weigand et al.** obtained for Pr,,, for Eq. (12-7) the following equation 


100 


Pr,,, = 0.85 u PrReo888 


This equation can be used instead of Pr,,, = 0.85 in Eq. (12-7). For moderate val- 
ues of Pr and Re, the above equation will result in the value Pr,,, = 0.85 and the 
original model [Eq. (12-7)] will be recovered, whereas for very low molecular 
Prandtl numbers much higher values of Pr,,, are obtained. Some example calcu- 
lations for liquid metal flows in ducts using the above modified model for the 


turbulent Prandtl number are shown in Weigand et al.*” 


COMPLETE SOLUTION OF THE ENERGY 
EQUATION 


We now have all the ingredients needed to solve the energy differential equation 
of the boundary layer for a very large variety of boundary conditions, including 
all of those considered for the momentum equation in Chap. 11, and also virtu- 
ally any kind of temperature boundary condition. It will always be necessary to 
solve the momentum equation, and its solution will provide values for ey. Then 
Pr, is the only additional information required. However, before examining 
particular solutions, which involve finite-difference procedures and computer 
implementation, it will prove worthwhile to consider some simple cases where 
approximate algebraic closed-form solutions are obtainable, and at the same time 
some of the available experimental data will be examined. 


A LAW OF THE WALL FOR THE THERMAL 
BOUNDARY LAYER 


Equation (12-2) can be written in the following form if g” is used to represent the 
total heat flux, laminar plus turbulent: 


_oT ine ala") 
Ox ete ht PCRLOY 


(12-8) 
where 
7] ) 2 
gq = —pc(a + ey) — (12-9) 
dy 
Let us now restrict consideration to the region near the surface, and then let the 


surface temperature J, be a constant. The axial gradient 7 /8x must then be 
small, T = T(y), and we are again introducing the Couette flow approximation. 
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Additionally, v = v,, and thus Eg. (12-8) becomes 

ate Vda) 

‘dy pe dy 
Integrating between the limits T = T,, g” = q/ at y = 0, and T, q’ at y, we 
obtain 


u 1 
NT fe ST a ey FY 
( ) pe te q°) 


from which 
it = | fs pers (Ts = D) 
q; qs. 
We then introduce the definition of v-, 
ngs n0Uy 
; ts/p 


and let the remaining terms on the right-hand side, which must be nondimen- 
sional, be represented by a nondimensional temperature 7*: 


T, — vy he. 
TE a ae pees (12-10) 
Then 
Slt uth (12-11) 
qs 


Note the similarity to the comparable equation for t/t,, Eq. (11-13), except that 
there is no p* term. In fact, the whole concept of analogous behavior between 
heat and momentum transfer breaks down in a pressure gradient. Remember, 
however, that Eq. (12-11) is applicable only relatively near the surface. At the 
outer edge of the boundary layer g”/q’’ must go to zero. 

Now let us consider a particular case, vu," = 0. Then 


q’ a q. 
so that 


K aT 
= = (a+ Ex) —— 
c dy 


T a “1 5 es, 
fa--4| ae Oa 
T, pe Jo A+En 


Let us now introduce yt as a variable. After rearrangement, 


ary ee dy. ai OY x 
GMO doe Af Prtéaly 


and thus 
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But the left-hand side is 7+, Eq. (12-10). Thus we obtain 
ie + 
Tt= a NA? y (12-12) 
0 1 / Pr+éq, Hh Vv 

Following the same procedures as were used for the momentum boundary 
layer in Chap. 11, let us first consider a two-layer model with a fully viscous sub- 
layer and a fully turbulent region. For computer solution of the complete energy 
differential equation we will abandon the two-layer model in favor of a continu- 
ous model, but the two-layer model provides some easy insights into the struc- 
ture of the thermal boundary layer, and also leads to some useful closed-form 
solutions. 

For the simple momentum boundary layer (no pressure gradient, no transpi- 
ration) we found that the effective thickness of the sublayer was y* = 10.8. For 
a thermal boundary layer the effective thickness will vary with the Prandtl num- 
ber of the fluid because the relative contribution of the eddy diffusivity to the 
heat-transfer conductance in the actual sublayer will vary with Prandtl number, 
as will be seen below. Only for a fluid with Pr = | might one expect to find 10.8, 
but, because of the high and varying turbulent Prandtl number in the sublayer, 
even this would not be the case. Sufficient data are available to determine the 
effective sublayer thickness for the thermal boundary layer for air (Pr = 0.7), 
and water at Pr = 5.9 (Table 12-2). 

Let us now split the integral of Eq. (12-12) into two parts corresponding to a 
viscous sublayer and a fully turbulent region. Then for the region y* > y<,,, 


Verit d + y d as 
gore aot! fe ees (12-13) 
9 1/Pr+eq/v yt 1/Pr+epy/v 


If we were to follow precisely the procedure used in Chap. 11,.we would 
now neglect ¢,/v in the first integral, and 1/ Pr in the second. But the term 1 / Pr 
can vary tremendously, depending on the particular fluid involved. Prandtl num- 
bers for viscous fluids like oils can easily exceed 100, while those for liquid met- 
als can be as low as 0.001. The magnitude of this term in each of these integrals 
can then have a large influence on the relative importance of all the terms in the 
denominators. 

In Chap. 11 we noted that in reality the eddy diffusivity in the sublayer is not 
zero, it is merely small. But if Pr is large, a small diffusivity in the sublayer can 
be significant; and in fact if Pr is much greater than 1, significant error is intro- 
duced if ¢;/v is neglected in the sublayer. For the present we would like to neglect 
this term. The use of a critical value of y* that is a function of Pr is a way of 


+ 


Table 12-2 No pressure gradient, no 
transpiration 
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compensating for this effect, but this means that we are restricted to just two 
Prandtl numbers, 0.7 and 5.9. However, at very low Pr the 1 / Pr term so dominates 
the first integral that the ¢,/v term can be neglected in any case. ~ 

In the second integral, the fully turbulent region, the situation is reversed. 
The 1/ Pr term can become large for low-Pr fluids, and can become significantly 
larger than ¢/v. Physically, this means that molecular conduction is a signifi- 
cant and even the dominant mechanism in the fully turbulent region for a liquid 
metal, and thus cannot be neglected. The relative magnitude of these terms can 
be easily investigated by assuming that the Reynolds analogy is applicable and 
then evaluating the eddy diffusivity for momentum from the mixing-length 
theory developed in Chap. 11: 


Eu/v =Ky* (12-14) 


where « = 0.41. For Pr greater than about 0.5 the molecular-conduction term 
can reasonably be neglected, but not for lower Prandtl numbers. 

Let us now restrict consideration to air, Pr = 0.7. In this case we can neglect 
€y/v in the first integral, and the 1/Pr term in the second. Substituting Eq. (12-14), 
the definition of Pr,, and a value of 13.2 for y*.,, Eq. (12-13) becomes 


13.2 yt Pr, dy+ 
T+ = / Pr dy* + Pal 
0 1 


3.2 Kyt 


If we assume that Pr, can be treated as a constant in the fully turbulent region, 
performing the integration in this equation gives 


Pr, yt 
pee sy Peele ine 
B95 Or oe 8 ob) 


Assuming that a reasonable average value for Pr, in the Couette flow region is 
0.85, and that « = 0.41, we obtain a thermal “law of the wall” for gases: 


Tt =2.075 In y* + 13.2 Pr — 5.34 (12-15) 


Figure 12-9 shows a comparison of Eq. (12-15) with two temperature pro- 
files for air—each from different experiments and for different Reynolds num- 
bers. Note that, like the corresponding ut—y* plot, there is a wake, and that the 
actual viscous sublayer extends to about y* = 30. As the Reynolds number 
increases, the wake extends to higher values of y*, but in the inner region both 
profiles collapse onto the same function. Outside of the sublayer this function is 
very well represented by Eq. (12-15). 

Acomment about the Reynolds numbers should be made here. The Reynolds 
numbers indicated on Fig. 12-9 are based on enthalpy thickness. The data on the 
figure are from experiments for which the virtual origins of both the momentum 
boundary layers and the thermal boundary layers are at the same point. We will 
speak of such boundary layers as equilibrium thermal boundary layers. If the vir- 
tual origins differ, the temperature profiles will be affected, although most of the 
difference will generally be noted in the wake, or outer region. For equilibrium 
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Figure 12-9 A thermal law of the wall for air: equilibrium thermal 
boundary layers; enthalpy thickness Reynolds numbers are indicated. 


thermal boundary layers with gases the ratio of enthalpy thickness to momentum 
thickness tends to be approximately constant, about 1.10-1.15. 

If we now repeat the same analysis for water with Pr = 5.9 and Pr, = 0.85, 
we obtain 


T* =2.075In y* +7.55 Pr — 3.95 (12-16) 


Figure 12-10 shows a comparison of Eq. (12-16) with experimental data for 
water at Pr = 5.9. These data were obtained using very small! temperature differ- 
ences so that the effect of temperature on the Prandtl number and the viscosity is 
believed to have been small. This is a problem that besets heat-transfer experi- 
ments with liquids, and is discussed in more detail in Chap. 15. 

Another potential difficulty with these data is that the virtual origins of the 
momentum and thermal boundary layers are not the same, and it is not clear what 
effect this might have. It will be noted that there is a negative wake, but this is to 
be expected because the thermal boundary layer is very much thinner than the 
momentum boundary layer at this Prandtl number, and does not effectively ex- 
tend into the wake region of the momentum boundary layer. Note the very small 
enthalpy thickness Reynolds number as compared with the momentum thickness 
Reynolds number, and also the fact that a far greater part of the heat-transfer 
resistance is in the sublayer, as compared with the air boundary layer. Since the 
Prandtl number here is only 5.9, it can be appreciated that for very high-Prandti- 
number fluids (say Pr = 100) the heat-transfer resistance will be almost entirely 
in the sublayer, and the temperature profile in the fully turbulent part of the 
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Figure 12-10 A thermal law of the wall for a fluid (water) with 
Ei). on Res.) 1D, REA. = 251 - 


boundary layer will be virtually flat. In that case the heat-transfer mechanisms in 
the fully turbulent region become irrelevant. Another conclusion is that at very 
high Prandtl numbers the eddy diffusivity in the sublayer, though small, can play 
a critical role, and it will be necessary to know accurately both the eddy diffusiv- 
ity for momentum and the turbulent Prandtl number for very small values of y*. 


EFFECT OF PRESSURE GRADIENT 
ON TEMPERATURE PROFILES 


Figure 12-11 shows the effect of axial pressure gradient on the nondimensional 
temperature profiles. Note that each of the temperature profiles has what could be 
called a “logarithmic” region, but—unlike the corresponding velocity profiles 
(Fig. 11-4)—the profiles do not collapse together in the logarithmic region. Thus 
the term thermal “law of the wall’ does not have the same connotation as it does 
for the momentum equation. Equations (12-15) and (12-16) are applicable only 
for a constant free-stream velocity (no pressure gradient). 

Also shown on Fig. 12-11 are temperature profiles predicted by solution of 
the energy differential equation using the mixing-length model previously dis- 
cussed, and, in the case of the adverse pressure gradient, the kK-e model, These 
predictions all employ Eq. (11-26) for evaluation of A*, and Eq. (12-7) for the 
turbulent Prandtl number. Note that there is only a minor improvement in the 
profile predicted by the k—-e model, but the use of Eg. (11-26) is critical, espe- 
cially in the favorable-pressure-gradient case. 
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Figure 12-11 Effect of pressure gradient on temperature profiles (data of 
Thielbahr’ and Blackwell’). 


A HEAT-TRANSFER SOLUTION FOR CONSTANT 
FREE-STREAM VELOCITY AND SURFACE 
TEMPERATURE 


With an algebraic “wall law” available for both the momentum boundary layer 
and the thermal boundary layer (at least for constant free-stream velocity), it 
becomes possible to develop an algebraic equation for the heat-transfer coeffi- 
cient (i.e., the Stanton number) for the constant free-stream velocity case, and this 
will lead to algebraic solutions for even more complex cases. However, it should 
be kept in mind that complete solution of the momentum and energy differential 
equations, using finite-difference techniques and the turbulence models already 
developed, can be used for any of these problems, and does not involve any of the 
approximations that characterize the algebraic solutions. Nevertheless, the alge- 
braic solutions are extremely useful, both to provide quick answers to engineering 
problems and to provide insight into how the variables affect the answers. 

The first assumption to be made here is that the momentum and thermal 
boundary layers have the same thickness. For a laminar boundary layer this is 
not the case, the relative thickness depending primarily on the Prandtl number. 
But since for the turbulent boundary layer the momentum layer provides the 
primary transport mechanism (the eddy diffusivity) in the outer region, it is not 
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possible for the thermal layer to have a thickness that is significantly different, 
except for a very low-Prandtl-number fluid or for a case where the virtual origins 
of the two boundary layers are very different. We will not be considering a very 
low-Prandtl-number fluid, and we will be considering an equilibrium thermal 
boundary layer, i-e., a thermal boundary layer having the same virtual origin as 
the momentum boundary layer. 

A second assumption will be that the “strength” of the wake for the thermal 
boundary layer for air is the same as that for the momentum boundary layer. For 
the latter, for constant free-stream velocity, it is 2.3, i.e., the departure of u+ from 
the law of the wall at the outer edge of the boundary layer. Thus we will! assume 
that the value of T* at the outer edge is 2.3 above the thermal wall law. The data 
on Fig. 12-9 indicate that this is a good assumption. 

With these assumptions, u*+ at the outer edge, from Eq. (11-16), becomes 


uz, = 2.44In yt + 5.00 + 2.3 
Similarly, Eq. (12-15) becomes 
TS = 2.075 In y* + 13.2 Pr— 5.34 + 2.3 


We now solve each equation for In y+, and equate. From the definition of ut, it 

can be seen that 

ee 

= Tei 

Similarly, from Eq. (12-10) it can be shown that 
a 


= St 


+ 
Uo 


b 


We substitute and solve for St: 


ads giles pals heer 
~~ Sep /2(13.2 Pr — 9.25) + 0.85 


We now substitute for c /2: 


és 0.0287 Re,°” 
~ 0.169 Rez?! (13.2 Pr — 9.25) + 0.85 
For 0.5 < Pr < 1.0 and 5 x 10° < Re, <5 x 10° the denominator of the 
equation is quite well approximated by Pr°*. Thus a much simpler expression for 
gases iS 


(12-17) 


StPr°*4 = 0.0287 Re, °” (12-18) 


We can now use the energy integral equation (5-24) to obtain an equation for 
St as a function of Rea,: 
dA2 


Si 
dx 
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Figure 12-12 Experimental equilibrium boundary-layer data for air; constant free-stream 
velocity and constant surface temperature (data of Reynolds,' Blackweil,* Gibson,° and 
Whitten’®). 


We substitute for St from Eq. (12-18), solve for Az as a function of x, and then 
substitute for x in Eq. (12-18). The final result is 


StPro? = 0.0125 Re.” (12-19) 


A comparison of Eq. (12-19) for Pr = 0.7 with experimental data for air is 
shown on Fig. 12-12. For Rey, from 2000 to 7000 it fits the data very well, al- 
though it tends to overpredict a bit at lower Reynolds numbers. Also shown on 
Fig. 12-12 are the results of a full solution to the energy differential equation 
using the mixing-length model and the turbulent Prandtl equation developed ear- 
lier. The k—e model yields virtually the same result. As can be seen, the full so- 
lution fits the data somewhat better over a wider range of Reynolds number. 

Since we also have available a thermal “law of the wall” for water with 
Pr = 5.9, the identical procedures can be used to develop equations for St for this 
value of Prandtl number. However, Pr for water varies greatly with temperature, 
from about 10 for cold water to near 1 for very hot water. Thus an equation for 
Pr = 5.9 is not very useful in and of itself. Hollingsworth* has developed a rea- 
sonable interpolation for Prandtl numbers from 0.7 to 5.9 using the two “wall 
laws” developed above as a basis and assuming that the critical thickness of the 
sublayer is a simple function of Pr. These equations are 


St = 0.02426 Pr °°" Reo”, © n = 0.1879 Pr 8 (12-20) 
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Figure 12-13 Stanton number for equilibrium turbulent thermal 
boundary layers at higher Prandtl numbers; enthalpy thickness Reynolds 
numbers are indicated. 


From Eq. (12-21), St is plotted as a function of Prandtl number on Fig. 12-13 
for various values of the enthalpy thickness Reynolds number. One point to note 
here is that the slopes of the curves for the higher Reynolds numbers vary from 
the approximately —0.5 indicated by Eq. (12-19) for gases to near -0.75 at Pr = 6. 
This larger slope is consistent with the larger slopes that have consistently been 
observed in pipe-flow experiments with high-Pr liquids. At Pr = 0.7 these equa- 
tions reduce to the previously developed equations for air. 


CONSTANT FREE-STREAM VELOCITY FLOW 
ALONG A SEMI-INFINITE PLATE WITH UNHEATED 
STARTING LENGTH 


A number of approximate procedures have been proposed for determining heat 
transfer through a turbulent boundary layer with an unheated starting length, that 
is, on a plate on which the surface temperature is the same as that of the fluid up 
to some distance &, after which it is maintained at a different temperature, T,. The 
problem is shown on Fig. 12-14. 

This is the same problem that was solved for the Jaminar boundary layer in 
Chap. 10. The primary significance of this solution is that it provides a basic 
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Figure 12-14 Boundary-layer development on a plate with 
an unheated starting length. 


building block for constructing solutions for nonisothermal surfaces. Note, how- 
ever, that this problem as well as the nonisothermal-surface problem can also be 
solved by finite-difference solution of the energy differential equation, and in 
that case no approximations need be introduced. But the objective here is to de- 
velop algebraic solutions, accepting some degree of approximation in return for 
a simply usable result. 

To solve the laminar counterpart of this problem, the energy integral equa- 
tion was used, and the same general procedure can be used here. One has to be 
careful in employing the energy integral equation for a turbulent boundary layer, 
however, because a simple assumed equation for the temperature profile may be 
quite adequate over most of the boundary layer but may give totally erroneous 
results in the sublayer and particularly at the surface. This same difficulty was 
encountered in obtaining a solution for the turbulent momentum boundary layer 
in Chap. 11. In the case a + -power equation was used to evaluate the integral; but 
since such a profile gives an infinite velocity gradient at the surface, it is obvi- 
ously inadequate to describe the sublayer region, and a different procedure had 
to be used to evaluate the shear stress. The procedure used here, developed by 
Reynolds,' is one of several that have been proposed. It is developed for a fluid 
with Pr = 1, but the effect of unheated starting length is probably not highly de- 
pendent on Prandtl number, at least for Pr near 1, and the results are in good 
agreement with experiments with air. 

A basic assumption is that the velocity and temperature profiles can be ex- 
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It is assumed that the local shear stress and heat flux can be expressed by 
Eqs. (11-9) and (12-9) and that the molecular Prandtl number is 1, so thata = v. 
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It is also assumed that the turbulent Prandtl number is 1, so that €4, = e€y. The 
total diffusivities, a + €, and v + ey, are then the same for both momentum and 
heat transfer, and this is true in both the fully developed turbulent region and in 
the sublayer. 

Since the algebraic details of this development are somewhat lengthy, only 
the method and the more important intermediate results will be discussed. As a 
first step, the momentum integral equation is developed in a form slightly differ- 
ent from that in Chap. 5. The momentum theorem is applied to a control volume 
extending from a point y in the boundary layer out to the free stream. Thus, if y 
is set equal to zero, the original momentum integral equation is obtained. Then 
substitution of Eq. (12-22) leads to an expression for the variation of total shear 
stress through the boundary layer: 


9/7 
Tt y 
eee ey ee (12- 
ic (3) Cap 


The next step is to combine Eqs. (11-9), (12-22), and (12-24), and solve for 
the total diffusivity: 


cy 8 9/7 e 6/7 
= Ey = tae Res — (3) (3) (12-25) 


In the sublayer this equation yields a total diffusivity that goes to zero at the sur- 
face, which is obviously incorrect. But when it is used together with Eq. (12-22), 
which is equally incorrect at the surface, a correct result can be obtained there. 

For the next step Eq. (12-9) is solved for the heat flux, using Eq. (12-25) to 
supply the diffusivity and Eq. (12-23) to give the temperature gradient (thus the 
artificial diffusivity is again used to compensate for the equally artificial + -power 
profile in the sublayer): 


a 9/7 1/7 
) A 
A elegy a (;) (5) (12-26) 
PCUa(T; — Tx) 2 6 5 


We now set y = 0, and have an expression for the surface heat flux, and then 
the local Stanton number: 


“1 a SI) 
pia ld la geen (pac (12-27) 
PCU(T; a Tx) 2 ) 


For the final step the energy integral equation (5-24) is solved for A, as a 
function of x, using Eq. (12-27) for the Stanton number, and using Eqs. (12-22) 
and (12-23) to evaluate A, from Eq. (5-15). An ordinary differential equation 
results that is readily solved. Introducing the fact that the momentum boundary- 
layer thickness varies as the ; power of x, we obtain 


9/10] ~!/9 
st= [ ag (<) (12-28) 
B x 


The bracketed term contains the unheated starting-length effect; for § = 0 
we obtain St = c;/2, which is precisely what Eqs. (11-23) and (12-18) reduce 
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Figure 12-15 Effects of a step change in surface temperature (data of 
Reynolds’). 


to for Pr = 1. If we then assume that the starting-length correction for a step- 
surface temperature is independent of Prandtl number, we can simply multiply 
the right-hand side of Eq. (12-18) by the correction term, and we have a simple 
equation applicable to gases: 


OHO? 
StPy” = 00287 Re. - [ = (2) (12-29) 


Xx 


So many simplifying assumptions were introduced into this development 
that its validity must rest heavily on experimental verification. Fortunately, ex- 
tensive experimental data are available.' A comparison of Eq. (12-29) with the 
data is shown on Fig. 12-15 for two cases. Also included on the figure are calcu- 
lations based on the energy differential equation and the mixing-length model. 
The experimental uncertainty in these data is estimated at about +5 percent; both 
methods of calculation fall within this band. 


CONSTANT FREE-STREAM VELOCITY FLOW 
ALONG A SEMI-INFINITE PLATE WITH 
ARBITRARILY SPECIFIED SURFACE 
TEMPERATURE 


The preceding step-function solution (unheated-starting-length solution) can 
now be used to solve the case of an arbitrary surface-temperature variation in 
exactly the same manner as was done for the laminar boundary layer. Again the 
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method of superposition can be used to add step-function solutions to fit a pre- 
scribed surface temperature variation. Equation (10-31), previously derived, is 
directly applicable. Since the method of solution is identical to that used for the 
laminar boundary layer, only the final results for one particular type of problem 
are given. 

Consider the case where the surface temperature can be expressed as a 
power series of the form 


Ty = I~ FAL) Buk (12-30) 
n=1 
The heat flux at any point along the plate may then be expressed [using Eq. (12-29) 
for the step solution] as 


a k < 10 
qi (x) = 0.0287— Pr®* Re®® (> NB,Xx" — Bn + ) (12-31) 
x = 9 


where £, can be evaluated in terms of gamma functions: 


P(E (Gn) 


B, a 
(5 + 57) 


Of course these results are restricted to the Prandtl-number range of gases, 
since Eq. (12-29) is so.restricted. 


CONSTANT FREE-STREAM VELOCITY FLOW 
ALONG A SEMI-INFINITE PLATE WITH 
ARBITRARILY SPECIFIED HEAT FLUX 


This problem again can be handled in exactly the same manner as the laminar- 
boundary-layer problem. The step-function solution, Eq. (12-29), has the requi- 
site form, and the function g(&, x) evaluated from Eq. (10-39) becomes 


Peary ER EMCO] wat 
ined ab cpaiieties sid \at Jd 12-32 
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Substituting into Eq. (10-38), we obtain the expression for the surface tempera- 
ture resulting from an arbitrarily specified heat-flux variation g/'(&): 


3.42 “ Exon 
T(x) = Too = sees Bra Re;°# fe [ = (=) gi(é)d& ~~ (12-33) 
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The simplest example for which the heat flux is specified is that where it is 
taken as constant. With q’’(é) a constant in Eq. (12-33), the integral can be read- 
ily evaluated by use of the beta function previously mentioned in connection 
with the laminar flow problem. The final result is 


St Pr°* = 0.030 Re, °? (12-34) 
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This result is approximately 4 percent higher than the comparable equa- 
tion for constant surface temperature, Eq. (12-18). Recali that the difference was 
36 percent for the laminar boundary layer. The turbulent boundary layer is thus 
much less sensitive to variations of surface temperature than the laminar bound- 
ary layer. For high-Prandtl-number fluids this is even more the case, while for 
very low Prandtl number fluids the large laminar-like effects begin to reappear. 


AN APPROXIMATE SOLUTION FOR VARYING 
FREE-STREAM VELOCITY 


The turbulent boundary-layer solutions considered up to this point have been 
concerned with a flat plate over which the free-stream velocity is constant. Ob- 
viously, more interesting problems occur when the velocity varies along the 
surface, such as flow over an airfoil, a turbine blade, or inside a variable-area 
passage such as a rocket nozzle. 

For a laminar boundary layer a nearly exact solution was developed for 
this problem for a constant surface temperature, building from the wedge-flow so- 
lutions. For the turbulent boundary layer, no such convenient building blocks are 
available. On the other hand, a characteristic of the turbulent boundary layer is 
that it adjusts rather quickly to changes in boundary conditions, and this suggests 
that the integral boundary layer equations might be used to obtain at least approx- 
imate solutions for situations where the boundary conditions are not constant. 

To be precise, it should be necessary to solve both the momentum and energy 
boundary-layer equations. A number of approximate procedures to do this have 
been proposed, but it turns out that for calculation of heat transfer the energy 
equation is by far the more important. Furthermore, a procedure based on the en- 
ergy equation alone turns out to be remarkably adequate over a wide range of op- 
erating conditions. This procedure, suggested by Ambrok,!” is described now. 

For the case of constant free-stream velocity and constant surface tempera- 
ture we developed Eq. (12-19) for gases, wherein the Stanton number is ex- 
pressed as a function of the enthalpy thickness Reynolds number [Eg. (12-21) 
extends this idea to Pr = 6]. In this equation the heat-transfer coefficient is 
expressed entirely in terms of /ocal variables. If the thermal boundary layer re- 
sponds very quickly to changes in boundary conditions, and if the local pressure 
gradient and local surface temperature gradient are not significant variables, then 
it is possible that Eq. (12-19) might be valid even if boundary conditions change 
in the flow direction. To test this hypothesis, let us examine some experimental 
data for a positive velocity gradient (favorable pressure gradient) and for a neg- 
ative velocity gradient (adverse pressure gradient). Figure 12-16 shows the free- 
stream velocities for two such experiments. Both are for essentially equilibrium 
momentum and equilibrium thermal boundary layers. IDENT 51368 is a moder- 
ately strong acceleration, for which the acceleration parameter K = 0.57 x 107° 
and B = —0.62. IDENT 110871 is a moderately strong deceleration for which 
B = 1.6. Figure 12-17 shows a plot of Stanton number versus enthalpy thickness 
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Figure 12-16 Free-stream velocity variations for two equilibrium 
boundary layers: IDENT 51268 (Thielbahr*) and IDENT 110871 
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Figure 12-17 Demonstration of the generality of Eq. (12-19): effect of pressure 
gradient on St for air. 


Convective Heat and Mass Transfer 


Reynolds numbers for these two experiments, together with Eq. (12-19) (for air). 
In both cases Eq. (12-19) represents the data remarkably well. Furthermore, if 
Eq. (12-29) for a step change in surface temperature is converted to enthalpy 
thickness Reynolds number (using the energy integral equation), it too will cor- 
relate quite well with the data on Fig. 12-17. All of this suggests that the range of 
approximate validity of Eq. (12-19) is far greater than for the simple case of con- 
stant free-stream velocity and constant surface temperature. 

If this indeed is the case then the energy integral equation in its more general 
form, Eq. (5-20), can be used together with Eq. (12-19) to solve the thermal 
boundary layer for arbitrarily specified variations in free-stream velocity and 
surface temperature, and also for specified variations in the radius of a body of 
revolution such as a nozzle or flow over a body of revolution. If we substitute 
Eg. (12-19) into Eq. (5-20), we obtain, after some algebraic manipulation, 


dIGocAiR Cy — Tol = 0.0156 Pee Ra yhi Goo(T: — Too) ” d% 
(12-35) 


Let x = 0 designate the virtual origin of the thermal boundary layer, which 
is essentially a point where any one of the variables within the exact differential 
is zero, and then integrate between the limits 0 and x. Introducing the definition 
of local Stanton number, we obtain 


Ro? a. as J LS) ecg he 
Lite. R!25(T, “de Too) 5 Goo dx]”" 


Alternatively, if a laminar boundary layer precedes the turbulent boundary layer, 
the enthalpy thickness of the laminar boundary layer at the presumed “point” of 
transition can be used as a lower limit of integration. (Note that the viscosity u 
could have been left in the integrand, but it appears to such a small power that 
the error introduced by treating it as a constant is certainly less than the overall 
uncertainty of the analysis.) 

The form of this result is similar to the comparable result for a laminar 
boundary layer, Eq. (10-53). Of particular interest is the fact that use of the en- 
ergy equation has made it possible to account for a varying surface temperature, 
approximate though the result may be. Since we already have a reasonably accu- 
rate variable-surface-temperature solution for a constant free-stream velocity, we 
can at least check Eq. (12-36) for this case. It will be found that Eq. (12-36) pro- 
vides a quite reasonable prediction for variable surface temperature. 

It is now worth noting that the energy integral equation, upon which this re- 
sult is based, is nothing more than a way of assuring that the first law of thermo- 
dynamics is satisfied in the boundary layer. The success of the method suggests 
that satisfying the first law in the boundary layer is of paramount importance. 

Equation (12-36), despite the assumptions that went into its development, is 
in quite good agreement with experimental data for a wide range of applications, 
including rocket nozzles and missile bodies. It fails badly only for strongly 
accelerated flows, which can be characterized by large magnitudes of the 


St = 0.0287 Pr-°* (12-36) 
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acceleration parameter K defined by Eq. (11-45). For K > 10~° the favorable 
pressure gradient causes the viscous sublayer to thicken, which results in an in- 
crease in heat-transfer resistance in the sublayer and a decrease in Stanton num- 
ber. This effect can be seen in Eq. (11-26) for At, the effective sublayer thick- 
ness. It was noted in Chap. 11 that for K > 3.5 x 10~® the boundary layer begins 
to relaminarize as the viscous sublayer engulfs the entire boundary layer. 

Note, of course, that Eq. (12-36) is based on constant fluid properties and the 
absence of viscous dissipation. We will see in Chaps. 15 and 16 how to take these 
effects into consideration quite simply. However, we have already taken account 
of one of the major compressible-flow effects, the variation of density 0. in the 
flow direction. We have done this by employing the free-stream mass velocity 
Go. as an independent variable. Since Go = Poo Uco, the separate variations of 
Poo and uo, are immaterial. 


STRONGLY ACCELERATED BOUNDARY LAYERS 


Figure 12-18 shows some experimental data for a strongly accelerated boundary 
layer. For enthalpy thickness Reynolds numbers between 1000 and 2000 the 
free-stream is accelerated at K = 2.0 x 107°. Note that the Stanton number de- 
creases markedly as a result of the acceleration, although it recovers quickly 
when the acceleration is taken off. Also shown on the figure are the results of a 
calculation using the mixing-length model, including Eq. (11-26) for A*, and the 
model obviously predicts the data quite well. It is worth noting that the same 
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Figure 12-18 Heat transfer through a strongly accelerated turbulent 
boundary layer (data of Kearney,” IDENT 91069). 
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acceleration causes the friction coefficient to increase rather than decrease. The 
boundary layer shown on Fig. 12-18 is still a turbulent boundary layer, and it is 
not until K reaches about 3.5 x 10~° that it will become entirely laminar, in 
which case the Stanton number simply continues to decrease. This boundary 
layer is an unusual turbulent boundary layer in that it has an abnormally thick 
sublayer. 

The reduction in Stanton number caused by strong acceleration is frequently 
observed in the convergent section of small supersonic nozzles. In large nozzles 
it is seldom that K reaches these high values. 


THE TRANSPIRED TURBULENT BOUNDARY LAYER 


The effect of transpiration on the turbulent boundary layer is very similar to the 
effect on the momentum boundary layer described in Chap. 11. The Couette flow 
analysis described in Chap. 11 can be developed in precisely the same manner 
for the Stanton number as for the friction coefficient. The only difference is that 
a heat-transfer blowing parameter B,, is introduced rather than the friction blow- 
ing parameter Br: 


Ofc . ml/ Ges 


B, = = 
‘ St St 


Then 


St In(1+ By) 


Stu B, (12-37) 


If comparison between St and Sto is made at the same x-Reynolds number 
for the case of constant free-stream velocity, Eq. (12-37) fits the experimental 
data remarkably well. Thus, using Eq. (12-18), we obtain for a gas 
In (1 ap By) 

By, 

If we now use the energy integral equation, we can express the Stanton num- 
ber as a function of the enthalpy thickness Reynolds number rather than the x- 
Reynolds number (holding B), constant): 

In @! fs By) 

By 


It then follows that if Sto is defined as the Stanton number for no transpiration at 
the same value of Re,, then 


St In(l4aB;) 1°” a 
ares jr] (+ By (12-40) 
A> 1 


The range of applicability of Eq. (12-40) is remarkable, and the same equa- 
tion applies for cy/cy, if B, is replaced by By. Figure 12-19 shows a set of 


SiPr’ = 010287 Re.°” (12-38) 


1.25 
StPr°? = @:0125 Reg?” (1+ B,)°% — (12-39) 
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Figure 12-19 The effect of transpiration on Stanton number and friction 
coefficient for a wide range of flows (data of Kays and Moffat”!). 


experimental results for both St and c; that include blowing, suction, free-stream 
acceleration, and deceleration. All are very well approximated by Eq. (12-40). 

These results are based on experiments carried out with B, and B; held con- 
stant. These are the conditions for an equilibrium thermal boundary layer with 
blowing or suction, i.e., conditions that lead to outer-region similarity in both the 
velocity and temperature profiles. (Note that earlier we have used the term equi- 
librium thermal boundary layer for a thermal boundary layer at constant free- 
stream velocity having the same virtual origin as the momentum boundary 
layer.) However, the turbulent boundary layer comes to local equilibrium so 
quickly that any of Eqs. (12-38), (12-39), or (12-40) is quite applicable under 
conditions where B, varies quite markedly along the surface. A rather extreme 
example is shown on Fig. 12-20, where a step in blowing is suddenly applied. 
The data are seen to closely approach the new equilibrium condition very soon 
after the step. 

Also shown on Fig. 12-20 are the results of a full solution of the energy dif- 
ferential equation using the mixing-length model, which includes Eg. (11-26) for 
At. The mixing-length calculations do fit the data slightly better. 

Experiments in which m”/G is held constant along the surface, rather than 
By and B;,, yield results for cy and St that are virtually indistinguishable from the 
constant-By and constant-B, experiments. This is in marked contrast to the be- 
havior of the laminar boundary layer, where a substantial difference is seen. 
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Figure 12-20 The response of Stanton number to a step increase in blowing, with 
F = m"/Goo going from 0 to +0.004; the fluid is air (data of Whitten, IDENT 50167). 


By following the same procedures as for the friction coefficient in Chap. 11, 
an alternative blowing parameter b; can be defined such that 


St Bui bp 
Sto |, eb — ] 


(12-41) 


where 


Ufo. it Ver 
St) Sty 

Sty is here defined as the Stanton number for no transpiration at the same 
x-Reynolds number, and thus Eq. (12-41) is valid only for the case of constant 
free-stream velocity. But it does provide an explicit relation for St rather than the 
implicit equation (12-37). 

For the more general case where free-stream velocity, temperature differ- 
ence, and body radius, as well as transpiration rate, all vary in any arbitrary man- 
ner along a surface, a reasonable approximate procedure is to use Eq. (12-36) 
and simply multiply it by Eq. (12-37) to account for the effects of transpiration. 
A slightly more rational procedure would be to use Eq. (12-39) in place of 
Eg. (12-19) in the development of Eq. (12-36). However, if the pressure gradient 
is large, these approximate methods can lead to significant error. 

Figure 12-21 shows an example of a somewhat unexpected effect of a com- 
bination of transpiration and varying free-stream velocity. From the beginning of 
the plate out to Rea, = 4500 the free-stream velocity is held constant, but 


b, = 


CHAPTER 12 Turbulent External Boundary Layers: Heat Transfer 


0.01 
Eq. (12-19) 
St 
0.001 | sian of acceleration 
Eq. (12-39) 
(s} 
Mixing-length model 
0.0001 


100 1000 10,000 100,000 
Enthalpy thickness Reynolds number 


Figure 12-21 Combined effects of blowing and acceleration: blowing, F = 0.0062 
(constant); constant u,,, then K = 0.77 x 10~® (data of Whitten, IDENT 30868). 


m”/G.~ is maintained constant at +0.0062. This is a quite high rate of blowing, 
and the experimental uncertainty for these data is at least +10 percent. Never- 
_ theless, Eq. (12-39) approximates the data reasonably well. At Rex, = 4500 and 
thereafter the free-stream is accelerated at a constant rate K = 0.77 x 10°°. It 
was seen earlier that strong acceleration causes the Stanton number to decrease. 
Yet here it is seen that an acceleration superimposed on positive transpiration has 
the effect of increasing the Stanton number. Thus it is apparent that the various 
effects of changing boundary conditions are not necessarily additive. 

Also shown in Fig. 12-21 are the results of a solution of the energy equation 
using the mixing-length model. This model does seem to show the increase in 
Stanton number accompanying acceleration. 

There are two major areas of technical application of transpired turbulent 
boundary-layer theory: transpiration cooling and mass transfer. Positive transpi- 
ration, or blowing, through a porous surface provides a very effective way to 
cool a solid surface and protect it from a hot mainstream fluid. Not only does the 
transpired fluid absorb thermal eriergy from the porous surface as it passes 
through, but transpiration has the effect of substantially reducing the heat- 
transfer coefficient and therefore the heat-transfer rate. 

Figure 12-22 shows the control volume that must be analyzed in order to 
employ the transpired boundary-layer solutions for transpiration cooling. As- 
suming that the transpiration rate m” is known and the heat transfer coefficient h 


264 


Convective Heat and Mass Transfer 


Boundary layer 
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Figure 12-22 Control volume for analysis of transpiration cooling. 


has been evaluated, an energy balance on the indicated control volume pro- 
vides a relationship between the free-stream temperature T,,, the surface tem- 
perature 7,, and the temperature of the coolant, which is denoted by 77. (The 
enthalpy of the cooling fluid is represented as the product of the specific heat 
and the temperature.) But implicit in this analysis, as well as in all of the tran- 
spired boundary-layer solutions, including those for laminar boundary layers, is 
the assumption that the temperature of the transpired fluid is at 7, when it 
leaves the porous surface. In other words, it is assumed that the porous surface 
is a 100 percent effective heat exchanger. If the wall is thick and the pores, or 
holes, are very small, this may well be the case—but this is something that 
should be analyzed if the wall is very thin. Another critical assumption implicit 
in the transpired boundary-layer solutions is that the pores are infinitely small 
and infinitely close together. In the case of the turbulent boundary layer this ef- 
fectively means that both the pores and the pore spacing are small relative to the 
sublayer thickness. Practically speaking, this probably means that the pore size 
and spacing should be no greater than one y* unit, although this is a problem 
that has not been investigated. It is related to a problem that is discussed in the 
next section. 

In all of the previous development it has been assumed that the transpired 
fluid is chemically the same as the mainstream fluid. An important variation 
arises when the transpired fluid is chemically different, and this is sometimes a. 
practicable cooling alternative. The associated momentum-transfer problem is 


basically unchanged, but the heat-transfer problem is altered, and a new transfer’ 


mechanism, mass diffusion, is introduced. In addition to solution of the momen- 
tum and energy equations of the boundary layer, the mass-diffusion equation of 
the boundary layer must be solved. But this then brings us to the general subject 
of mass transfer, which is the subject of Chaps. 18, 19, and 20. Since the tran- 
spired boundary layer does involve mass transfer across the fluid—solid interface, 
in reality it is part of the mass-transfer spectrum of problems, and the results de- 
veloped in this section are used in the mass-transfer chapters even though the 
problem is formulated somewhat differently. 
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FULL-COVERAGE FILM COOLING 


In cooling problems, of which the cooling of gas-turbine blades is a good exam- 
ple, it is often not practicable to construct the surface with a porous material. An 
alternative is to drill an array of small holes through the surface. The holes can 
be drilled normally to the surface, or a more effective arrangement is to drill them 
at an angle as in Fig. 12-23. But these holes are usually very large relative to the 
sublayer, or even the total boundary-layer thickness. 

The term full-coverage film cooling is used here because a similar arrange- 
ment, but usually with one or two rows of holes only, is frequently used for cool- 
ing where the primary objective is to cool the surface downstream from the cool- 
ing holes by injecting a blanket of cool fluid into the boundary layer. The latter 
arrangement will be termed simply film cooling, and is discussed in the next sec- 
tion. The primary objective of full-coverage film cooling is to cool the surface 
between the cooling holes, and this may indeed involve the entire surface. Of 
course, if a full-coverage region is followed by an impermeable region, the latter 
will be cooled in the same manner as in simple film cooling, so the distinction is 
a bit academic. But full-coverage film cooling is obviously closely related to 
transpiration cooling, and, as the holes and hole spacing are made smaller, the 
behavior of the transpired boundary layer will be approached. 

In Fig. 12-23 the temperature of the cooling fluid at the surface is denoted 
by 7>. Unlike the case of transpiration cooling, 7) will usually be different from 
T, because the tubes will be too short to provide sufficient heat-transfer surface 
area to bring the cooling fluid to surface temperature. Thus a new variable enters 
the problem. Fortunately, the linearity of the energy differential equation of the 
boundary layer provides a simple way to handle this difficulty. If experiments are 
performed at two different values of 7>, the behavior at any value of 7) can be 
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Figure 12-23 An example of a surface used for full-coverage film 
cooling. 


Convective Heat and Mass Transfer 


determined. Let 0 be defined by 
Ty — To, 
2S BOs 
Now suppose two experiments are performed: one for @ = 0 and the other for 


6 = 1. It can be readily shown by superposition that at a particular point x along 
the surface ; 


0 


St(0) = St o_o — O(St loco — St [g21) (12-42) 


Note that 9 = 1 corresponds to the case studied for the transpired boundary layer. 
With one other experiment, in this case letting the coolant enter at free-stream 
temperature, a heat-transfer coefficient for any value of T7 can be evaluated. 

It should be added that the heat-transfer coefficient implied is a local aver- 
age over the solid surface between the holes; locally, the heat-transfer coefficient 
may vary considerably; but if the surface material has a reasonable thermal con- 
ductivity, the effect of local variations will damp out. 

The number of geometric variables involved in an arrangement such as that 
illustrated in Fig. 12-23 is so large that it is not practicable to present any kind of 
comprehensive survey of the available data here. However, in order to illustrate 
the kind of results that are obtainable, one particular case at one Reynolds num- 
ber will be presented. For more information the reader is referred to the report by 
Crawford, Kays, and Moffat.” 

Figure 12-24 shows some results for a full-coverage plate with p; = po, 
pi/d = 5, and the tubes at a 30° angle from the surface. This particular experiment 
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Figure 12-24 An example of experimental data for full-coverage film 
cooling (data of Crawford et al.,” taken at 11th row of holes). 
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was at constant free-stream velocity, at Re, = 1,750,000, and the thermal bound- 
ary layer had a delayed starting length with its origin at Re, = 1,250,000. This 
was also the point where the rows of injection holes started. The Reynolds num- 
ber Re, based on hole diameter and free-stream velocity was 12,971. The holes 
had d = 1.03 cm, and the boundary-layer total thickness at the start of injection 
was about 2 cm. Thus the holes were large relative to the boundary layer. 

The Sto on Fig. 12-24 is the Stanton number for no injection as given by 
Eq. (12-29). For this particular experiment there is a relatively large thermal 
boundary-layer starting-length effect, so it is appropriate to use Eq. (12-29) 
as a base. The ratio St/Sty is plotted as a function of a blowing parameter M 
defined as 


ws (12-43) 


M is thus similar to the transpiration mass-flux ratio m”/G,., but is much larger 
because it acts over a much smaller area. 

It will be observed that the data for 9 = 1 initially decrease and behave very 
much like transpiration, i.e., the heat-transfer coefficient is decreased as blowing 
is increased. However, at about M@ = 0.4 it starts to rise, and continues to do so 
thereafter. The reason for this is that apparently the cooling fluid is beginning to 
pass completely through the sublayer instead of providing a blanket of cool fluid 
along the surface, and additionally it is increasing the turbulence in the boundary 
layer. 

The effect of T> being less than T, can be investigated through Eq. (12-42). A 
complete thermal analysis of the wall, including evaluation of heat transfer within 
the tubes and on its underside, is necessary before any conclusions can be drawn. 


FILM COOLING 


Another effective way to protect a surface from a hot fluid stream is to inject a 
cooler fluid under the boundary layer, thus forming a protective layer or film 
along the surface. The injected fluid can enter the boundary layer in a number 
of ways, and the number of possible geometrical arrangements is considerable. 
Figure 12-25 shows an example of the use of a slot in the surface through which 


Figure 12-25 Example of a film-cooling scheme. 
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the cooling fluid may be injected. But the slot could be replaced by a row of 
holes, or two or three rows of holes, and the angle of injection could vary from 
normal to the surface to virtually parallel to it. Fluid could be injected through a 
section of porous surface, and also the region downstream of the full-coverage 
film-cooling region discussed in the preceding section has the same general char- 
acteristics as does the slot. 

Most film-cooling experiments have been concerned with an adiabatic sur- 
face in the region downstream of the injection slot, and it is the temperature of 
this surface Tyy relative to the free-stream temperature T,, and the cooling-fluid 
temperature 7; that is of concern. A film-cooling effectiveness 7 is defined as 

pe at! (12-44) 
Dy — Toe 
It is found that 7 is primarily a function of a blowing-rate parameter M = 
PU / Poollco, the width or height of the injection slot h, and the distance x. 

For essentially the scheme illustrated in Fig. 12-25, using air and a constant 

free-stream velocity, Weighardt”’ presents the correlation 


n = 21.8(x/Mh)~°* (12-45) 


for 0.22 < M <0.74 and x/h > 100. 

For applications where there is heat transfer to the surface downstream from 
the injection slot, the conventional procedure is to evaluate T,y from 7, and then 
calculate the heat-transfer rate using the heat-transfer coefficient that would ob- 
tain if there were no injection and the temperature difference were T,,, — T, 
rather than To, — T,. Metzger and Fletcher** have pointed out that this is not a 
good approximation immediately downstream of the point of injection, but high 
precision is generally not particularly important in that region. 

Many other correlations for film-cooling are available in the literature, as 
well as many other geometric variations. A comprehensive review of the correla- 
tions is given by Goldstein’ or Leontiev.*? It is worth noting that if the slot in 
Fig. 12-25 is arranged parallel to the surface, and M is allowed to go to infinity, 
the problem of the wall jet is approached (see Ref. 26). 

Transpiration cooling, full-coverage film cooling, film cooling by slot or hole 
injection, and the wall jet all obviously involve closely related phenomena. If the 
geometry is simple, complete solution of the boundary-layer equations is some- 
times practicable, and when this is the case it is certainly the preferred method. 
However, if boundary-layer separation is involved, as is frequently the case, or 
three-dimensional effects are present, turbulence models developed for the particu- 
lar application must be used, and this is beyond the scope of the present discussion. 


THE EFFECTS OF SURFACE ROUGHNESS 


All of the preceding discussion has been based on the assumption of an aerody- 
namically smooth surface. The effect of a rough surface on the momentum 
boundary layer is discussed in Chap. 11, and a mixing-length model for a fully 
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rough surface (Re, > 70) is developed. The same procedure can now be applied 
to thermal boundary layer, but an important difference is encountered. Whereas 
a turbulent shear stress can be transmitted directly to the roughness elements as 
a result of dynamic or pressure forces on the area of the elements normal to the 
mean direction of flow, there exists no comparable mechanism for heat transfer. 
Thus heat can be transferred by eddy conductivity down to the plane of the 
roughness elements, but the actual final heat transfer to the solid surface must be 
through the mechanism of molecular conduction. A consequence of this fact is 
that, even in the fully rough regime, molecular thermal conductivity remains a 
significant variable; thus molecular Prandtl] number remains a variable. 

A mixing-length model incorporating this fact can be readily developed. Let 
us consider the fully rough regime for the elementary case of no pressure gradi- 
ent and no transpiration. We develop a rough-surface thermal law of the wall par- 
alleling the development of Eq. (12-15). We start with Eq. (12-12), but, since 
there is no sublayer, we assume that ¢ >> 1/ Pr all the way down to y* = 0, so 
we neglect 1/ Pr. (This is obviously not valid for very low-Pr fluids, but for Pr of 
the order of magnitude of unity or larger this is an assumption of the same order 
as was made for the corresponding momentum-transfer problem in Chap. 11.) 
Next we take the lower limit of T* as a finite number 57,* instead of zero. 5T;* 
represents the temperature difference (nondimensional) across which heat is 
transferred by conduction through what may be a semi-stagnant fluid in the 
roughness cavities at the surface. Thus Eq. (12-12) becomes 


rt —ort= 2M 
0 €H/v 


The turbulent Prandtl number is then introduced to relate ¢y to é€y, and €y is 
obtained from the corresponding development in Chap. 11: 
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Integrating, and introducing Eq. (11-53) for dy* (treating Pr, as constant), we 
have 
r a2 Gy" 
Ping I! 4 doe 
‘ K Re; 

If we now examine the definition of 57.* [defined similarly to T* in Eq. (12-10)] 
and define a local heat-transfer coefficient based on 57,, we see that 57,+ can be 
expressed in terms of a Stanton number based on u,: 


Then 
lg) eis, (gc (12-46) 
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St, must be determined from experiment, and it is undoubtedly a function of 
the type of roughness present. Dipprey and Sabersky”’ find that the available data 
can be correlated by an equation of the form 


St, =C Re, ?? Prv°# (12-47) 


The data of Pimenta, Moffat, and Kays’ for a rough surface composed of 
closely packed spheres yield a value of C = 0.8 when Pr, = 0.9 is used in 
Eq. (12-46). 

Since we now have a thermal law*of the wall for a fully rough surface for 
the case of constant u,. and v, = 0, as well as the corresponding momentum 
law of the wall, Eq. (11-56), the conventional Stanton number under these con- 
ditions can be determined in precisely the same manner as was used to develop 
Eq. (12-17). The result is 


ne cy [2 
Pr, +./¢¢/2/St 


Equation (11-57) can then be used to determine c; /2. 

Equation (12-48) would suggest that for a fully rough surface St is indepen- 
dent of Prandtl number. However, note that St, is a function of Prandtl number, 
and as the latter becomes very large, this term can become the dominant one. 
Physically this means that the heat-transfer resistance offered by the molecular- 
conduction process in the cavities between the roughness elements becomes the 
major source of heat-transfer resistance in the boundary layer. Large values of 
c,/2 have the same effect. 

An example of the use of Eq. (12-48) is shown on Fig. 12-26. However, 
the value for C in Eq. (12-47) was determined from these data, so the close 
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Figure 12-26 Comparison of fully rough-surface model with experiment (data 
from IDENT 71374; packed spheres, diameter 1.27 mm: k, = 0.787 mm; air at 
constant U9). 
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Figure 12-27 Comparison of a temperature profile calculated from the 
mixing-length model with experimental data (data from IDENT 71374; packed 
spheres, diameter 1.27 mm; k, = 0.787; Res, = 11,509; Rea, = 11,558; 

Re; = 101). 


correspondence between the data and Eq. (12-48) only demonstrates that C is in- 
deed a constant. A better demonstration of the validity of the model is shown in 
the comparison of temperature profiles discussed below. 

Note that a rough surface yields Stanton numbers significantly higher than a 
smooth surface—in this case about 60 percent higher. Thus roughening a surface 
is an effective way to increase heat-transfer rates. 

The same mixing-length model can be used to solve the complete boundary- 
layer differential equations by finite-difference methods. The corresponding mo- 
mentum boundary-layer problem is discussed in Chap. 11. The complete absence 
of a sublayer is modeled by setting A* = 0. Since there is no sublayer, the high 
values of Pr, seen in the sublayer for a smooth surface are probably not present, 
and use of Pr, = 0.9 throughout the boundary layer seems appropriate. The re- 
sults of such a calculation are also shown on Fig. 12-26. They are virtually the 
same as Eq. (12-48) (the “waviness” is the result of stability problems). 

Figure 12-27 is of more significance. The model reproduces the nondimen- 
sional temperature profile extremely well. 


THE EFFECTS OF AXIAL CURVATURE 


The effects of axial curvature on the momentum boundary layer, and in particu- 
lar on the friction coefficient, are discussed in Chap. 11. Curvature has a very 
similar effect upon the Stanton number. In fact, the data of Gibson® shown on 
Fig. 12-28 are based on the same experiments for which the friction coefficient is 
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Figure 12-28 The effect of axial surface curvature on the Stanton number 
(data of Gibson,® IDENT 8000/8100; air at uo9 = 23.25 m/s; R = 0.41 m; 
Cr = 0.26 x 107°; at x = 0, Res, = 3540, Rea, = 4180). 


shown on Fig. 11-16, and the results are qualitatively the same. Convex curva- 
ture causes a reduction in St, while concave curvature has the opposite effect. 

The same mixing-length model, in which the effective mixing length is re- 
duced or increased by a linear function of the local Richardson number, and A* 
changes slightly, can be employed, i.e., 
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Calculations employing this model, with no change in turbulent Prandtl number, 
are shown on Fig. 12-28, with quite reasonable results. 

The data shown on Fig. 12-28 are for a relatively mild curvature. The 
strength of the curve can be expressed in terms of a curvature parameter Cr, which 
is simply the inverse of a Reynolds number based on the radius of curvature of the 


_ surface, R, and the free-stream velocity: 


Cr /uooKk 


For both of the experiments shown on Fig. 12-28, Cr = 0.26 x 107°. 

Figure 12-29 shows experimental data for a much stronger case of convex 
curvature, Cr = 1.21 x 10~°. Precisely the same mixing-length model shown on 
this figure again yields quite satisfactory results. 


CHAPTER 12 Turbulent External Boundary Layers: Heat Transfer 


0.003 
No curvature 
0.002 
St 
Mixing-length model 
0.001 
A 
| 
Start of curve 
0.000 = San pay m— a 
—0.4 —0.2 0.0 0.2 0.4 0.6 0.8 


x,m 
Figure 12-29 Effect of convex streamwise curvature (data of Simon;° 


air at Uso = 28 m/s; R = 2.22 m; Cr = 1.21 x 10~®; at x = 0, Res, = 
4860, Rea; = 2500). 


Experiments by Hollingsworth’ for concave curvature, using water, and with 
a considerably larger value of Cr, yield results for cy/2 that can again be pre- 
dicted quite well with the same model. However, Hollingsworth’s heat-transfer 
results for strong concave curvature suggest that turbulent Prandtl number is af- 
fected by concave curvature, although the effect is not large in the early stages of 
a curved region. It should be recalled, however, that for water with Pr = 5.9 the 
thermal boundary layer is largely within the sublayer, and this turbulent Prandtl- 
number effect may be unique to the sublayer. 

An important question for technical applications is that of the range of va- 
lidity of the flat-surface results; i.e., how much curvature can be tolerated be- 
fore it is necessary to take it into consideration. This is similar to the question 
about the range of validity of the aerodynamically smooth surface correlations 
and models. Insufficient information is available to answer this question pre- 


cisely, but the above results suggest that Cr < 0.26 x 10-° would be a neces-. 


sary condition. 


THE EFFECTS OF FREE-STREAM TURBULENCE 


The effects of free-stream turbulence on the Stanton number are very similar to 
the corresponding effects on the friction coefficient (see Fig. 11-17). The wake is 
diminished, or completely eliminated, and St increases. 

Some experimental results by Blair® are shown on Fig. 12-30, extending up 
to a nominal value of turbulent intensity Tu = 0.06, indicating an increase in St 
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Figure 12-30 The effects of free-stream turbulence on heat transfer (data of 
Blair,” for air). 


of about 20 percent. Also shown in this figure are the results of calculations using 
the k-e model of turbulence, assuming isotropic free-stream turbulence. These 
results, together with the corresponding results for the friction coefficient 
(Fig. 11-17), suggest that the kK-e model is quite adequate up to least Tu = 0.075. 
An interesting result of such calculations is that the increase in St resulting from 
free-stream turbulence seems to be relatively independent of free-stream turbu- 
lence length scale, despite experimental evidence that this may not be the case.” 

The maximum value of Tu within the turbulent boundary layer with no free- 
stream turbulence is typically in the range 0.09-0.11. These experiments are for 
values of the free-stream turbulence that are below the turbulence level gener- 
ated within the boundary layer as a result of sublayer instability. Thus free- 
stream turbulence has its major effect on the outer part of the boundary layer, 
i.e., on the wake. But when free-stream turbulence is greater than that naturally 
generated by the boundary layer itself, it is probably not surprising that the 
situation is changed. 

At high values of the free-stream turbulence, Maciejewski*° has found, from 
an examination of a large amount of data under widely varying conditions, that 
(for air) the heat-transfer coefficient is almost directly proportional to u?, and 
relatively independent of Reynolds number. If a Stanton number St’ is defined 


on the basis of Vw? as the significant velocity, then Maciejewski suggests the 
following correlation: 


St’ = 0.018 for Tu > 0.20 (12-49) 
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PROBLEMS 


12-1. 


12-2. 


12-3. 


12-4, 


12-5. 


12-6. 


The development leading to Eq. (12-17) was not expected to be applicable to 
a high-Prandtl-number fluid. The objective of this problem is to develop a heat- 
transfer solution for the turbulent boundary layer for no pressure gradient or 
transpiration, applicable at Pr = 100. Use the Van Driest mixing-length 
equation and Pr, = 0.9, and integrate Eq. (12-12) out to about Witie= LOO 
numerically. (It is desirable to use a programmable computer or calculator.) 
Then for y* > 100, neglect the 1/ Pr term and integrate as in the text. 
Compare the results with Eqs. (12-15) and (12-17). 

Consider heat transfer to a turbulent boundary layer with no pressure gradient 
or transpiration but with a vanishingly small-Prandtl-number fluid. Why is this 
problem simpler than for the turbulent boundary layer at moderate and high 
Prandtl numbers? What closed-form solution already in hand should be a good 
approximation? Why? 

The approximate solution in the text for the development of a thermal 
boundary layer under an already existing momentum boundary layer, 

Eq. (12-29), is not valid very close to the step in surface temperature. An 
alternative possibility in this region may be based on the fact that for a short 
distance from the step the thermal boundary layer is entirely within the almost 
completely laminar part of the sublayer, say out to yt = 5. A heat-transfer 
solution for this region can then be obtained in much the same manner as for 

a laminar boundary layer, but with the local turbulent boundary-layer surf shear 
stress used to establish the velocity profile. Develop a heat-transfer solution 
for this region, assuming that the shear stress is a constant throughout, and 
compare the results with Eq. (12-29). What is the range of validity of the result? 
What is the influence of the Prandtl number? This problem can be solved 
exactly using similarity methods or integral methods (see Chaps 8. and 10). 
Starting with Eq. (12-34), determine the Stanton number as a function of the 
Prandtl number and enthalpy thickness Reynolds number for the case of 
constant heat flux along a surface. Compare with Eq. (12-19). 

Using Eq. (12-29) and making any mathematical approximations that seem 
appropriate, determine the Stanton number as a function of the Prandtl number, 
enthalpy thickness Reynolds number, and momentum thickness Reynolds 
number. Note that Eq. (12-29) provides for the possibility of the ratio Az /3) 
varying from 0 to 1. 

Consider the development of a turbulent boundary layer in a convergent 
axisymmetric nozzle. Let both the free-stream and surface temperatures be 
constant. As an approximation, treat the flow as one-dimensional, so that the 
mass velocity G may be calculated as the mass flow rate divided by the cross- 
sectional area of the duct, 7 R*. Assume that the thermal boundary layer 
originates at the start of the convergence of the nozzle. Then take the case 
where the nozzle throat diameter is one-fifth the duct diameter at the start of 
convergence, x is a linear function of R, and the convergence angle is 45°. 
Derive an expression for the Stanton number at the nozzle throat as a function 
of the Prandtl number and a Reynolds number based on throat diameter and 
throat mass velocity. How sensitive is this expression to convergence angle? 
Would shapes other than the straight wall of this example yield significantly 
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12-7. 


12-8. 


12-9. 


12-10. 


different results? Compare your results with the corresponding expression for 
fully developed turbulent flow in a circular pipe (see Chap. 14). 


Air at a temperature of —7°C and 1 atm pressure flows along a flat surface (an 
idealized airfoil) at a constant velocity of 46 m/s. For the first 0.6 m the surface 
is heated at a constant rate per unit of surface area; thereafter, the surface is 
adiabatic. If the total length of the plate is 1.8 m, what must be the heat flux on 
the heated section so that the surface temperature at the trailing edge is not 
below 0°C? Plot the surface temperature along the entire plate. Discuss the 
significance of this problem with respect to wing deicing. (A tabulation of 
incomplete beta functions, necessary for this problem, is found in App. C.) 

TEXSTAN can be used to confirm the results of this variable surface-heat- 
flux problem. Choose a starting x location near the leading edge, say 0.05 cm, 
and picx fluid properties that are appropriate to air, evaluated at the free-stream 
temperature. Use constant fluid properties and do not consider viscous 
dissipation. The piecewise surface heat flux boundary condition is modeled 
easily in TEXSTAN by providing heat flux values at four x locations, two for 
each segment, e.g., at x = 0, x = 0.60 m (over which there will be a heat flux), 
and at x = 0.601 m, x = 1.8 m (over which there will be a zero heat flux, 
adiabatic condition). Because TEXSTAN linearly interpolates the surface 
thermal boundary condition between consecutive x locations, a total of four 
boundary condition locations is sufficient to describe the surface temperature 
variation. The initial velocity and temperature profiles appropriate to the 
starting x location (fully turbulent boundary-layer profiles) can be supplied by 
using the kstart=3 choice in TEXSTAN. For a turbulence model, choose the 
mixing-length turbulence model with the Van Driest damping function 
(ktmu=5) and choose the variable turbulent Prandtl number model 
(ktme=3). 

Work Prob. 12-7 but divide the heater section into two 0.3-m strips, with one at 
the leading edge.and the other 0.9 m from the leading edge. What heat flux is 
required such that the plate surface is nowhere less than 0°C? 

TEXSTAN can be used to confirm the results of this variable surface-heat- 
flux problem. Follow the general setup described in Prob. 12-7. The piecewise 
surface-heat-flux boundary condition will require a total of eight x locations, 
two for each segment, e.g., at x = 0, x = 0.30 m (over which there will be a 
heat flux), x = 0.301 m, x = 0.90 m (over which there will be a zero heat flux, 
adiabatic condition), x = 0.901 m, x = 1.20 m (over which there will again 
be a heat flux), and the pair x = 1.201 m, x = 1.8 m (over which there will be 
a zero heat flux, adiabatic condition). 


In film cooling the primary effect is believed to be due to the energy put into or 
taken out of the boundary layer, rather than the mass of fluid injected. If this is 
the case, it should be possible to approximate the effect of slot injection by 
simulating the slot with a strip heater in which the total heat rate is set equal 

to the product of the injection mass flow rate and the enthalpy of the injected 
fluid. Using the methods of the preceding two problems, carry out an 
investigation of the case represented by Eq. (12-45). 


Consider a film-cooling application of the type described in Prob. 12-9 

(Fig. 12-25). The objective of this problem is to investigate methods of 
calculating heat transfer to or from the surface downstream of the injection slot 
(that is, the heater or heat extractor, if the above analogy is employed) when 


12-11. 


12-12. 
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the surface temperature is maintained at some temperature different from the 
“adiabatic wall temperature.” Since heat transfer is zero when the surface 
temperature is equal to T,,,, it would seem reasonable to define a heat-transfer 
coefficient based on T,y — T,. Such a coefficient would be useful if it turned 
out that it did not differ substantially from that given by, for example, 

Eq. (12-18). The investigation can be carried out by simulating the injection 
slot as in Prob. 12-9 and then specifying a constant but substantially smaller 
heat flux along the remainder of the plate. 


An aircraft oil cooler is to be constructed using the skin of the wing as the 
cooling surface. The wing may be idealized as a flat plate over which air at 

71 kPa and —4°C flows at 61 m/s. The leading edge of the cooler may be 
located 0.9 m from the leading edge of the wing. The oil temperature and oil- 
side heat-transfer resistance are such that the surface can be at approximately 
54°C, uniform over the surface. How much heat can be dissipated if the cooler 
surface measures 60 by 60 cm? Would there be any substantial advantage in 
changing the shape to a rectangle 1.2 m wide by 0.3 m in flow length? 


Consider a constant free-stream velocity flow of air over a constant-surface- 
temperature plate. Let the boundary layer be initially a larninar one, but let a 
transition to a turbulent boundary layer take place in one case at Re, = 300,000 
and in another at Re, = 10°. Evaluate and plot (on log—log paper) the Stanton 
number as a function of Re, out toRe, = 3 x 10°. Assume that the transition is 
abrupt (which is not actually very realistic). Evaluate the Stanton number for the 
turbulent part using the energy integral equation and an analysis similar to that 
used to develop Eq. (12-36), matching the enthalpy thicknesses of the laminar 
and turbulent boundary layers at the transition point. Also plot the Stanton 
number for a turbulent boundary layer originating at the leading edge of the 
plate. Where is the “virtual origin” of the turbulent boundary layer when there is 
a preceding laminar boundary layer? What is the effect of changing the 
transition point? How high must the Reynolds number be in order for turbulent 
heat-transfer coefficients to be calculated with 2 percent accuracy without 
considering the influence of the initial laminar portion of the boundary layer? 
TEXSTAN can be used to confirm the results of this problem. Choose a 
starting x-Reynolds number of about 1000 (corresponding to a momentum 
Reynolds number of about 20) and pick fluid properties that are appropriate 
to air, evaluated at a free stream temperature of 300 K. Use constant fluid 
properties, and note that the energy equation does not have to be solved. The 
geometrical dimensions of the plate are 1 m wide (a unit width) by 3.0 m long 
in the flow direction, corresponding to an ending Re, of about 3 x 10° 
(a momentum Reynolds number of about 5500). Let the velocity boundary 
condition at the free stream be 15 m/s. The initial velocity and temperature 
profiles appropriate to the starting x-Reynolds number (laminar Blasius 
boundary-layer profiles) can be supplied by using the kstart=4 choice in 
TEXSTAN. For a turbulence model, choose the mixing-length turbulence 
model with the Van Driest damping function (ktmu=5), along with the abrupt 
transition model, corresponding to ktmtr=1 and an appropriate momentum 
Reynolds number for transition, specified by the variable gxx. You will have to 
iterate on your gxx choice, using the ideas leading up to Eq. (11-1) to create 
the correct transition x-Reynolds numbers. Also, choose the variable turbulent 
Prandtl number model (ktme=3). L 
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12-13. 


12-14. 


12-15. 


12-16. 


A 12-m-diameter balloon is rising vertically upward in otherwise still air at a 
velocity of 3 m/s. When it is at 1500 m elevation, calculate the heat-transfer 
coefficient over the entire upper hemispherical surface, making any 
assumptions that seem appropriate regarding the free-stream velocity 
distribution and the transition from a laminar to a turbulent boundary layer. 
A round cylindrical body 1.2 m in diameter has a hemispherical cap over one 
end. Air flows axially along the bady, with a stagnation point at the center of 


the end cap. The air has an upstream state of 1 atm pressure, 21°C, and 60 m/s. 


Under these conditions, evaluate the local heat-transfer coefficient along the 
cylindrical part of the surface to a point 4 m from the beginning of the 
cylindrical surface, assuming a constant-temperature surface. Make any 
assumptions that seem appropriate about an initiatJaminar boundary layer 
and about the free-stream velocity distribution around the nose. It may be 
assumed that the free-stream velocity along the cylindrical portion ot the body 
is essentially constant at 60 m/s, although this is not strictly correct in the 
region near the nose. 

Then calculate the heat-transfer coefficient along the same surface by 
idealizing the entire system as a flat plate with constant free-stream velocity 
from the stagnation point. On the basis of the results, discuss the influence of 
the nose on the boundary layer at points along the cylindrical section and the 
general applicability of the constant free-stream velocity idealization. 


Problem 11-9 is concerned with the momentum boundary layer on a rough 
surface, and it involves analyzing some experimental data. The corresponding 
measured temperature profile is given in the following table. The surface 
temperature is 35.22°C, constant along the surface, and the free-stream 
temperature is 19.16°C. St = 0.00233. How do the results compare with the 
theory developed in the text? 


0.020 29.02° 0.660 24.17 


0.030 28.64 1.10 22.84 
0.051 28.14 1.61 21.62 
0.081 pig EY 2.12 20.36 
0.127 26.97 2.82 19.46 
0.191 26.36 3.58 19.16 
0.279 25.76 

0.406 Pisyl'3) 


Consider a flat surface that is 30 cm square. Hot air at 800 K is flowing across 
this surface at a velocity of 50 m/s. The hot-air density is 0.435 kg/m>. The 
boundary layer on the plate is turbulent, and at the leading edge of the section 
of interest, the momentum thickness Reynolds number is 1100. There is no 
thermal boundary layer in the region preceding the 30 cm section of interest; 
i.e., the surface on which the momentum boundary layer has developed is 
adiabatic and thus at 800 K. 

Cooling air is available at 290 K, at a rate of 0.0037 kg/s. The density of 
the coolant is 1.2 kg/m’. Investigate what can be done with three methods of 
cooling the 30 cm section: (1) convection from the rear surface of the plate, 
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(2) transpiration, and (3) film cooling. In the first method assume that the 
surface is sufficiently thin, that the conduction resistance is negligible, that the 
effective heat-transfer coefficient on the rear surface is 25 W/(m? - K), and that 
the effective coolant temperature is 290 K over the whole surface. For the 
second method let m” be uniform everywhere. 

Although the surface temperature varies in the direction of flow for each 
of the cooling methods used, ignore this effect on the heat-transfer coefficient; 
i.e., use constant-surface-temperature theory to determine h. 


TEXSTAN PROBLEMS 


12-17. 


12-18. 


12-19. 


TEXSTAN analysis of the turbulent thermal boundary layer over a flat plate 
with constant surface temperature and with zero pressure gradient: Choose a 
starting x-Reynolds number of about 2 x 10° (corresponding to a momentum 
Reynolds number of about 700) and pick fluid properties that are appropriate 
to air, evaluated at a free-stream temperature of 300 K. Use constant fluid 
properties and do not consider viscous dissipation. The geometrical dimensions 
of the plate are 1 m wide (a unit width) by 3.0 m long in the flow direction, 
corresponding to an ending Re, of about 2.9 x 10° (a momentum Reynolds 
number of about 5400). Let the velocity boundary condition at the free stream 
be 15 m/s and let the energy boundary conditions be a free-stream temperature 
of 300 K and a constant surface temperature of 295 K. The initial velocity and 
temperature profiles appropriate to the starting x-Reynolds number (fully 
turbulent boundary-layer profiles) can be supplied by using the kstart=3 
choice in TEXSTAN. For a turbulence model, choose the mixing-length 
turbulence model with the Van Driest damping function (ktmu=5) and choose 
the variable turbulent Prandtl number model (ktme=3) corresponding to 
Eq. (12-7). 

Calculate the boundary layer flow and compare the Stanton number results 


~ based on x Reynolds number and enthalpy thickness Reynolds number with 


the results in the text, Eqs. (13-18) and (13-19). Calculate the Stanton number 
distribution using energy integral Eq. (5-24) and compare with the TEXSTAN 
calculations. Feel free to investigate any other atiribute of the boundary-layer 
flow. For example, you can investigate the thermal law of the wall, comparing 
to Fig. 13-9. 

TEXSTAN analysis of the turbulent thermal boundary layer over a flat plate 
with constant surface temperature and with zero pressure gradient: This is an 
extension to Prob. 12-17 to investigate the effect of Prandtl number on heat 
transfer. Examine fluids ranging from gases to light liquids and compare to 
Fig. 13-13. Compare Eqs. (13-17) through (13-21) with the TEXSTAN results. 


TEXSTAN analysis of the turbulent thermal boundary layer over a flat plate 
with constant surface temperature and with zero pressure gradient: This 
problem is essentially a repeat of Prob. 12-17, but choosing higher-order 
turbulence models available in TEXSTAN. There exists a 1-equation model 
(ktmu=11) and four 2-equation (k—¢) models (ktmu=21,22,23,24). The 

initial velocity and temperature profiles appropriate to the starting x-Reynolds 
number (fuliy turbulent boundary-layer profiles), along with turbulence profiles 
for k (and €) can be supplied by using the kstart=3 choice in TEXSTAN. 
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Choose an initial free-stream turbulence of 2 percent. Note that by setting 

the corresponding initial free-stream dissipation (for the 2-equation model) 
equal to zero, TEXSTAN will compute an appropriate value. For the 1- and 
2-equation turbulence models it is best to choose a constant turbulent Prandtl 
number model (ktme=2), along with a choice for the turbulent Prandtl number, 
0.9 is suggested, by setting fxx=0.9. 

Calculate the boundary-layer flow and compare the Stanton number results 
based on x-Reynolds number and enthalpy thickness Reynolds number with 
the results in the text, Eqs. (13-18) and (13-19). Calculate the Stanton number 
distribution using energy integral Eq. (5-24) and compare with the TEXSTAN 
calculations. Feel free to investigate any other attribute of the boundary-layer 
flow. For example, you can investigate the thermal law of the wall, comparing 
to Fig. 13-9. 
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circular tube or pipe, but we will examine briefly the problem of noncircular 

tubes and the effects of surface roughness. The turbulence phenomenon in- 
volved represents nothing substantially different from that discussed in Chap. 11 
in connection with the turbulent external boundary layer, and therefore the mate- 
rial df that chapter is heavily drawn on. Similarly, the peculiarities of a fully 
developed flow in a constant-area tube or pipe are discussed in Chap. 7 in the 
context of laminar flow, and much of that material is also used here. 


I n this chapter we are primarily concerned with fully developed flow in a 


FULLY DEVELOPED FLOW IN A CIRCULAR TUBE 


The geometry under consideration is shown in Fig. 7-1. The applicable momen- 

tum differential equation can be readily deduced from Eq. (4-11) simply by com- 

parison with Eq. (11-3). For steady, constant-property flow we obtain 
Ou _ Ou LdP > 8 dit 
u— +0, — = = —— (v + €u)r— 


ry —— 13-1 
Ox ar p dx x r or or ( ) 


At and near the entrance to the tube, a turbulent boundary layer develops in much 
the same manner as an external boundary layer, provided that the Reynolds num- 
ber is sufficiently high. But what happens in the entry region depends heavily on 
the geometric character of the entrance itself. If the tube is preceded by a 
smoothly converging nozzle, the boundary layer is often initially Jaminar, and 
then a transition to a turbulent boundary layer takes place somewhere farther 
downstream, assuming that the Reynolds number based on tube diameter, 
Eq. (7-14), is greater than the critical Reynolds number, about 2300. But if the 
entrance involves an abrupt or sharp-edged contraction, as is so often the case in 
engineering applications, no laminar boundary layer forms at all so long as 
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Re > 2300, but the eddy diffusivity in the turbulent developing region is very 
much higher than that given by the turbulence theories discussed in Chap. 11. 

It is thus evident that the velocity-developing region for turbulent flow in a 
tube or pipe will only lend itself to an unambiguous analytical treatment for a 
highly idealized situation. If the entrance is a smoothly converging nozzle, so 
that the velocity is uniform at the beginning of the constant-area tube, and if it is 
assumed that a turbulent boundary layer originates at this point, then the entry 
region can be calculated by finite-difference solution of Eq. (13-1), using the 
same turbulence models as for the external boundary layer. The only thing new 
is the handling of the pressure gradient, which is now a dependent variable re- 
lated to the acceleration of the fluid near the centerline of the tube caused by the 
displacement of fluid by the growing boundary layer. 

Alternatively, the idealized entry region can be calculated by integral meth- 
ods using an assumed velocity profile such as discussed in Chap. 11. A classic so- 
lution of this type is that developed by Latzko.' Of particular interest is the length 
of the developing region. Latzko’s solution yields the following for the entry 
length: 


GYD) Ze, = 0623 Re (13-2) 


where Re = DG/w for a circular tube. 

As an example, if Rep = 50,000 then x/D = 9.3. This is obviously very 
much shorter than for a laminar flow, where up to 100 diameters is typical. Of 
course this is an idealized case, but in general the turbulent entry length is found 
to be of this order of magnitude. In most engineering applications, heat exchang- 
ers for example, the tubes are very much longer than this. For this reason the 
entry-length solution is usually not very important. The remainder of the chapter 
will be devoted to what will be termed fully developed flow. 

The unique feature of flow in a constant-area tube is the fact that the grow- 
ing boundary layers in the entry region must ultimately meet at the tube center- 
line (hence the length of the entry region). Thereafter no further growth is possi- 
ble, the flow must adjust to this fact, and a fully developed flow results. Referring 
to Eq. (13-1), the radial velocity component v, must be zero, and u must be a 
function of r alone. Then Eq. (13-1) becomes an ordinary differential equation: 


Ore id du 

bhiee pdx ay [+ eure | Spek 
The problem is now much like the Couette flow problem considered for the re- 
gion near the surface in Chap. 11. But, because of the pressure gradient, the shear 
stress cannot be independent of r; and, in fact, it is given by Eq. (7-12); ie., it is 
the saine as for a laminar flow. 

Close to the surface, where r is near r, and t is near t,, the velocity profile 
outside the viscous sublayer should differ little from the law of the wall, 
Eq. (11-16). The experimental data over a substantial portion of the flow area, 
again excepting the sublayer, are quite well represented by a slight modification 
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of Eq. (11-16): 
ut = 2.51ln yt +.5.5 (13-4) 


where y = r, — r. (This equation is frequently called the Nikuradse equation.) 

In the context of the mixing-length theory, Eq. (13-4) implies a value of 
« = 0.40, and a slightly thicker sublayer than for the simple external boundary 
layer, perhaps attributable to the negative pressure gradient that is always present 
for flow in a tube. 

Equation (13-4) cannot be precisely valid at or near the tube centerline be- 
cause the velocity gradient must there be zero because of symmetry. This is sim- 
ilar to the wake problem of the external boundary layer, although in this case the 
“wake” is smaller because of the negative pressure gradient. Furthermore, 
Eq. (13-4) implies ¢,,/v = 0 at the centerline, which seems implausible. An em- 
pirical equation developed by Reichardt” for ¢y/v for the entire region outside 


of the sublayer is 
ae 2 
“= (142) fi+2(2) | (13-5) 
v 6 lie ls 


where r = r, — y. (Note that as r > r,, €y/v — Ky*, which is the same result 
as that obtained from simple mixing-length theory where there is no pressure 
gradient.) Note also that Eq. (13-5) provides a finite eddy diffusivity at the tube 
centerline. i 
Equation (13-5) is plotted in Fig. 13-1 for one particular value of Reynolds 
number. Note that the eddy diffusivity is finite at the tube centerline, although 
somewhat lower than its maximum. This is quite realistic; there is no production 
of turbulence at the centerline because there is no mean velocity gradient, but 
turoulence is continuously diffused toward the center of the tube from the region 
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Figure 13-1 The distribution of eddy diffusivity for fully 
developed flow in a circular tube. 
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where it is produced, and it is dissipated near the centerline at the same rate. The 
k—e model of turbulence can be used to calculate the velocity profile, and the tur- 
bulence kinetic energy will show the same characteristics as seen for the eddy 
diffusivity in Fig. 13-1. 

If we now solve for the velocity using Eq. (11-9), but neglecting v, using the 
linear shear-stress variation, Eq. (7-12), together with Eq. (13-5), and then using 
the same sublayer thickness as is implied by Eq. (13-4), with « = 0.4, we obtain 


iLS@l br /7r§) 
1+ 2(r/r,)? a 


This equation is in slightly better agreement with experiment all the way to the 
centerline of the tube, and has zero slope there, which is at least more esthetically 
pleasing than Eq. (13-4). However the actual difference in the calculated values 
of u* is small and Eq. (13-4) is often preferred because of its simplicity. 

Equation (13-3) can also be solved by finite-difference methods using es- 
sentially the same turbulence theories as discussed in Chap. 11. If the mixing- 
length theory is used, the sublayer can be calculated using the Van Driest func- 
tion, although At = 26 fits the data better than the value At = 25 recommended 
for the simple external boundary layer. If Eq. (11-26) for A* is used, the pressure- 
gradient correction in that equation will in fact yield At ~ 26 for Reynolds num- 
bers (based on diameter) in the range 30,000—50,000, so the slightly higher value 
observed for A* for fully developed flow in a pipe or tube is probably due to the 
negative pressure gradient. For fully developed flow in a circular tube the fol- 
lowing relationship for p* can be readily derived from the definition given in 
Chap. 11: 


u* =2.5In E (13-6) 


ek x aha 
ee 

If this equation is substituted into the equation for At, Eq. (11-26), it can be 
seen that At increases at low Reynolds numbers. Although Eq. (11-26) is an em- 
pirical equation, a particularly interesting feature is that if the friction coefficient 
for fully developed laminar flow, c;/2 = 8/Re, is substituted, it will be found 
that A* becomes indefinitely large at Re = 2000. 

In the region near the center of the tube the assumption of a constant mixing 
length as recommended for external boundary layers is not a good one. A better 
alternative is Eq. (13-5), or a simpler and adequate scheme is to use the value 
given by Eg. (13-5) for r = 0 for the entire inner region, starting at the point 
where the same value of ¢y/v is calculated using / = xy[1 — exp(—y*/A*)]. 

Arelatively simple algebraic equation for the friction coefficient for fully de- 
veloped flow can be developed by approximating Eq. (13-6) with a power law. It 
will be recalled that this procedure is used to obtain a closed-form equation for 
the friction coefficient for the external boundary layer, Eq. (11-20). The follow- 
ing is quite a good fit for moderate Reynolds numbers: 


ut = 8.6yt!/” (13-7) 
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Then at the centerline 
uy = 8.67)" (13-8) 


i 1/7 
“= (=) (13-9) 
Uc ATs 
The mean velocity can then be determined by substitution of Eq. (13-9) into 
Eq. (7-6) to yield the ratio of mean velocity to centerline velocity: 


and 


— = 0.817 (13-10) 


Then, from Eq. (13-8), 


Butu, = ./t;/p = V./c¢/2. Then 


1/7 
Uc ty 8 6 r,V Cf fa 
V JGR v 


Introducing Eq. (13-10), and the definition of a Reynolds number based on tube 
diameter and mean velocity, Re = DV /v, we obtain 


cr/2 = 0.039Re°” (13-11) 


(Note that henceforth Re will denote Reynolds number based on tube diameter.) 
Equation (13-11) fits the experimental data very well for 10* < Re < 5 x 10*. 
For higher Reynolds numbers the logarithmic form of velocity profile is 
more precise. If we assume that Eq. (13-4) is a reasonable approximation for the 
entire velocity profile, we can go through precisely the same procedure as was 
used to derive Eq. (13-11) and obtain a logarithmic equation for the friction co- 
efficient. With a small modification of the coefficients to provide a better fit to the 
experimental data, we then obtain the “classical” Karman—Nikuradse equation: 


1 
Tei = 2.46 In (Re\/c/2) + 0.30 (13-12) 
Cf 
This is a little awkward to use, and a commonly employed empirical equa- 


tion that closely fits the Karman—Nikuradse equation over the range 3 x 10* < 
Re < 10° is 


cf/2 = 0.023 Re~°” (13-13) 


Another equation that fits the data (and the Karman—Nikuradse equation) 
over the range 10* < Re < 5 x 10° is that proposed by Petukhov’: 


cy/2 = (2.236 In Re — 4.639)? (13-14) 
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The origin of this equation can be seen if for Eq. (13-12) a nominal value is 
given to cr /2in the logarithmic term, and then the equation is squared and inverted. 


TUBES OF NONCIRCULAR CROSS SECTION 


Most of the velocity change in a turbulent flow takes place very close to the sur- 
face and is relatively independent of the proximity of any other surfaces. For this 
reason, the shape of the flow tube cross-section has little effect on the shear stress 
at the surface, except where sharp corners are involved. Thus it would not be sur- 
prising if Eq. (13-12) were a good approximation for noncircuiar tubes, provided 
that some kind of equivalent tube diameter could be defined for evaluating the 
Reynolds number. A dimension that is independent of tube shape is the hydraulic 
radius, the ratio of flow area to surface perimeter: 


flow area A-L 


Le wetted perimeter Ete A eb) 
The hydraulic radius has the dimensions of length, and thus scales on system 
size, and for a circular tube is identically 1D. Thus a hydraulic diameter can be 
defined as 


4A.L 


Dy, = 4r, = (13-16) 


If D,, is substituted for D in Eqs. (13-11), (13-12), (13-13), or (13-14), these equa- 
tions hold quite well for noncircular cylindrical tubes. 

This simplification obviously breaks down for passages with sharp corners, 
such as triangular passages with small angles at one or two corners, because the 
sublayer thickness becomes large relative to the distance to an opposite surface. 
The limits of applicability of the hydraulic diameter concept for triangular tubes 
are discussed by Carlson and Irvine.* Hartnett, Joh, and McCornas’ find that for 
rectangular passages the circular-tube equations using the hydraulic diameter 
concept work very well. 

Experimentally determined friction coefficients for a large variety of tube 
shapes, including passages with various types of boundary-layer interruptions, 
are given by Kays and London.° Another very extensive source of data is the 
Handbook of Single-Phase Convective Heat Transfer.’ 


EFFECTS OF SURFACE ROUGHNESS 


The effects of surface roughness on fully developed flow in a tube are essentially 
the same as discussed in Chap. 11 in connection with the external boundary 
layer. The three roughness regimes—smooth, transitional, and fully rough—are 
observed as before, and the only differences are associated with the definitions 
of mean velocity V, the friction coefficient cy/2, and the Reynolds number 
DV/v. 
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For tube flow the roughness Reynolds number can be more conveniently ex- 
pressed in terms of the tube-diameter Reynolds number and friction coefficient 


as follows: 
Kura cel 2. bi kore (cp f2 
yin un vy eae ee 


Re; = 
EP 2r.Vv 


Re,/c,/2 
Hi aD ke 
Thus the criterion for a smooth surface, Re, < 5, becomes 
Re,/c,/2 5 
Dif oy 
and similarly the fully rough surface corresponds to 


Re,/c;/2 
See: oF = 10 


D/k; 


An algebraic equation for friction coefficient for a fully rough surface can be 
developed from the fully rough surface law of the wall, say, Eq. (11-56), by es- 
sentially the same procedure as was used to derive the Karman—Nikuradse equa- 
tion (13-12), yielding 


1 D 
= 2.4010 — + 3,22 


ahepy 2 k, 
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Figure 13-2 Friction coefficients for fully developed turbulent flow in smooth- and rough-walled circular 
tubes (Moody’). 
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from which 


Cc D r? 
at a8 [246In (2) + 3.22] (13-17) 


s 


N 


Note that, as before, the friction coefficient for the fully rough case is indepen- 
dent of flow velocity and viscosity. 

The friction coefficient for the entire range of roughness Reynolds numbers, 
together with data on values for k, for typical types of pipe surface, are treated ex- 
tensively by Moody.® An abstract of the Moody data is given in Fig. 13-2. 


PROBLEMS 


13-1. Develop an equation for the friction coefficient for fully developed turbulent flow 
between parallel planes, assuming that Eq. (13-7) is a reasonable approximation 
for the velocity profile. 

13-2. Employing numerical integration to determine the ratio of mean velocity to 
centerline velocity, and Eq. (13-6) for the velocity profile, evaluate the friction 
coefficient for fully developed turbulent flow in a circular tube for two different 
Reynolds numbers: 30,000 and 150,000. Compare results with other relations 
for the friction coefficient given in the text. (It is presumed that a programmable 
computer is used for this problem.) 

13-3. Develop a solution for the friction coefficient and velocity profile in the entry 
region of a flat duct, assuming that the velocity is uniform over the flow cross 
section at the entrance, that the boundary layer that develops on the two surfaces 
is turbulent from its very beginning, and that Eq. (13-7) is an adequate 
approximation for the velocity profile both in the entry region and in the fully 
developed region. Employ the momentum integral equation, and assume that the 
velocity profile in the entry region can be divided into two parts: a uniform- 
velocity core region and a boundary layer that ultimately engulfs the entire core. 
Note that the uniform velocity in the core region accelerates because of the 
displacement of the boundary layer, and that part of the pressure drop in the 
entry region is due to this acceleration. Determine the length of the entry region. 

13-4. Develop Eq. (13-17) by the indicated procedures, 

13-5. Employing Eq. (13-6), numerical integration, and a programmable computer, 
determine the ratio of mean velocity to centerline velocity for fully developed 
flow in a circular tube for a number of different Reynolds numbers, and compare 
with Eq. (12-10), which was developed assuming a + -power profile. Determine 
whether it is valid to neglect the contribution of the sublayer in these 
calculations. 

13-6. The viscous sublayer behaves as if it were almost completely laminar out to a 
value of yt of about 5.0. With this idea in mind, calculate the ratio of such a 
sublayer thickness to pipe diameter for fully developed turbulent flow ina 
smooth-walled pipe. Using these results, discuss the significance of the data in 
Fig. 13-2. 

13-7, Two water tanks, open to the atmosphere, are connected by a pair of parallel 
pipes each having an inside diameter of 2.5 cm. The pipes are 20 m long. One 
is a “smooth” tube, but the other is a galvanized iron pipe. What must be the 
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elevation difference for the two tanks in order for the total flow rate for the two 
pipes to be 1.00 kg/s? (Neglect entrance and exit pressure-drop effects.) 


TEXSTAN PROBLEMS 


13-8. 


13-9. 


TEXSTAN analysis of the turbulent momentum entry flow in a circular tube: 
Investigate the entry-length region through the hydrodynamically fully. 
developed region of flow in a circular tube with diameter Reynolds numbers of 
30,000 and 150,000. Pick fluid properties that are appropriate to air, evaluated at 
a temperature of 300 K. Use constant fluid properties, and note that the energy 
equation does not have to be solved. Let the pipe diameter be 3.5 cm and the 
pipe length be 12.0 m. Let the velocity profile at the inlet to the tube be flat, 
which can be supplied by using the kstart=1 choice in TEXSTAN. For a 
turbulence model, choose the hybrid turbulence model having a constant eddy 
viscosity in the outer part of the flow (€,,/v = aRe? witha = 0.005 and 

b = 0.9) and a mixing-length turbulence model with the Van Driest damping 
function (x = 0.40 and At = 26) in the near-wall region (ktmu=7). This 

hybrid model tends to more closely fit Fig. 13-1, and thus better predict the fully 
developed friction coefficient for a given Reynolds number. 

Compare the friction coefficient with the set of Eqs. (13-11) through 
(13-14). Feel free to investigate any other attribute of the boundary-layer flow. 
For example, you can examine a velocity profile at the hydrodynamically fully 
developed state to evaluate the law of the wall and the ratio of mean velocity to 
centerline velocity, and compare with Eqs. (13-6) and (13-10) respectively. 


TEXSTAN analysis of the turbulent momentum entry flow between parallel 
plates: Investigate the entry-length region through the hydrodynamically fully 
developed region of flow in between parallel plates with hydraulic diameter 
Reynolds numbers of 30,000 and 150,000. Pick fluid properties that are 
appropriate to air, evaluated at a temperature of 300 K. Use constant fluid 
properties, and note that the energy equation does not have to be solved. Let the 
plate spacing be 7.0 cm and the plate length be 7.0 m. Let the velocity entry 
profile at the inlet to the plates be flat, which can be supplied by using the 
kstart=1 choice in TEXSTAN. For a turbulence model, choose the hybrid 
turbulence model having a constant eddy viscosity in the outer part of the flow 
(Em/v = aRe® with a = 0.0022 and b = 0.9) anda mixing-length turbulence 
model with the Van Driest damping function (« = 0.40 and At = 26) in the 
near-wall region (ktmu=7). This hybrid model follows the circular pipe idea 
described in Prob. 13-8, and thus better predicts the fully developed friction 
coefficient for a given Reynolds number. 

Compare the friction coefficient with the set of Eqs. (13-11) through 
(13-14), being careful to use the hydraulic diameter, Eq. (13-16). Feel free to 
investigate any other attribute of the boundary-layer flow. For example, you can 
compare the profile shape with that described as a part of Prob. 13-1. 
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all the same boundary conditions covered in Chap. 8 for a laminar flow. 

By employing the same nomenclature and essentially the same differen- 
tial equations, we can use many of the results of the laminar flow analyses. The 
turbulent transport mechanism and some techniques for calculating heat-transfer 
rates in a turbulent shear layer have been discussed at considerable length in 
Chaps. 11 and 12 in the framework of the turbulent external boundary layer. 
Some of the peculiarities of the tube-flow problem were discussed in Chap. 13. 
Thus there is little that is fundamentally new to be discussed in this chapter; we 
are concerned primarily with analytic and experimental results for particular 
boundary conditions of interest, using techniques previously developed. We will 
restrict consideration to constant fluid properties and negligible viscous dissipa- 
tion; these latter effects will be considered in later chapters. 

To find an appropriate energy differential equation for the case of a circular 
tube, let us go back to the equation for a steady laminar flow in a circular tube, 
Eq. (4-35). We will evaluate the enthalpy from di = c dT and restrict the prob- 
lem to axisymmetric heating (d7/d¢ = 0) and negligible axial conduction 
(a°T/dx? ~ 0). Thus 

Lat oer oF. 428 k oT 
“ai ax ot dr ror ¢ =) 
From this equation we simply infer the corresponding equation for a turbulent 
flow in a circular tube by comparison with Eq. (12-2), and at the same time we 
will restrict the problem to the case of constant fluid properties: 
OT aT a h9 aT 
% Ox ie dr sr Or | ren) or ema 
We already have at our disposal all the necessary tools to solve this equation 
for any desired thermal boundary conditions and any velocity initial conditions. 


H or a turbulent flow in smooth tubes we will consider, as nearly as possible, 
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Hither the Prandtl mixing-length or the kK-e method of Chap. 11 offer a method 
for evaluating ©, or, for the fully developed flow case, Eq. (13-5) can be used 
directly. The sublayer region can be calculated by using the Van Driest function, 
Eq. (11-25). The turbulent Prandtl number results of Chap. 13 should be equally 
applicable to flow in a tube, and thus offer a method for evaluating ey from €,y. 
Of course the same methods must be used to solve the corresponding momentum 
equation (13-1) in order to evaluate u and v,. All of this requires use of finite- 
difference methods and a digital computer. But, given these tools, the problem 
can be solved for the most complex set of boundary conditions. 

However, solutions for certain particular boundary conditions can frequently 
be obtained by simpler methods or directly from experiments, and very often 
such solutions are both quite adequate and more convenient for engineering 
analysis. Furthermore, the study of such solutions can enhance understanding of 
the phenomena involved in a way that is generally not possible from numerical 
solutions. 

It was noted in Chap. 13 that for a turbulent flow, the velocity profile tends 
to become fully developed after an axial distance of 10-15 diameters, and that the 
behavior in the entry region is very dependent on the character of the tube 
entrance. Since the fully developed velocity region is often of much more im- 
portance than the entry region (and this is in sharp contrast to the behavior of a 
laminar flow), it is worthwhile taking advantage of the mathematical simplifica- 
tions that obtain. For fully developed flow v, = 0, u is a function of r alone, and 
Eq. (14-1) reduces to 


1a | aT 3a 
—Ee ia en)—— | = (14-2) 
r or or 

Equation (14-2), and the corresponding momentum equation, can now be 
solved, using the turbulence models discussed above, and finite-difference com- 
putations, for any thermal boundary conditions, so long as the velocity profile is 
assumed to be fully developed at the point where heat transfer starts. 

One class of problem that can be solved using Kq. (14-2) is the thermal- 
entry-leng ‘h problem, where the entry fluid temperature is uniform, but the 
velocity profile is already fully developed at the point where heat transfer starts. 
This problem can be solved by finite-difference methods, but Eq. (14-2) can also 
be solved by the classical method of separation of variables in much the same 
manner as for the corresponding laminar flow problem, the so-called turbulent 
Graetz problem. (This procedure involves a numerical solution, but it is a “one- 
time” sclution). The Graetz problem is considered later in this chapter for two 
cases—where the surface temperature is constant, and where the surface heat 
flux is constant. 

But first let us consider a further simplification of Eq. (14-2). Refer to the 
section in Chap. 8 where the fully developed temperature profile is discussed. For 
the two thermal boundary conditions, constant surface temperature and constant 
heat rate (constant surface heat flux), a fully developed temperature profile, in a 
nondimensional sense, obtains following an entry region; again the axial distance 
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required is usually not more than 10-15 diameters (exceptions to this rule are the 
very low-Prandtl-number fluids, the liquid metals). These two boundary condi- 
tions are commonly encountered in engineering applications, and the tubes are 
frequently very much longer than 10-15 diameters. Furthermore, it is shown in 
Chap. 8 that this situation leads to a heat-transfer coefficient / that is invariant 
with axial distance. Heat-exchanger theory is based on an assumption that h is 
independent of axial distance, since this is a commonly observed phenomenon. 
Thus the fully developed temperature-profile problem is worthy of study, and in- 
deed more.so for a turbulent flow than for a laminar flow, where entry lengths are 
often large. 


CIRCULAR TUBE WITH FULLY DEVELOPED 
VELOCITY AND TEMPERATURE PROFILES, 
CONSTANT HEAT RATE, PRANDTL 
NUMBERS 0.6-6.0 


This is the thermal boundary condition that occurs in a counterflow heat ex- 
changer when the fluid capacity rates are the same, and it also occurs in a tube 
heated by electric resistance heating. It can occur as a result of nuclear heating or 
radiation from a high-temperature source. The axial temperature distribution is 
shown in Fig. 8-2. 

When both the velocity and temperature profiles are fully developed 
Eq. (8-8) is applicable and Eq. (14-2) becomes 


-dT, 14 aT 
Uu = r(a+ en (14-3) 
dx r or or 


Equation (14-3), and the associated momentum equation (13-3), are essentially 
ordinary differential equations, and are relatively easy to solve simultaneously 
by finite-difference methods using the mixing-length and eddy diffusivity meth- 
ods of Chap. 13 and the turbulent Prandtl number, Eq. (12-7). Such calculations 
have been carried out for the Prandtl number range 0.7—5.9 using Eq. (12-7) but 
with the Prandtl number in that equation held at 0.7, because it was noted in 
Chap. 12 that the Pr, distribution for water at Pr = 5.9 is virtually identical to 
that for air, Pr = 0.7. The resulting Nusselt numbers correspond closely to the 
generally accepted experimental data over this range of Prandtl number. 

From these calculations it has then been possible to empirically fit a universal 
temperature profile in the same form as Eqs. (12-15) and (12-16), analogous to the 
Nikuradse equation (13-4) for velocity: 


T* =2.2 In'y* + 13.39 Pr’? — $166 (14-4) 


Since this equation is based on turbulent Prandtl number data at just two points, 
ute = 0.7 and 5.9, it may not be valid far outside of this Prandtl number range; the 
é power of the Prandtl number is somewhat arbitrary, but this is a function that 
has long been found to correlate experimental data to very high Prandtl number. 
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Figure 14-1 Effect of Prandtl number on turbulent flow temperature 
distribution; Re = 100,000. 


Thus Eq. (14-4) is proposed as a thermal law of the wail for flow in a circular 
tube over the Prandtl number range 0.6—6.0, but one that may be reasonably valid 
at much higher Prandtl numbers. Note that this range covers all of the gases, as 
well as many light liquids, including water. It is certainly not valid for the very 
low-Prandtl-number fluids, the liquid metals. Note also that Eq. (14-4) is not 
valid inside the viscous sublayer, but this is also true of Eq. (13-4). Furthermore, 
neither Eq. (13-4) nor Eq. (14-4) is precisely valid at the tube centerline (see the 
discussion of this point in Chap. 13), but the manner in which these equations are 
now going to be used minimizes this discrepancy. 

The temperature profiles implied by Eq. (14-4) are plotted on Fig. 14-1 fora 
single value of Reynolds number and three values of the Prandtl number. Note 
that the effect of increasing Prandtl number is to give a more “square” tempera- 
| ture profile, while a low Prandtl number yields a more rounded profile that is 
| similar to that for laminar flow. Still higher and lower values of Prandtl number 
continue these trends. Note the location of the major source of heat-transfer 
| resistance. At high Prandtl numbers the resistance is increasingly in the sublayer, 
whereas at low Prandtl numbers it is distributed over the entire flow cross sec- 
tion. The reasons for these differences can be seen in the “total conductance” 
| term in Eq. (14-3), a + €y. If this term is rendered nondimensional by dividing 
. it by the kinematic viscosity v, it becomes 


1/Pr+éy/v 


The relative importance of turbulent eddy diffusion and molecular diffusion 
is seen to depend directly on the Prandtl number. Along any radius, the molecular- 
conduction term 1/Pr is constant, while the eddy-conduction term ©;;/v varies 
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from a relatively large magnitude near the center of the tube to zero at the sur- 
face. The shape of the temperature profile and the whole character of turbulent 
flow heat transfer are determined by the relative magnitude of these two terms. 
At very low Prandtl numbers the conduction term dominates everywhere, and 
not only is the temperature profile similar to a laminar profile, but also the 
thermal-entry length and the response of the fluid to axial changes in surface 
temperature are both quite similar to laminar behavior. At higher Prandtl num- 
bers we find very short thermal-entry lengths and quick response to axial surface- 
temperature changes, both attributable to the concentration of the thermal resis- 
tance close to the surface and the rapid diffusion of heat over the entire fluid once 
the sublayer has been penetrated. 

The effect of increased Reynolds number is to decrease the thickness of the 
sublayer and increase the eddy diffusivity in the outer region, both of which lead 
toward more “square” temperature profiles with a still greater part of the resis- 
tance concentrated in the sublayer. 

Let us now use Eq. (14-4) to develop an equation for the Nusselt number. As- 
suming that Eqs. (13-4) and (14-4) are valid at the tube centerline, we can write 


Uggs DOdnes ASA 
TY = 2.2inr* + 13.39 Pr’? — 5.66 


We now combine these equations, eliminating the term In r+, and substitute the 
definitions of uz, and 7{. Then we assume, for simplicity, that 

To iat T; A L Uo a 

Ta — Ts V 
where T,; and u., are the centerline temperature and velocity, respectively, T,, is 
the mean temperature, and V is the mean velocity. 

These ratios vary somewhat with both Re and Pr, but in any case are gener- 

ally equal to or greater than 0.9. Then, if the definitions of cy and St are intro- 
duced, we obtain 


2Selorf2 
ls tl 426.25 — 33.475 P2? = 2 


Si Je? 


Solving for the Stanton number, 


Sie cele 
0.88 + 13.39(Pr/? — 0.78), /e,/2 
or, in Nusselt number form, 
iis occa eee es ee ay 
0.88 + 13.39(Pr°? — 0.78), /c;/2 


(Note that in this chapter Re will always denote the Reynolds number based on 
the tube diameter.) 


Equation (13-13) can be used for the friction coefficient, with the result 
so 0.023 Re®* Pr 
0.88 + 2.03(Pr?/3 — 0.78)Re°! 


(14-5) 


(14-6) 
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Figure 14-2 Comparison of analysis with experiment for fully developed 
velocity and temperature profiles in a circular tube, constant heat rate (data 
of Kays and Leung,! for air, Pr = 0.702). 


This expression is unnecessarily cumbersome, and in the Prandtl number range 
of gases (0.5S—1.0) is approximated quite well by 


Nu = 0.022 Pr®* Re®® (14-7) 


A comparison of Eqs. (14-6) and (14-7) with some experimental data for air is 
shown in Fig. 14-2. The comparison is seen to be quite good, at least over the in- 
dicated range of Reynolds number. 


tN ie ig TO ha 


ae oes a 


CIRCULAR TUBE WITH FULLY DEVELOPED FLOW, 
HIGHER PRANDTL NUMBERS 


A great many fluids of considerable technical interest have Prandtl numbers sub- 
stantially higher than those considered in the preceding section. Oils, for exam- 
ple, frequently have Prandtl numbers in excess of 100, and for some very viscous 
fluids this figure may reach 1000. Essentially any fluid with Pr > 10 can be con- 
sidered to have a “high” Prandtl number. The reason for treating these fluids sep- 
arately lies in a fact pointed out in the preceding section: as the Prandtl number 
increases, the major part of the heat-transfer resistance appears closer and closer 
to the surface; i.e., the region where the temperature changes from its surface 
value to its centerline value is very close to the surface. For Prandtl numbers 
greater than about 10, almost the entire temperature profile is inside the sublayer, 
and in fact most of it is inside yt = 5.0. There is then a major difficulty in at- 
tempting to integrate the energy differential equation, because (1) it is not known 
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how precisely the Van Driest equation (or any other turbulence theory) predicts 
eddy diffusivity close to the surface and (2) little or nothing is known about the 
turbulent Prandtl number in this region. Although the eddy diffusivity is very 
small for yt < 5, it becomes increasingly important as the Prandtl number in- 
creases, as can be seen in the total conduction term 1/Pr + €y/v. The Van Driest 
equation is perfectly adequate for the momentum equation because it is not nec- 
essary to know the eddy diffusivity close to the surface with high precision; how- 
ever, such is not the case for high-Prandtl-number heat transfer. The uncertainties 
in turbulent Prandtl number near the surface were discussed in Chap. 12. It is sus- 
pected that it has a value near 1, but it has not yet been practicable to measure it. 

One can carry out calculations using the turbulence models that we have dis- 
cussed, and the results for the Nusselt number appear reasonable, but there is usu- 
ally sufficient discrepancy from the experimental data that one would like to cor- 
rect the model. But it is not possible to say whether the difficulty is in the model 
used for the eddy diffusivity or in that used for the turbulent Prandtl number. 

For these reasons we will not attempt to calculate temperature profiles for 
high-Prandtl-number fluids, but will instead simply examine what appear to be 
the most reliable experimental correlations for the Nusselt number. Later we will 
introduce techniques for calculating thermal-entry lengths and dealing with 
problems where surface temperature and/or heat flux vary axially, and we will 
then be obliged to use functions calculated on the basis of assumed models, un- 
certain as they may be. But in that case any model is better than none, because 
there is simply no other way to handle that kind of problem. 

One of the conclusions that can be reached using crude models is that for 
Pr > 1 the Nusselt number becomes virtually independent of any but very sub- 
stantial axial variations of surface temperature. Thus there is virtually no differ- 
ence between a Nusselt number determined from a constant-surface-temperature 
experiment and one determined from a constant-heat-rate experiment. As will be 
recalled, this was definitely not true for laminar flows, and it is likewise not true 
for very low-Prandtl-number fluids in turbulent flow. The experimental correla- 
tions that will now be described are thus applicable to either of the two funda- 
mental thermal boundary conditions, and will usually be adequate for still other 
variations of surface temperature or heat flux. 

One further point should be noted. Most high-Prandtl-number fluids are liq- 
uids with high viscosity. The viscosity is virtually always a strong function of 
temperature. Unless experiments are performed with very small temperature 
differences, it is always difficult to infer what the Nusselt number would be for 
the case of constant fluid properties. Since most experiments have been per- 
formed with substantial temperature differences, the experimental uncertainty 
associated with this problem probably accounts for the considerable scatter of 
data in the literature. (The problems of the influence of temperature-dependent 
fluid properties are discussed in greater detail in Chap. 15.) 

Kakac, Shah, and Aung’ have examined a great many correlations for fully 
developed turbulent flow in a circular tube, and conclude that the following 


equation attributable to Gnielinski? correlates the available data somewhat better 
| 
| | 
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than any other over the range of Prandtl number from 0.5 to 2000, and Reynolds 
number from 2300 to 5 x 10°: 
(Re — 1000) Pr c; /2 
ee eee (14-8) 
1.0+ 12.7y/c;/2(PP? — 1.0) 


Note that the form of this equation is almost the same as that of Eq. (14-5). In 
fact, the only difference is what is apparently a low-Reynolds-number correc- 
tion, so Eq. (14-8) has at least some theoretical foundation. 

Sleicher and Rouse* suggest a somewhat more convenient e.apirical formu- 
lation that gives close to the same results: 


Nu = 5+ 0.015 Re? Pr’ (14-9) 
where 
0.24 
== (ERR — ae b=0. ew 
a ie ps 0.333 + 0.5e 


The range of validity of this equation is stated to be 
0.1 < Pr < 10%, 10* < Re < 10° 


Equations (14-8) and (14-9) are stated to be valid for gases as well as high- 
Prandtl-number fluids. For air, Pr = 0.7, Eq. (14-8) yields Nusselt numbers that are 
generally within 2 percent of Eqs. (14-6) and (14-7). A comparison of Eq. (14-8) 
with experiment and with Eqs. (14-6) and (14-7) is shown on Fig. 14-2. Equa- 
tion (14-9) tends to be 3-4 percent low in this Prandtl number range. 

Another equation that has long been popular is that of Dittus and Boelter,’ as 
interpreted by Kakac et al.’: 


0.024 Re®* Pr°* for heating 
0.026 Re®* Pr°4 for cooling 


Of course the Dittus—Boelter equation contains a condition regarding the direc- 
tion of heat-transfer (probably a variable-properties correction), but in any case 
it tends to overpredict the Nusselt number for gases by at least 20 percent, and to 
underpredict Nusselt number for the higher-Prandtl-number fluids by 7-10 per- 
cent. It is no longer recommended that this equation be used. 


Nu= | 


VERY LOW-PRANDTL-NUMBER HEAT 
TRANSFER, LIQUID METALS 


The very low-Prandtl-number finids are all liquid metals and have values of 
Prandtl number less than 0.1, ranging down to less than 0.001. The high thermal 
conductivity of these fluids accounts for the very low Prandtl number, since the 
viscosity and specific heat of liquid metals do not differ greatly from other com- 
mon liquids. Also, the high thermal conductivity accounts for the unusual heat- 
transfer characteristics of liquid metals. These characteristics are related to the 
fact that often w >> ey, or nondimensionally 1/Pr >> €y/v; that is, molecular 
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conduction is the dominant diffusion mechanism even in the fully turbulent part 
of the flow field. As Pr > 0, turbulent eddy diffusion becomes unimportant. This 
means that a liquid metal has many of the heat-transfer characteristics of a lami- 
nar flow, while at the same time its momentum-transfer characteristics are no dif- 
ferent from those of any other fluid. For example, fully developed temperature 
profiles tend to take on a parabolic shape, and this can be seen in Fig. 14-1, dis- 
cussed earlier. The thermal-entry length tends to be large, similar to laminar flow, 
and axial variations in surface temperature and heat flux tend to have a substan- 
tial effect on the convective heat-transfer coefficient. 

There is evidence that the turbulent Prandtl number Pr, is considerably 
higher for a liquid metal than for other fluids, a fact discussed in Chap. 12 and 
that must be related to high molecular conductivity. 

Although the Nusselt number tends to be low for a liquid metal, again like 
laminar flow, the heat-transfer coefficient tends to be very high because of the 
high molecular conductivity. In fact, this is one of the main reasons why liquid 
metals are of considerable interest as heat-transfer fluid media. High heat- 
transfer coefficients, however, mean that surface contamination can have a large 
influence on the effective heat-transfer coefficient, and surface wetting problems 
can be similarly important. These facts have led to difficulties and large uncer- 
tainties in experiments. The results discussed below are believed to represent the 
behavior of a clean system with complete wetting of the surface, but some un- 
certainty does persist. 

Finally it should be noted that longitudinal conduction can be an important 
factor in liquid-metal heat transfer. It will be recalled that the term in the differ- 
ential energy equation that accounts for longitudinal conduction, 77 /dx7, has 
been omitted in all of the equations that we have used. As a simple rule of thumb, 
longitudinal conduction may be a factor resulting in the changing of the effective 
heat-transfer coefficient if Re Pr < 100. 

Any of Eqs. (14-1)—(14-3) can be solved by computer-aided finite-difference 
calculations using the turbulent transport models that we have discussed. The 
only real uncertainty lies in the values of Pr, used. Quite reasonable results for 
the Nusselt number are obtained using Eq. (12-7) for Pr,, but, as discussed in 
Chap. 12, there is little direct information available on Pr,. 

An circular tube empirical equation that corresponds fairly well to the avail- 
able experimental data is proposed by Sleicher and Rouse’: 


Nu = 6.3 + 0.0167 Re”*® Pr°?? (constant heat rate) (14-10) 


In Fig. 14-3 the data of Skupinski, Tortel, and Vautrey® for a liquid metal 
with Pr = 0.0153 and constant heat rate per unit of tube length are compared 
with Eq. (14-10) and with finite-difference calculations using Eq. (12-7) for Pr,. 
The fact that the finite-difference calculations lie consistently about 15 percent 
above the data over the entire range of Reynolds number suggests that the dis- 
crepancy lies in the data rather than in the turbulent Prandtl number used in the 
calculations, because at the low-Reynolds-number end of the data the turbulent 
Prandtl number has little influence. 
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Figure 14-3 A comparison of the data of Skupinski et al.° with Eq. (14-10) 
and with the results of direct integration of the energy equation. These data 
were obtained using an NaK mixture having a Prandtl number of 0.0153. 


Table 14-1 Nusselt number for fully developed turbulent flow in a circular tube with 
constant heat rate 


30,0 


0 4.364 6.30 6.30 6.30 6.30 6.30 
0.001 6.37 6.47 6.78 ToS OF 
0.003 6.49 6.78 7.64 9.70 15,77, 
0.01 6.88 Teg. 10.40 16.73 35.32 
0.03 7.91 10.39 17.69 35.21, 86.92 
0.5 2291 56.90 146.99 345.90 883.02 
0.7 27.42 69.51 182.99 436.91 1,130.64 
ral 32.81 84.86 227.70 552.05 1,449.75 
3 53.82 146.10 411.93 1,041.71 2,855.87 
10 86.45 242.16 707.11 1,846.82 5,246.01 
30 128.74. 366.12 1088.07 2,890.81 8,375.94 
100 195.53 560.62 1682.54 4,514.18 13,233.20 
1000 425.59 1226.81 3706.15 10,009.84 29,581.97 


We now have equations covering the entire Prandtl number spectrum for 
fully developed constant heat rate in a circular tube. For convenience, results 
from Eqs. (14-8) and (14-10) are presented in Table 14-1 and Fig. 14-4. 
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Figure 14-4 Nusselt number for fully developed velocity and 
temperature profiles; circular tube, constant heat rate. 


Note that as the Prandtl number approaches very low values, the Nusselt 
number approaches a constant value. Lowering the Reynolds number has a sim- 
ilar effect. In either case the influence of the molecular-conduction mechanism is 
being observed, and, of course, for fully developed laminar flow the Nusselt 
number is indeed a constant. 


CIRCULAR TUBE, FULLY DEVELOPED PROFILES, 
CONSTANT SURFACE TEMPERATURE 


Following the pattern used in Chap. 8 for laminar flow in a tube, we have just 
considered the case of fully developed constant heat rate per unit of tube length. 
As was the case for laminar flow, another useful boundary condition for which a 
fully developed temperature profile is physically possible is that of a constant 
surface temperature. This condition is very frequently encountered in heat ex- 
changers where one fluid capacity rate is very much greater than the other or 
when one fluid is boiling or condensing. 

The applicable energy differential equation is derivable from Eq. (14-2) by 
comparison with Eq. (8-19): 


ds hd i il @ 


aT 
epee err a aves [re tens | (14-11) 
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Figure 14-5 Ratio of Nusselt number for constant heat rate to Nusselt number for 
constant surface temperature for fully developed conditions in a circular tube 
(Sleicher and Tribus).’ 


This equation can be integrated numerically using the same turbulence models 
that have been used previously, although an iterative technique will have to be 
employed. 

Alternatively, the fully developed constant-surface-temperature solutions 
may be obtained as special cases of the thermal-entry-length solutions to be de- 
scribed later, i.e., solutions to Eq. (14-2) for a uniform surface temperature and a 
uniform fluid temperature at the tube entrance. Sleicher and Tribus’ were the first 
to present such a solution, and although the values of the turbulent Prandtl num- 
ber used were higher than what is now believed to be correct at very low Prandtl 
numbers, this does not have a large effect on the particular results of interest 
here. The fully developed Nusselt numbers for both constant surface tempera- 
ture and constant heat rate can be deduced from the Sleicher and Tribus results, 
and thus the ratio of Nusselt numbers for the two cases can be determined. These 
are presented in Fig. 14-5, where subscript @ refers to constant heat rate and © 
to constant surface temperature. 

Note that only at very low Prandtl number is there a sigmficant difference 
between the constant-heat-rate and constant-surface-temperature results. At 
Pr = 0.7 the difference is only a few percent, and at higher Prandtl numbers the 
difference is even less significant. In the liquid-metal region (very low Prandtl 
number), however, the difference is substantial and actually in some cases be- 
comes larger than the laminar flow difference [see Eqs. (8-17) and (8-21)]. The 
reasons lie again in the effect of Prandtl number on the distribution of thermal 
resistance. At very low Prandtl numbers, where the heat-transfer mechanism is 
predominantly molecular diffusion, the resistance is distributed over the entire 
flow cross section, and the different boundary conditions yield differently shaped 
temperature profiles. At high Prandtl numbers the resistance is primarily very 
close to the surface, yielding a quite “square” temperature profile regardless of 
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the heating boundary condition. This fact suggests also that the Nusselt number 
for a high-Prandtl-number fluid is relatively insensitive to a variation of surface 
and/or heat flux in the direction of flow, whereas the Nusselt number for a low- 
Prandtl-number fluid is greatly affected by axial variation of surface temperature 
and/or heat flux. Such is indeed the case, as is shown later. 

Figure 14-5 can now be used in conjunction with the data in Table 14-1, or 
Fig. 14-4, to completely establish the Nusselt numbers for fully developed ve- 
locity and temperature profiles for constant surface temperature over a wide 
range of Reynolds and Prandtl numbers. 

Algebraic empirical correlations can also be developed for fully developed 
constant surface temperature. For gases Eq. (14-7) can be modified by lowering 
the coefficient a few percent to yield 


Nu = 0.021 Pr®> Re®® (14-12) 


For very low-Prandtl-number fluids in a circular tube Sleicher and Rouse* 
suggest 


Nu = 4.8 + 0.0156 Re?’® Pr (14-13) 


EFFECT OF PERIPHERAL HEAT-FLUX VARIATION 


In the examples previously considered, the heat flux and surface temperature 
have both been assumed to be uniform around the tube periphery. In many appli- 
cations the heat flux and surface temperature are not uniform around the tube, 
and thus it becomes important to know how the heat-transfer coefficient varies 
around the tube. 

This problem is discussed in Chap. 8 for laminar flow. The corresponding 
turbulent flow problem has been considered and treated in a similar manner by 
Gartner, Johannsen, and Ramm.* The energy equation for the case of fully de- 
veloped constant heat rate per unit of tube length, but with nonaxisymmetric 
heating, becomes 


Pree as Re mac ere 14-14 
dg AF Be {Ce ae aie a SoHo th hig fag sata) 


where €}, and €y¢ are the eddy diffusivities for heat transfer in the radial and 
circumferential directions, respectively. There is experimental evidence that ex4 
is greater than €,, especially near the surface, and this fact was taken into con- 
sideration in the development of a solution. A theoretical solution for the diffu- 
Sivities was used, which compares reasonably with the experimental data, and 
also with the radial diffusivity and turbulent Prandtl number data used in this 
book. 

In Ref. 8, Eq. (14-14) has been solved for any arbitrary heat-flux variation 
that can be expressed by a Fourier expansion. The complete solution for an arbi- 
trarily prescribed heat flux around the periphery requires an extensive tabulation 
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Table 14-2 Circumferential heat-flux functions S; for fully developed turbulent flow in a 
circular tube with constant heat rate 


0 1.000 1.000 1.000 1,000 1.000 1.000 


0.001 0.9989 0.9937 0.9561 0.8059 0.4853 
0.003 0.9929 0.9613 0.8005 0.5042 0.2300 
0.01 0.9499 0.7915 0.4567 0.2185 0.0867 
0.03 0.7794 0.4705 0.2055 0.0888 0.0336 
0.7 0.1116 0.0442 0.0161 0.00644 0.00232 
3 0.0440 0.0168 0.00594 0.00234 0.000824 
10 0.0233 0.00879 0.00305 0.00120 0.000415 
30 0.0145 0.00544 0.00184 0.000744 0.000250 
100 0.00941 0.00354 0.00110 0.000484 0.000149 


of functions. However, the simpler case of a cosine heat-flux variation may be 
presented very briefly, and since the thermal conductivity of the tube wall usually 
tends to smooth out peripheral temperature variations to a certain extent, most 
applications can at least be approximated by the simple cosine case. 

Let the prescribed heat flux be 


4; (%) = 4; (1 + boos) (14-15) 
Then the Nusselt number around the periphery is 


Mb ME ties ld (14-16) 
1/Nu + 5S\bcos¢ 

The functions S, are shown in Table 14-2 for a wide range of Reynolds and 
Prandtl numbers. The Nusselt number Nu in Eq. (14-16) is that for uniform 
peripheral temperature and heat flux as given in Table 14-1. 

As an example, consider Pr = 0.7 and Re = 100,000, with b = 0. 20. From 
Table 14-1, Nu= 183; and from Table 14-2, S, = 0.0161. Substituting in 
Eq. (14-16), we find that the local Nusselt number will vary from 170 to 208. 
Thus the effect is rather pronounced even for only a 20 percent variation in heat 
flux. As might be expected, the effects are greater than this at low Prandtl num- 
bers and less at high Prandtl numbers. 


FULLY DEVELOPED TURBULENT FLOW BETWEEN 
PARALLEL PLANES AND IN CONCENTRIC 
CIRCULAR-TUBE ANNULI 

The annulus geometry and its limiting case, flow between parallel planes, pro- 


vide a particularly interesting heat-transfer problem because of the possibility of 
asymmetric heating from the two surfaces. Most applications do in fact involve 
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asymmetry. The laminar flow annulus problem is discussed in Chap. 8, where the 
method of solution is outlined and the use of superposition for asymmetric heat- 
ing is also treated. 

The turbulent flow annulus problem can in principle be solved by the same 
superposition method. However, finding a satisfactory turbulence model presents 
new difficulties. A mixing-length model would be satisfactory near each of the 
t\.o surfaces, but one has no basis for specifying the mixing length near the cen- 
ter of the passage, and this was also true for the simple circular tube. Presumably 
the k-e model might be satisfactory, but most of the analytic work on turbulent 
flow in the circular-tube annulus was carried out before the kK—-e model was 
invented. 

Kays and Leung! carried out extensive calculations based on an empirical 
eddy-diffusivity equation, which was in turn based on empirical information on 
the ratio of the shear stresses at the two surfaces (which are, of course, different). 
It can readily be shown by a simple force balance on a fluid control volume that 
the point of zero shear stress in the flow, which is also the point of maximum ve- 
locity, is directly related to the surface shear-stress ratio. Measurements of the 
point of maximum velocity resulted in the following relation for the radius of 
maximum velocity (zero shear stress), which was found to be independent of 
Reynolds number: 

dle p0343(q 4 40.657) (14-17) 
Yo 
where r* = r;/r, andr, is the radius of maximum velocity. 

With this information, a complete velocity profile could be constructed 
assuming that Eq. (13-4) is valid when applied separately, starting from each 
surface. The sublayer was modeled using an equation suggested by Deissler.” 
Finally an assumption was made that the eddy diffusivity in the region near the 
maximum-velocity point could be approximated by a linear connection between 
the maximum eddy diffusivities on either side of it, as determined from the ve- 
locity profile and the shear-stress distribution. It is necessary to make some kind 
of assumption about the central-region eddy diffusivity because asymmetric 
heating involves heat transfer across that region. Fortunately it is not a critical 
assumption. 

Calculations were carried out over a wide range of Reynolds and Prandtl 
numbers for the case of one surface heated and the other insulated, and are pre- 
sented in the same form as the analogous laminar annulus solutions. Thus 
Eqs. (8-28) and (8-29) are directly applicable, and any heat-flux ratio on the 
two surfaces can be solved. The results of these calculations are presented in 
Tables 14-3 to 14-5. They are in excellent agreement with experiments per- 
formed by Kays and Leung for air (Pr = 0.7), including asymmetric heating. 
At high and low Prandtl numbers, the same uncertainty regarding Pr, that was 
encountered for the circular tube still obtains. At very low Prandtl numbers the 
equation used for Pr, yields values that are somewhat higher than are now 
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T. ble 14-3 Nusselt numbers and influence coefficients for r* = 0.20; fully developed turbulent flow in a circular-tube 
annulus; constant heat rate 


Inner surface heated 


0.0 8.50 0.905 8.40 1.01 8.30 1.03 8.30) 1:02 8.30 1.04 8.30 1.02 
0.001 8.40 1.01 8.40 1.04 8.30 1.02 8.40 1.01 8.90 0.978 
0.003 8.40 1.01 8.40 1.03 8.50 1.03 9.05 0.980 12.5%: 0.833 
0.01 8.50 1.00 8.60 1.02 9.70 0.944 14.0 0.796 33.6 0.747 
0.03 9.00 1.01 10.1. 0.943 15.8 0.771 31.7 0.600 $10 242.0.375 
0.5 31°23 0:520 64.0 0.397 9 157 0.333°4? 370 0.295 980 0.262 
O87, 38.6 0.412 19°8a% 0:338.2) 196 0.286 473 0.260 1270 0.235 
1 46.8 0.339 99.0. 0.284 247 0.248 600 0.228 1640 0.209 
3 TTACNONTO 175 0.151 465 0.143. 1150 O37 3250 0.136 
10 120 0.0777." 290 0.074 800 0.072 2050 0.073 6000 0.077 
30 172 0.036 428 0.035 1210 0.035 3150 0.036 9300 0.038 
100 243 0.014 617 0.014 1760 0.015 4630 0.016 13,800 0.016 


1000 448 0.004 1140 0.002 3280 0.004 8800 0.004 26,000 0.003 


Outer surface heated 


0.0 4.88 0.104 5.83 0.140 5.92 0.146 OFLO) = OMSL 6.16 0.152 6.35 0.157 
0.001 5.83 0.140 5.92 0.144 6.10 0.151 6.30 0.154 6.92 0.153 
0.003 5.83 0.140 6.00 0.146 6.22 0.150 6.90 0.150 10.2. 0.135 
0.01 5.95 0.141 6.20 0.146 7.40 0.144 11.4 0.131 24.6 0.089 
0.03 6.22 0.140 7.55 0.140 127 O25 26.3 0.098 80.0 0.086 
0.5 22.50% O:071 51.5 0.064 = 130 0.055 310 0.049 823 0.044 
0.7 29.4 0.063 64.3, 0.055 165 0.049 397 0.044 1070 0.040 

I 35.50 0:05 80.0 0.046 206 0.042 504 0.039 1390 0.035 

3 60.0 0.026 145 0.026 390 0.024 980 0.024 2760 0.023 
10 98.0 0.013 243 0.013 680 0.012 1750 0.012 4980 0.012 
30 142 0.006 360 0.006 1030 0.006 2700 0.006 7850 0.006 
100 205 0.003 520 0.003 1500 0.003 4000 0.003 12,000 0.003 
1000 380 0.001. 980 0.001 2830 0.001 7500 0.001 22,500 0.001 


believed to be correct, so the results for the Nusselt number may be somewhat 
low. At Pr > 0.7, Pr; = 0.9 was used: 

Note that the Nusselt and Reynolds numbers for the circular-tube annulus are 
based on the hydraulic diameter. For flow between parallel planes the hydraulic 
diameter is then 2 x spacing. 

A variation of heat flux around the periphery of either or both surfaces of an 
annular passage can have a larger effect than in the simple circular tube. Em- 
ploying the method of Gartner et al.* and using the velocity and diffusivity data 
of Kays and Leung,' Sutherland and Kays'° present the necessary functions to 
solve for any arbitrary variation of heat flux on both surfaces. 
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Table 14-4 Nusselt numbers and influence coefficients for r* = 0.50; fully developed turbulent flow in a circular-tube 
annulus; constant heat rate 


Inner surface heated 


0.0 6.18 0.528 6.28 0.622 6.30 0.633 6.30 0.652 6.30 0.659 6.30 0.653 
0.001 6.28 0.622 6.30 0.633 6.30 0.652 6.40 0.659 6.75 0.643 
0.003 6.28 0.622 6.30 0.633 6.40 0.657 6.85 0.638 9.40 0.585 
0.01 6.37 0.623 6.45 0.637 7.30 0.623 10.8 0.540 23.2 0.427 
0.03 6.75 0.627 7.53 0.598 12-0). 0:5338 24.9 0.432 65.5 €3.0.333 
0.5 24.6 0.343 32.077 -0:293- 17-130 O2S3 310 0.229 835 0.208 
0.7 30.9 0.300 66.0 0.258 166 0.225 400 0.206 1080 0.185 
1.0 38.2 0.247 83.5 0.218 212 0.208 520 0.182 1420 0.170 
3.0 66.8 0.129 152 0.121 402 0.115 1010 0.114 2870 0.111 
10.0 106 0.059 260 0.059 715 0.059 1850 0.059 5400 0.061 
30.0 153 0.028 386 0.028 1080 0.028 2850 0.031 8400 0.032 
100.0 220 0.006 558 0.006 1600 0.006 4250 0.007 12,600 0.007 


1000.0 408 0.002 1040 0.002 3000 0.002 8000 0.002 24,000 0.002 


Outer surface heated 
0.0 5.04 0.216 5.66 0.281 5.78 0.294 5.80 0.297 5.83 0.303 5.95 0.310 
0.001 5.66 0.281 5.78 0.294 5.80 0.297 5.92 0.303 6.40 0.304 
0.003 5.66 0.281 5.78 0.294 5.85 0.294 6.45 0.301 9.00 0.278 
0.01 5:73 0.281b%-(S.88. 0.289 6.80 0.289 10.3 0.264 22:6 16.0217 
0.03 6.03 0.279 7.05 0.284 1%.6 0.258 24.4 0.214 64.0 0.163 
0.5 226) © O162%> “49:8? 0.1420) 125 0.123 298 0.111 795 0.098 
0.7 28:37" 0.1374) 62:04) O:1193 158 0.107 380 0.097 1040 0.090 
1.0 34:8°°> OAM © 78.02% -0:101541200 0.092 490 0.085 1340 0.078 
3.0 60.5 0.059 144 0.058 384 0.055 960 0.054 2730 0.052 
10.0 100 0.028 246 0.028 680 0.028 1750 0.028 5030 0.028 
30.0 143 0.013 365 0.013 1030 0.014 2700 0.014 8000 0.015 
100.0 207 0.006 530 0.006 1500 0.006 4000 0.006 12,000 0.006 
1000.0 387 0.001 990 0.001 2830 0.001 7600 0.001 23,000 0.001 


Some degree of eccentricity must usually be tolerated in an annular passage. 
Leung, Kays, and Reynolds" present experimental data on the effects of eccen- 
tricity. In general, the effects of eccentricity are (1) to decrease the average 
Nusselt number and (2) to yield a Nusselt number variation around the periphery. 
Heat conduction in the tube wall in the peripheral direction can alter this varia- 
tion, but these experiments were carried out with negligible peripheral conduc- 
tion. Table 14-6 presents an abstract of these results for two radius ratios and for 
various eccentricities, for the inner surface alone heated and for the outer surface 
alone heated, in the Reynolds number range 30,000—80,000. Further information 
will be found in Kakac et al.” 
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Table 14-5 Nusselt numbers and influence coefficients for fully developed turbulent flow between parallel plates; 
constant heat rate; one side heated and the other insulated 


0.0 5.385. 0.346 5.70 0.428 5.78 0.445 5.80 0.456 5.80 0.460 5.80 0.468 
0.001 5.70 0.428 5.78 0.445 5.80 0.456 5.88 0.460 6.23. 0.460 
0.003 5.70 0.428 5.80 0.445 5.90 0.450 6.32 0.450 8.62 0.422 
0.01 5.80 0.428 5.92 0.445 6.70 0.440 9.80 0.407 DAS 10333 
0.03 6.10 0.428 6.90 0.428 11.0 0.390 23:0.3/:0.330 61.2 0.255 
0.5 22.5) 9'0.256: 447.84 0222.4» 120 0.193 290 0.174 780 0.157 
0.7 ZI pee O 220, A622) 10:192; W155 0.170 378 0.156 1030 0.142 
1.0 55:0 OAS2 16:8 0.162). 197 0.148 486 0.138 1340 0.128 
3.0 60.8 0.095 142 0.092 380 0.089 966 0.087 2700 0.084 
10.0 101 0.045 214 0.045 680 0.045 1760 0.045 5080 0.046 
30.0 147 0.021 367 0.022 1030 0.022 2720 0.023 8000 0.024 
100.0 210 0.009 514 0.009 1520 0.010 4030 0.010 12,000 0.011 


1000.0 390 0.002 997 0.002 2880 0.002 7650 0.002 23,000 0.002 


Table 14-6 Effect of eccentricity on turbulent flow heat transfer in circular-tube annuli 
(experimental data for air, Leung et al.'') 


0.255 0.27 0,99 0.97 1.02 0.93 


0.50 0.94 0.92 0.98 0.86 
0.77 0.92 0.88 0.93 0.77 
0.500 0.54 0.96 0.87 1.01 0.78 
0.77 0.87 0.67 0.88 0.62 


e* = e/(ro — rj), where ¢ is the eccentricity of the tube centerlines. 
Nuji,cone and Nugo,conc Tefer to the Nusselt numbers for the concentric annulus at the same Reynolds 
number and Prandtl number. 


FULLY DEVELOPED TURBULENT FLOW 
IN OTHER TUBE GEOMETRIES 


As long as Pr is greater than about 0.5, the greater portion of the heat-transfer 
resistance in tube flow is in the sublayer region near the surfaces, and if these sur- 
faces are at a nearly uniform temperature then the temperature distribution over 
most of the cross-sectional flow area is relatively flat. Under these circum- 
stances, one would expect that the heat-transfer rate from the surface would be 
reasonably independent of the cross-sectional shape of the tube. In other words, 
the computed behavior for circular tubes should be applicable to tubes of any 
cross-sectional shape. There remains, however, the problem of finding a charac- 
teristic dimension of a noncircular tube that has the same significance as the 
diameter of the circular tube. 
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An examination of the Reynolds number from a different point of view pro- 
vides a suggestion. Consider a circular tube and let p be the tube surface perime- 
ter and A, the cross-sectional area. Then 


_ DG 4A.G _ 4m 
Nope Pu pL 


where G = pV. The Reynolds number is seen to be proportional to the ratio of 
the mass flow rate to the tube perimeter. If the heat-transfer resistance is primar- 
ily in the region close to the surface, it would seem reasonable that this ratio is 
more significant than the fact that the tube is circular and has diameter D. If this 
is the case, it should be possible to replace D in the circular-tube solutions and 
experimental correlations by 4A,/p; and since the latter is unambiguously 
defined for any cross-sectional shape, the results should be applicable to tubes of 
any cross-sectional shape. 4A./p is the hydraulic diameter D,, or 4 times the 
hydraulic radius r;,: 


Re 


4A. 


Dy, = 4r;, = (14-18) 
[See also a similar discussion in Chap. 13; note that this definition of D, is iden- 
tical to Eq. (13-16).] 

Experimentally it is found that, with this substitution for D, the circular-tube 
results are indeed applicable quite accurately to many tubes of noncircular cross 
section. It was noted in Chap. 13 that this is also the case for the friction coeffi- 
cient. At very low Prandtl numbers this approximation cannot be expected to 
apply, because the heat-transfer resistance is no longer confined to the region 
near the surface. This is also true in laminar flow; for laminar flow in tubes, the 
use of the hydraulic diameter does not correlate for different geometries. This ap- 
proximation can also be expected to break down for tubes with very sharp cor- 
ners, such as triangular tubes with one corner angle very small, because in the 
vicinity of the sharp corner the sublayer becomes large relative to the distance 
between the adjacent sides. It also does not apply for tubes with disconnected 
surfaces where the temperature is different on the different surfaces. With these 
exceptions, the approximation is very good, and the circular-tube solutions are 
applicable to rectangular tubes and any number of unusual shapes. 

In this discussion the surface temperature is assumed everywhere uniform 
around the periphery, and the heat-transfer coefficient calculated is the mean co- 
efficient around the periphery. The local coefficient around the periphery of a 
noncircular tube may vary considerably, but the hydraulic-diameter approxima- 
tion sheds no light on this problem. 

There is a considerable body of information in the heat-transfer literature, 
both analytic and experimental, on flow in noncircular tubes, including investi- 
gations of local coefficients around the periphery, nonuniform heating around the 
periphery, and many other variations. It is not practicable to summarize all of 
these investigations here. A comprehensive and excellent summary may be found 
in the Handbook of Single-Phase Convective Heat Transfer by Kakac et al.* 
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EXPERIMENTAL CORRELATIONS 
FOR FLOW IN TUBES 


Until now, our major emphasis has been on analytic solutions to the energy equa- 
tion, and experimental results have been referred to only when they serve to val- 
idate the assumptions used in building a mathematical model of the heat-transfer 
process, or where uncertainty in the information going into the mathematical 
models has been such that experimental data is probably more reliable. We en- 
countered this kind of uncertainty when attempting to calculate heat transfer at 
very high and very low Prandtl numbers. However, experiments can and do form 
a primary source of convective heat-transfer data for engineering applications; if 
the flow geometry is complex, it is often far easier to perform experiments than 
to attempt to deduce heat-transfer rates by analysis. In fact, in many cases exper- 
iment is the only practicable approach. 

A by-product of the analytic approach, in which we started with the applica- 
ble differential equations, is that we can now readily see how experimental re- 
sults can be generalized by the use of nondimen: .onal variables, so that it is not 
necessary to carry out experiments under the operating conditions of the pro- 
posed application or even with the same fluid. For example, in the absence of 
thermal- or hydrodynamic-entry effects, we have seen that for flow in a tube 
under, say, constant-heat-rate conditions, the heat-transfer performance can be 
expressed by a relation of the type 


Nu or St = f (Re, Pr) 


Experiments can be used to establish this functional relationship; and, since 
the variables are nondimensional, it does not matter if the dimensional variables 
making up the nondimensional groups are not the same in the application as in 
the experiment. The length dimension in the Reynolds number (and Nusselt 
number) can be any convenient length that characterizes the size of the passage 
(including the hydraulic diameter, if desired, but this is not mandatory). Since the 
experimental results are strictly applicable to geometrically similar systems only, 
all length dimensions bear the same relation to one another. 

Frequently it is not possible or practicable to vary the Prandtl number over a 
wide range in a single experimental system in order to adequately establish the 
functional dependence on Prandtl number. For this reason experimenters often 
assume a Prandtl number dependence, based on experience with other geome- 
tries or on the analytic solutions. Thus one often finds experimental results pre- 
sented in the form 


St Pr°® = f(Re) or NuPr°* = f(Re) 


(It should be noted that, regardless of the length variable in Nu and Re the fol- 
lowing relation must apply: Nu = St Pr Re.) 

Other powers of the Prandtl number are also frequently used, depending ei- 
ther on what is necessary to correlate the results or on some theoretical basis. For 
example, in some high-performance heat-exchanger flow passages, the surface is 
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interrupted at frequent intervals so that each segment of surface sees essentially 
a laminar external boundary layer. In Chap. 10 it was seen that for a laminar 
boundary layer the Prandtl number dependence can be quite accurately repre- 
sented by the group St Pr’/? in the Prandtl number range 0.5-15. Thus there is a 
theoretical basis for using this group to generalize experimental data for such 
flow passages. 

Obviously if there are other significant variables in the experiment, these can 
be included in the function, provided only that they are normalized with respect 
to some other variable (or variables) so as to provide an additional nondimen- 
sional group. For example, if the thermal- or hydrodynamic-entry length is sig- 
nificant (and this is discussed in sections to follow), the distance x from the 
entrance becomes significant, and an additional nondimensional parameter could 
be x/D. But it could just as well be xG/w. 

Such experimental correlations may be found throughout the literature for 
both laminar and turbulent flow in a large variety of types of flow passages and 
in different Prandtl number ranges. It is the intent of this book to place primary 
emphasis on the available analytic solutions, for it is felt that these should be 
thoroughly understood before the purely experimental data can be used intelli- 
gently. However, it is recognized that in engineering applications the reader will 
generally find it absolutely necessary to take advantage of the wealth of experi- 
mental data that exists. Typical of such available data is the compilation in 
Compact Heat Exchangers.'* Other useful sources of data are the Handbook of 
Single-Phase Convective Heat Transfer,’ and the Handbook of Heat Transfer.*° 


THERMAL-ENTRY LENGTH FOR TURBULENT 
FLOW IN A CIRCULAR TUBE 


Consider the case of a fully developed velocity profile, but with a uniform fluid 
temperature at the point where heat transfer begins. We are concerned with the 
development of the temperature profile, that is, the thermal-entry length. 

This problem can be readily solved by direct numerical integration of the 
energy differential equation, using the turbulence models previously discussed, 
for any particular problem. But it is also possible to obtain solutions in more gen- 
eralized form, and this is often useful because it leads to closed-form results for 
certain particular cases and provides a technique for investigating certain effects 
that would involve multiple direct numerical solutions. 

The differential equation that must be solved for the circular tube is again 
Eg. (14-2); but, of course, the derivative on the right-hand side is no longer a 
constant or a function of x alone, as was the case for a fully developed tempera- 
ture profile. The problem is essentially the same as the corresponding laminar 
flow problem. Equation (14-2) can be expressed in the same (xt, r+) coordinate 
system, but now, since €y +a is a function of both Reynolds number and 
Prandtl number, rather than a constant, it is apparent that for given boundary con- 
ditions a family of solutions is obtained rather than a single solution. 
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Circular-tube solutions have been obtained for both constant surface tem- 
perature and constant heat rate by Notter and Sleicher.'* These solutions follow 
the same procedures as were employed for the laminar flow counterpart to the 
problem. Separation of variables is first employed, but then it has been necessary 
to use a computer to evaluate the eigenvalues and constants in the resulting se- 
ries solutions. Information on ¢y and a must be supplied. Notter and Sleicher 
used more recent information on Pr, than was used in the earlier Sleicher and 
Tribus solution to the same probiem, and their results are quite consistent with 
the Sleicher and Rouse equations cited earlier, Eqs. (14-9), (14-10), and (14-13). 

These solutions can be put in precisely the same forrn as for laminar flow. 
Thus Eqs. (8-39), (8-40), and (8-41) for constant surface temperature, and 
Eq. (8-42) for constant heat rate, are all directly applicable. The constant- 
heat-rate solution yields the following equation for fully developed velocity and 


temperature profiles: 
=! 
1a 1 
Nu. =| = —— 
: (; aa =| 


The series in this equation is very slowly convergent, and there are not sufficient 
eigenvalues and constants to evaluate it. An alternative equation for fully devel- 
oped constant heat rate, based on variable-surface-temperature theory and the 
constant-surface-temperature functions, is Eq. (8-49). 

An abstract of the Notter and Sleicher results is presented in Table 14-7. In 
addition, a set of functions for Pr = 10 for the constant-heat-rate problem is tab- 
ulated there, based on the calculations of Sparrow, Hallman, and Seigel.'> The 
latter used Pr, = 1 throughout their calculations. These functions must be used in 
conjunction with other data on Nu, in order to be useful. 

These series solutions, with the exception noted above, are very much more 
convergent than the corresponding laminar flow series, especially at higher 
Prandtl numbers, and the number of terms given is quite sufficient for most 
calculations. 

Figures 14-6 to 14-8 show the thermal-entry-length effect for flow in a cir- 
cular tube for constant heat rate for a number of different cases. At Pr = (Q.01 the 
effect is rather pronounced and increases with Reynolds number (Fig. 14-6). Fig- 
ure 14-7 illustrates the strong influence of Prandtl number. At Prandtl numbers 
above | the thermal-entry-length effect becomes of decreasing importance. Note 
in Fig. 14-8 that at Pr = 0.7 there is very little influence of Reynolds number. 

We can also investigate the effect of thermal-entry length on the /ength- 
mean Nusselt number. In heat-exchanger design this is generally of more impor- 
tance than the local Nusselt numoer. If we move sufficiently far downstream that 
the local Nusselt number has closely approached its asymptotic value (which 
also means that only the first term in the infinite-series solution is of importance), 
the mean Nusselt number for constant surface temperature is given by 

st aaa Ne 


+ — | 


do 14-19 
lt SG, sia 


Nu,, 
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Table 14-7 Infinite-series-solution functions for thermal-entry length with turbulent flow in 
a circular tube 


0 0.002 50,000 10.61 0.975 

1 58.19 0.897 29.66 0.00773 
2 144.6 0.862 98.51 0.01015 
3 269.7 0.841 206.5 0.00105 
4 353.4 0.000607 
0 0.002 100,000 11.23 1.036 

1 61.74 0.943 By aN 0.00725 
2 153.6 0.903 104.7 0.00209 
3 286.7 0.88 219.2 0.000977 
4 374.9 0.00056 
0 0.002 500,000 15.91 1.527 

1 90.19 1.246 48.83 0.00437 
2: 227.4 1.137 158 0.001202 
3 426.8 1.08 331 0.000547 
4 564.8 0.000307 
0 0.01 50,000 13.39 L277 

1 V5e23 1.079 40.12 0.00431 
2 188.9 0.996 131.8 0.00152 
5 353.9 0.949 275 0.000696 
4 469.3 0.000395 
0 0.01 100,000 16.75 1.642 

1 96.15 1.29 53.11 0.00394 
2 243.8 1.154 172.7 0.001068 
3 458.5 1.085 358.8 0.000479 
4 

0 0.01 500,000 39.31 4.2 

1 252.9 2.42 159.8 0.001152 
2 665.6 1.93 504.6 0.000273 
3 1,271 i752 1,032 0.000112 
4 175% 0.0000591 
0 0.03 50,000 21.28 DAT 

1 126.7 1.532 73.68 0.00272 
2 S252) 1.32 237.8 0.000705 
3 614.8 1.189 491.7 0.000306 
4 835.3 0.000167 
0 0.03 100,000 31.06 3.28 

1 194.2 2.03 119.4 0.0016 

2 506.9 1.649 380.5 0.00039 
3 964.8 1.488 781.4 0.000162 
4 1,320 0.000087 
0 0.03 500,000 91.5 10.38 

1 678.1 4.39 477.7 0.000362 
2 1,844 3.22 1,490 0.000076 
3 3,562 2.9 3,011 0.000029 
4 5,027 0.000015 


Table 14-7 (continued ) 
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0 
1 
2 
3 
0 
if 
2 
8 
0 
i! 
2; 
3 
0) 8 
1 10 
2 
3 
4 
5 
fl 10 
2 
3 
4 
5 
0 50 
0 100 


0.72 


0.72 


OZ. 


10,000 


50,000 


100,000 


50,000 
100,000 
500,000 

50,000 


100,000 


100,000 
200,060 
500,000 
100,000 
200,000 
500,000 


2,570 
4,778 
10,800 
IO17 


6,129 
14,040 


7.596 
1.829 
1.217 


26.6 
5.63 
5:32 


45.8 
on3 
5.48 


85.4 
154 
625 


321 
598 
1,350 
415 
766 
1,750 


SOT 
1,624 
3,202 


1,952 
6,154 
12,480 


3,510 
11,030 
22,340 


2.736 x 104 
7.316 x 104 
1.373 x 10° 
2.196 x 10° 
3.198 x 10° 


5.04 x 104 
1.346 x 10° 
2.528 x 10° 
4.046 x 10° 
5.904 x 10° 


0.000301 
0.00005 13 
0.0000149 


0.0000886 
0.0000179 
0.000006 


0.0000494 
0.0000101 
0.0000035 


5.02 x 107° 
1.21 x 107° 
4.36 x 1073 
1.87 x 1077 
8.79 x 1078 


2.78 x 107° 
6.97 x 1077 
2.68 x 1077 
1.26 x 1077 
6.56 x 1078 


But Ae = 2Nu,., from Eq. (9-41). Dividing this into Eq. (14-19), we obtain 


Nu hie 
“= | In 14-20 
Nu. x+h5 8Go ( ) 
Now, for an example, consider Pr = 0.72 and Re = 50,000. From Table 14-7, 
x/Fo x/D 
sage omend a = —————_ = : 
Ais 19, Go = 26.6, x Re Pr ~ 18,000 

Nu 17,500 219 2.36 

—" = 1 + ———_ In ——— = 14+ — 14-21 

Nug -219x/D "8026.6 x/D eo 


Thus, even for a tube 100 diameters in length, there is still a 2 percent effect 
of the entry length, primarily due to the high heat-transfer coefficient in the first 


10 diameters. 
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Figure 14-6 Nusselt 2.0 
numbers in the thermal- 

entry length of a circular 

tube, for constant heat 

rate: influence of Re at 
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1.20 
Pr 070. 
Re = 200,000 
Nu, 
Nu, 1.10 
1.00 
0 


Figure 14-8 Nusselt numbers in the thermal-entry length of a circular tube, for 
constant heat rate: influence of Re at Pr = 0.7. 


THERMAL-ENTRY LENGTH FOR TURBULENT 
FLOW BETWEEN PARALLEL PLANES 


Hatton and Quarmby'® developed eigenvalue solutions for turbulent flow be- 
tween parallel planes for both the case of constant temperature on one surface 
with the other surface insulated, and the case of constant heat rate on one surface 
with the other surface insulated. Pr, = 1 was assumed throughout. 

The resulting eigenvalues and constants for one surface at constant temper- 
ature are presented in Table 14-8 and are directly applicable to Eqs. (8-38)— 
(8-41). For constant heat rate on one surface the eigenvalues and constants are 
also available in the original paper, but it is more convenient to have the Nusselt 
numbers and influence coefficients as presented in Table 14-9. This table then 
corresponds to Table 8-11 for laminar flow; for asymmetric heating Eq. (8-28) is 
applicable. Note that these results overlap the fully developed temperature- 
profile results of Table 14-5, but, despite the use of somewhat different data on 
diffusivities and velocity profiles, they are quite consistent. 

It is worth noting that these parallel-plane results are applicable with only 
small error to the concentric circular-tube annulus for r* > 0.5, as can be seen by 
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Table 14-8 Infinite-series-solution functions for thermal-entry length with turbulent flow 
between parallel planes; one side at constant temperature and the other insulated 


0 16.7 1.86 59.4 6.87 228 Dak 
1 158 1.34 611 3.78 2,685 10.9 
2 450 1.03 1,788 2.54 8,200 6.47 
3 893 0.859 3,585 2.14 16,210 5:37 
4 1,473 0.794 5,830 2.04 26,700 5.10 
5 2,201 0.762 8,660 1.95 39,820 4.85 


0 52.1 296 36.1 1,303 

1 656 4,400 9.44 2,244 

2 2,067 14,100 4.85 7,360 

3 4,175 22,150 3.73 14,890 

4 6,775 46,850 3.27 24,530 

5 9,945 70,100 281 36,660 

0 153 19.1 1,038 129.4 5,180 648 

1 4,880 1.81 37,200 10.2 199,600 46.9 | 
2 17,000 0.914 132,000 4.45 696,000 20.2 

3 34,250 0.865 265,600 3.26 ‘1,427,000 14.5 | 
4 53,800 1.01 442,000 2.73 2,368,000 11.8 | 
5 76,700 1.18 663,000 2.35 3,556,000 9.65 | 


Table 14-9 Nusselt numbers and influence coefficients for turbulent flow between parallel 
planes; constant heat rate; one side heated and the other insulated 


: : 194 0.023 

10 10.7 0.267 42.4 0.115 155 0.062 
30 9.44 G352 34.8 0.233 132 0.147 
100 9.34 0.359 324 0.290 120 0.219 


10 0.089 177 
30 0.173 160 


10 81.9 0.027 550 
30 18.6 0.057 532 
100 15 0.070 522 


0.030 
0.077 
0.123 


0.010 
0.027 
0.045 
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comparing the asymptotic results for the annulus and parallel planes, Tables 14-4 
and 14-5. 

More extensive tables of eigenvalues and constants for flow between paral- 
lel planes may be found in Sakakibara and Endo." 


THE EFFECTS OF AXIAL VARIATIONS OF SURFACE 
TEMPERATURE AND HEAT FLUX 


The axially varying surface temperature and the axially varying heat flux prob- 
lems may be handled in exactly the same manner as for laminar flow. The caveat 
is still that any kind of boundary conditions can be solved just as easily by direct 
numerical integration of Eq. (14-1), but the classical solutions allow whole 
classes of problems to be generalized, and in some cases closed-form results can 
be obtained. The equations developed in Chap. 8 are directly applicable without 
alteration, but for turbulent flow the eigenvalues and constants from Tables 14-7 
and 14-8 must now be used. Note also that Eqs. (8-28) and (8-29) are again ap- 
plicable for the parallel-planes case, using Table 14-9. 

The trends are found to be identical to those discussed for laminar flow. An 
increasing heat flux, or an increasing temperature difference in the flow direc- 
tion, leads to higher heat-transfer coefficients, whereas the converse leads to 
lower heat-transfer coefficients. It is also possible to have zero or negative heat- 
transfer coefficients. However, the relative importance of axial variations is a 
strong function of Prandtl number. In the very low-Prandtl-number region (liquid 
metals) the effects can be very striking for a turbulent flow—even greater than 
those obtained for laminar flow. At Prandtl numbers near 1 and higher, the effects 
are usually negligible. Figure 14-5, which shows the relation between the Nusselt 
number for constant heat rate and the Nusselt number for constant surface tem- 
perature, provides a good indication of the regions where axial variations are of 
importance; it is noted that the effect at Prandtl number 0.7 is already quite small. 

As an example of the significance of these results, consider the design of a 
nuclear reactor cooling system where the heat flux is a known function of length 
along the tube. Typically the heat flux is low near the entrance and exit, reaching 
a maximum at the midpoint. If the coolant is a liquid metal, considerable errors 
in the predicted surface temperatures can result unless variable-heat-flux theory 
is employed, that is, Eq. (8-55). On the other hand, if the coolant is a gas, or pres- 
surized water, varying heat flux has very little influence, and it is perfectly ade- 
quate to use a Nusselt number based on constant-heat-flux theory or experiments 
to calculate the local temperature difference between the fluid and the surface. 
(Note, of course, that the Jocal heat flux must be used to calculate the tempera- 
ture difference, even though it is varying along the tube.) 


COMBINED HYDRODYNAMIC- 
AND THERMAL-ENTRY LENGTH 
In technical applications we are often more concerned about the development of 


the hydrodynamic and thermal boundary layers together than merely the thermal 
boundary layer alone. The turbulent tube-flow problem is further complicated by 
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the fact that the turbulent-boundary-layer development is very strongly influ- 
enced by the character of the tube entrance. If the tube has a well-designed noz- 
zle entrance so that the velocity profile is close to uniform at the tube entrance, 
and if a boundary-layer trip is provided, then the combined hydrodynamic- and 
thermal-entry-length behavior is close to that which can be predicted by numer- 
ical integration of Eq. (14-1). However, these are laboratory conditions that are 
seldom encountered in real applications. If the boundary layer is not tripped, a 
laminar boundary layer may develop, and, depending on the Reynolds number 
and the free-stream turbulence, it is even possible to get fully developed laminar 
flow before a transition to turbulent flow occurs. In typical heat-exchanger appli- 
cations the entrance, far from being a nozzle, is either a sharp-edged contraction 
or is preceded by a bend in the tube. In either case there is a separated flow at the 
entrance, with sufficient vorticity shed into the main stream that the heat-transfer 
rate is very much higher than would be obtained in a developing turbulent 
boundary layer where the turbulence originates from the surface. 

At present we must rely upon experimental data for the turbulent flow entry 
region of a pipe for most applications. Some rather extensive experiments were 
carried out by Boelter, Young, and Iverson'® using air flowing through a steam- 
heated tube in which the steam jacket was sectioned in such a way that the local 
heat-transfer rate at each section could be determined from a measurement of the 
condensate rate. An abstract of these results is plotted in Fig. 14-9. The ratio of 
local Nusselt number to fully developed Nusselt number is plotted as a function 
of x/D for a tube-diameter Reynolds number close to 50,000. The lowest curve 
is for the case of a hydrodynamically fully developed flow, and thus would 
correspond to the curves of Fig. 14-8. The other curves are for various typical 
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Figure 14-9 Measured local Nusselt numbers in the entry region of a circular tube for 
various entry configurations, air with constant surface temperature.'® 
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heat-exchanger entrances: the abrupt contraction, and 45°, 90°, and 180° bends 
and angles. 

When account is taken of the probable experimental uncertainty of data ob- 
tained in this manner, together with the fact that small changes in the geometry 
of the various bends may have considerable effects, a detailed quantitative com- 
parison of the various curves is probably not warranted. What is important is the 
fact that all the curves for bends, and the abrupt contraction, lie substantially 
above the curve for the fully developed velocity profile. The interesting behavior 
of the abrupt-contraction curve (and this is probably the most common geometry 
encountered in heat exchangers) is apparently caused by the flow contraction and 
then reexpansion during the first diameter of tube length. The 180° bend shows 
similar behavior, possibly as a result of a stall region on the inside of the bend. 
The very high Nusselt number obtained for the 90° right-angled bend may be 
representative of the value that would be obtained for such a bend when pre- 
ceded by a length of straight pipe; but the similar performance for the 45° round 
bend is probably attributable to a flow contraction rather than the bend itself, and 
thus would not be representative of such a bend following a section of straight 
pipe. 

The curves of Fig. 14-9 all refer to the Jocal Nusselt number. In many appli- 
cations the mean Nusselt number with respect to tube length is of more use. For 
tubes with lengths greater than the entry length (and this means greater than 
about 20 diameters) it should be possible to express the mean Nusselt number in 
the form of Eq. (14-21), that is, 


Sl 4 ee (14-22) 


The following values of C have been evaluated by integration of the curves in 
Fig. 14-9: 


Fully developed velocity profile 1.4 


Abrupt-contraction entrance 6 
90° right-angled bend 7 
180° round bend 6 


Note that C for the fully developed velocity profile comes out to be 1.4 rather 
than the predicted 2 in Eq. (14-21), but experimental uncertainty may account for 
this difference. 

The effect on the mean Nusselt number of the abrupt-contraction and bend en- 
trances is seen to be very substantial. For a tube of 100 diameters length the mean 
Nusselt number for the abrupt contraction is still 6 percent above the asymptotic 
value, although most of this effect is attributable to the first 10 diameters. 

All of these data were obtained with a fluid with Pr = 0.7. It is difficult to tell 
what the effect will be at very high and very low Prandtl numbers other than to 
say that it will be substantially greater in the liquid-metal region, and probably 
somewhat less at high Prandtl numbers. 
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THE INFLUENCE OF SURFACE ROUGHNESS 


All the preceding discussion has been based on the assumption of an aerody- 
namically smooth surface. The effects of surface roughness have been discussed 
in some detail in connection with the external turbulent boundary layer 
(Chaps. 11 and 12) and with the hydrodynamics of flow in a tube or pipe. The 
effects of roughness on heat transfer for flow in a tube are essentially the same as 
described in Chap. 13 for the external.boundary layer. The only difference arises 
from the fact that, for flow in a tube, the friction coefficient is based on the mean 
flow velocity, and the heat-transfer coefficient is based on the mixed mean fluid 
temperature. 

The same mixing-length theory as discussed in Chap. 11 for rough surfaces 
is applicable to the tube-flow problem. The eddy. diffusivity in the region far 
away from the surface differs little from that for a smooth surface. All the exper- 
iments (and these do not include the very low-Pr region) indicate a turbulent 
Prandtl number no different from that for a smooth surface. Thus numerical inte- 
gration of Eq. (14-1) is quite feasible, and the more restricted cases of fully de- 
veloped velocity profiles, Eq. (14-2), or fully developed velocity and tempera- 
ture profiles, with constant heat rate, Eq. (14-3), all for circular tubes, can be 
readily handled. The surface resistance problem discussed in Chap. 13 is no dif- 
ferent in a tube or pipe. 

Dipprey and Sabersky’” present correlations for heat transfer in tubes that 
take on essentially the same form as Eq. (13-48). A simpler empirical correlation 


is suggested by Norris:”° 

Nu ep-\" 

= (14-23) 
NUsmooth CFamooth 


where n = 0.68 Pr°?!>. For (C¢/Cfo,.) > 4-0 Norris finds that the Nusselt num- 
ber no longer increases with increasing roughness. 

Equation (14-23) incorporates most of the effects of roughness that one 
would expect. The effect of roughness on heat transfer increases with Prandtl 
number because the sublayer becomes of dominant influence at high Prandtl 
numbers. On the other hand, one would expect little effect of roughness for liq- 
uid metals. The heat-transfer coefficient is not affected as strongly as the friction 
coefficient because of the additional conduction heat-transfer resistance at the 
surface. When the roughness effects on friction become very large, no further 
increase in heat transfer is observed because the heat-transfer resistance has be- 
come primarily a conduction resistance at the surface in the spaces between the 
roughness elements. 

It should be noted that artificial roughness is frequently employed as a de- 
vice to increase the heat-transfer coefficient. A popular and very effective 
scheme is to lay a small-diameter wire along the surface transverse to the flow di- 
rection (or else to machine a similar protrusion on the surface) so as to break up 
the sublayer. Typically the height of the protrusions should be about y+ = 50, 
with protrusions spaced 10—20 heights along the surface. The friction coefficient 
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is also increased because of pressure drag on the protrusion, but if the protru- 
sion is small enough to be primarily in the sublayer region then the increase in fric- 
tion is not disproportionate to the increase in heat transfer. Therefore this scheme 
is more effective than so-called turbulence promoters that are frequently inserted 
inside tubes to increase heat transfer at a large cost in pumping-power require- 
ments. This whole problem is discussed in more detail in Chap. 19 in connection 
with a discussion of compact and high-performance heat-exchanger surfaces. 

A comprehensive review of methods for augmentation of convective heat 
transfer is given by Bergles.7)” 


PROBLEMS 


14-1. Consider fully developed turbulent flow between parallel planes. Let the 
Reynolds number (based on hydraulic diameter) be 50,000 and let the Prandtl 
number of the fluid be 3. 

The heat flux on one plate, into the fluid, is constant everywhere. The heat 
flux on the other plate is out of the fluid, is also constant everywhere, and is 
the same in magnitude as the heat flux on the first plate. The problem is to 
calculate and plot the temperature distribution across the fluid from plate 
to plate. 

Use any equations for velocity distribution and or eddy diffusivity that you 
feel are reasonable. For simplicity, it is sufficiently precise to assume that the 
eddy diffusivity is constant across the center region of the duct at the value 
given at r = 0 by Eq. (13-5), and that Eq. (13-4) is valid over the remainder of 
the flow area, excepting the sublayer, which can be treated as in the 
development leading to Eq. (11-16). 

Explain the shape of the temperature profile by referring to the basic 
mechanisms involved. How would this profile change with Prandtl number? 
What would the profile be if the flow were laminar? 

14-2. Consider fully developed turbulent flow in a circular tube with heat transfer to 
or from the fluid at a constant rate per unit of tube length. Let there also be 
internal heat generation (perhaps from nuclear reaction) at a rate S, W/m’, 
which is everywhere constant. If the Reynolds number is 50,000 and the 
Prandtl number is 4, evaluate the Nusselt number as a function of the pertinent 
parameters. The heat-transfer coefficient in the Nusselt number shou!d be 
defined in the usual manner on the basis of the heat flux at the surface, the 
surface temperature, and the mixed mean fluid temperature. Use a two-layer 
model to handle the sublayer [see Chap. 11 and the development leading to 
Eq. (11-16)] and evaluate the eddy diffusivity as described for Prob. 14-1. 

14-3. Consider turbulent flow between parallel planes with Reynolds number equal 
to 100,000. For a fluid with Pr = 10, and then for a fluid with Pr = 0.01, 
evaluate the Nusselt number for fully developed constant heat rate for only one 
side heated and then for both sides equally heated, using the solutions given in 
the text. Discuss the differences between the cases of one side heated and both 
sides heated, in terms of the heat-transfer mechanisms and the temperature 
profiles. How is the Nusselt number related to the “shape” of the temperature 


profile? 
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14-4. Consider fully developed flow in a circular tube: with constant heat rate per unit 


14-5. 


14-6. 


14-7. 


of tube length. Let the mean flow velocity be 8 m/s. Evaluate the heat-transfer 
coefficient h for the following cases, and discuss the reasons for the 
differences: 


a. air, 90°C, 1 atm pressure, 2.5-cm-diameter tube; 

same with 0.6-cm-diameter tube; 

hydrogen gas, 90°C, 1 atm pressure, 2.5-cm-diameter tube: 
liquid oxygen, —200°C, 2.5-cm-diameter tube; 

liquid water, 38°C, 2.5-cm-diameter tube; 

liquid sodium, 200°C, 2.5-cm-diameter tube; 

aircraft engine oil, 90°C, 2.5-cm-diameter tube; 

air, 90°C, 1000 kPa pressure, 2.5-cm-diameter tube. 


Consider a 1.20-cm-inside-diameter, !.8-m-long tube wound by an electric 
resistance heating element. Let the function of the tube be to heat an organic 
fuel from 10 to 65°C. Let the mass-flow rate of the fuel be 0.126 kg/s, and let 
the following average properties be treated as constant: 


Pr = 10, p = 753kg/m*, c = 2.10 kJ/(kg - K). k = 0.137 W/m: K) 


FHS AD 


Calculate and plot both tube surface temperature and fluid mean temperature as 
functions of tube length. 

TEXSTAN can be used to confirm this analysis. Use constant fluid 
properties and do not consider viscous dissipation. Let the velocity and thermal 
entry profiles at the inlet to the tube be flat, which can be supplied by using the 
kstart=1 choice in TEXSTAN. Let the energy boundary condition be a 
constant surface heat flux equal to the value from the analysis. For a-turbulence 
model, choose the model described in Prob. 14-13. 


Liquid potassium flows in a 2.5-cm-diameter tube at a mean uclocsy of 2.4 m/s 
and a mean temperature of 550°C. Suppose the tube is heated at a constant rate 
per unit of length but the heat flux varies around the periphery of the tube in a 
sinusoidal manner, with the maximum heat flux twice the minimum heat flux. 
If the maximum surface temperature is 700°C, evaluate the axial mean 
temperature gradient, °C/m, and prepare a plot of temperature around the 
periphery of the tube. 

Consider the flow of first air (Pr = 0.7) and then mercury (Pr = 0.01) ata 
Reynolds number of 100,000 in a 2-cm-diameter circular tube with constant 
heat rate per unit of length. At a distance of 1.2 m from the tube entrance the 
heating stops, and the tube is insulated from then on. Using relative units 

of temperature, calculate and plot the decay of surface temperature as it 
approaches tiie mean fluid temperature in the insulated region. Discuss the 
difference in behavior of the two fluids in terms of the basic mechanisms 
involved. 

TEXSTAN can be used to confirm this analysis. Use constant fluid 
properties and do not consider viscous dissipation. Let the velocity and thermal 
entry profiles at the inlet to the tube be flat, which can be supplied by using the 
kstart=\ choice in TEXSTAN. Let the energy boundary condition be a constant 
surface heat flux (you can arbitrarily choose 250 W/m7”). For a turbulence model, 
cheose the model described in Prob. 14-13. The piecewise surface heat flux 
boundary condition is modeled easily in TEXSTAN by providing heat flux 
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values at four x locations, two for each segment, e.g., atx = 0, x = 1.2 m (over 
which there will be a heat flux), and at x = 1.201 m,x = 2.4m (arbitrary final 
tube length, over which there will be a zero heat flux, adiabatic condition). 
Because TEXSTAN linearly interpolates the surface thermal boundary condition 
between consecutive x locations, a total of four boundary-condition locations is 
sufficient to describe the surface heat-fiux variation. 


Let air at 21°C and 1 atm pressure flow at a Reynolds number of 50,000 in a 
2.5-cm-diameter circular tube. The tube wall is insulated for the first 75 cm, 
but for the next 125 cm the tube surface temperature is constant at 40°C. Then 
it abruptly increases to 50°C and remains constant for another 125 cm. Plot the 
local heat-transfer coefficient / as a function of an axial distance. Does the 
abrupt increase in surface temperature to 50°C cause a significant change in the 
average heat-transfer coefficient over the entire 325 cm of heated length? In 
simple heat-exchanger theory a mean heat-transfer coefficient with respect to 
tube length is generally employed. In this case how much does the mean differ 
from the asymptotic value of h? 

TEXSTAN can be used to confirm this analysis. Use constant fluid 
properties and do not consider viscous dissipation. Let the velocity and thermal 
entry profiles at the inlet to the tube be flat, which can be supplied by using the 
kstart=1 choice in TEXSTAN. Let the energy boundary condition be a surface 
temperature for this problem. For a turbulence model, choose the model 
described in Prob. 14-13. The piecewise surface temperature boundary 
condition is modeled easily in TEXSTAN by providing surface temperature 
values at six x locations. For the first interval from x = 0 to x = 0.75 m, set 
the surface temperature equal to the inlet temperature, effectively creating a 


* zero-heat-flux boundary condition; over the mitervai-x = 1.7501 mto x = 2.0m 


set the surface temperature to be 40°C. and for the third interval x = 2.001 m 
to x = 3.25 m set the surface temperature to be 50°C. 

Starting with the constant-surface-temperaftire thermal-entry-length solutions 
for a circular tube, calculate and compare the Nusselt numbers for constant 
surface temperature and for a linearly varying surface temperature, for very long 
tubes for a Reynolds number of 50,000 and a Prandtl number of 0.01. Repeat 
for a Prandtl number of 0.7 and discuss the reasons for the differences noted. 


The following are the proposed specifications for the cooling tubes in a 
pressurized-water nuclear power reactor: 


Tube configuration Concentric circular-tube annulus, with heating 
from the inner tube (containing the uranium fuel), 
and the outer tube surface having no heat flux 

Tube dimensions Inner tube diameter, 2.5 cm 
Outer tube diameter, 5.0 cm 
Tube length, 5 m 

Water temperature Inlet, 275°C 
Outlet, 300°C 

Water mean velocity. 1 m/s 

Axial heat-flux G! day = 4Ul + 2 sin Gex/L)] 

distribution 


Assume that the water properties may be treated as constant at 287°C 
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14-11. 


14-12. 


Calculate and plot heat flux, mean water temperature, and inner and outer 
tube surface temperatures as functions of x. Assume that the conductance h is 
independent of x and that the value for fully developed constant heat rate is a 
reasonable approximation. (Can you justify these assumptions?) How high 
must the water pressure be to avoid boiling? Or is it possible to avoid boiling 
with these specifications? What do you think would be the effect of local 
boiling at the highest-temperature parts of the system? 

Repeat Prob. 14-10 for the case of liquid sodium in place of high-pressure 
water. Let the inlet and outlet sodium temperatures be 330 and 355°C, 
respectively. However, this time the effect of axially varying heat flux on the 
heat-transfer coefficient cannot be ignored. 


Helium flows in a thin-walled circular tube of 2.5-cm inside diameter. Down 
the center of the tube is inserted a 5-mm-diameter circular electric heater. The 
Reynolds number of the flow, based on the hydraulic diameter of the resulting 
passage, is 30,000. Heat is generated and transferred through the heater surface 
at a rate of 30 kKW/m/?. The outer surface of the outer tube is bare, exposed to an 
atmospheric environment at 21°C. Heat is transferred from the outer surface to 
the surroundings by both free convection and radiation. For the free convection, 
assume a heat-transfer coefficient of 10 W/(m? - K). For the radiation, let the 
surface emissivity be 0.8. 

At a particular point along the tube the mixed mean fluid temperature is 
200°C. Assuming that the gas is transparent to thermal radiation and that the 
radiation emissivity of the two inner surfaces is 0.8, calculate the surface 
temperature of the heater and the temperature of the outer tube. Determine the 
fractions of the original heat generated in the core tube that are ultimately 
transferred to the helium and to the surroundings. Is radiation a major factor? 

It may be assumed that the tube is sufficiently long that fully.developed 
conditions are closely approached. 


TEXSTAN PROBLEMS 


14-13. 


TEXSTAN analysis of the turbulent thermal entry fiow in a circular tube with 
constant surface heat flux: Investigate the entry length region through the 
thermally fully developed region of flow in a circular tube with diameter 
Reynolds numbers of 50,000 and 100,000 and fluids corresponding to 

Pr = 0.01, 0.7, and 10. Evaluate the properties at a fluid entry temperature of 
280 K, use constant fluid properties, and do not consider viscous dissipation. 
Let the pipe diameter be 3.5 cm and the pipe length be 12.0 m. Let the velocity 
and thermal entry profiles at the inlet to the tube be flat, which can be supplied 
by using the kstart=1 choice in TEXSTAN. Let the energy boundary 
condition be a constant surface-heat flux of 250 W/m/. For a turbulence model, 
choose the hybrid turbulence model composed of a constant eddy viscosity in 
the outer part of the flow (€,,/v = aRe’ with a = 0.005 and b = 0.9) anda 
mixing-length turbulence model with the Van Driest damping function 

(x = 0.40 and A* = 26) in the near-wall region (ktmu=7). This hybrid model 
tends to more closely fit Fig. 13-1, and thus better predict the fully developed 
friction coefficient and Nusselt number for a given Reynolds number. Choose 
the constant turbulent Prandtl number model (ktme=2) along with a choice 

for the turbulent Prandtl number, 0.9 is suggested, by setting frx=0.9. 
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Compare the thermally fully developed Nusselt numbers for Pr = 0.7 with 
the results from set of Eqs. (14-5) through (14-9). For Pr = —0.01, compare 
with Eq. (14-10), and for Pr = 100, compare with Eq. (14-8). Feel free to 
investigate any other attribute of the tube flow. For example, at Pr = 0.7 you 
can examine a temperature profile at the thermally fully developed state to 
evaluate the thermal law of the wall and compare with Eq. (14-4). Compare 
your results for how Nusselt number varies in the thermal entry region, as 
appropriate, with Figs. 14-6, 14-7, and 14-8. 

TEXSTAN analysis of the turbulent thermal entry flow in a circular tube with 
constant surface temperature: Investigate the entry length region through the 
thermally fully developed region of flow in a circular tube with diameter 
Reynolds numbers of 50,000 and 100,000 and fluids corresponding to 

Pr = 0.01 and 0.7. Let the energy boundary condition be a constant surface 
temperature of 295 K. Follow the setup instructions of Prob. 14-13. Compare 
the thermally fully developed Nusselt number results with Eq. (14-12) for 

Pr = 0.7 and Eq. (14-13) for Pr = 0.01, and compare with Fig. 14-5. It is 
suggested you use TEXSTAN to compute the corresponding Nusselt number 
with a constant-heat-flux boundary condition to create the Nusselt number 
ratio in making the comparison in Fig. 14-5. 


TEXSTAN analysis of the turbulent thermal entry flow in a circular tube with 
constant surface heat flux: This problem is essentially a repeat of Prob. (14-13), 
but choosing higher-order turbulence models available in TEXSTAN. For this 
problem there exists four 2-equation (k—¢) models (ktmu=21,22,23,24). The 
initial velocity and temperature profiles remain the flat profiles along with flat 
entry turbulence profiles for k and e, all supplied by using the kstart=1 choice 
in TEXSTAN. Choose an entry turbulence of 10 percent. Note that by setting 
the corresponding entry dissipation equal to zero, TEXSTAN will compute an 
appropriate value. For the 2-equation turbulence models it is best to choose a 
constant turbulent Prandtl number model (ktme=2), along with a choice for 
the turbulent Prandtl number, 0.9 is suggested, by setting fxx=0.9. 

TEXSTAN analysis of the turbulent thermal entry flow between parallel plates 
with constant surface heat flux: Investigate the entry length region through the 
thermally fully developed region of flow between parallel plates with hydraulic 
diameter Reynolds numbers of 30,000 and 100,000 and fluids corresponding to 
Pr = 0.91, 0.7, and 10. Evaluate the properties at a fluid entry temperature of 
280 K, use constant fluid properties, and do not consider viscous dissipation. 
Let the plate spacing be 7.0 cm and the plate length be 7.0 m. Let the velocity 
and thermal entry profiles at the inlet to the plates be flat, which can be 
supplied by using the kstart=1 choice in TEXSTAN. Let the energy boundary 
condition be a constant surface heat flux of 250 W/m’. For a turbulence model, 
choose the hybrid turbulence model composed of a constant eddy viscosity in 
the outer part of the flow (&m/v = aRe” with a = 0.0022 and b = 0.9) and a 
mixing-length turbulence model with the Van Driest damping function 

(x = 0.40 and A+ = 26) in the near-wall region (ktmu=7). This hybrid model 
follows the circular pipe idea described in Prob. 14-13, and thus better predicts 
the fully developed friction coefficient and Nusselt number for a given 
Reynolds number. Choose the constant turbulent Prandtl number model 
(ktme=2) along with a choice for the turbulent Prandtl number, 0.9 is 


suggested, by setting fxx=0.9. 
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Compare the thermally fully developed Nusselt numbers for Pr = 0.7 with 
the results from set of Eqs. (14-5) through (14-9). For Pr = —0.01, compare 
with Eq. (14-10), and for Pr = 100, compare with Eq. (14-8). Be careful to use 
the hydraulic diameter, Eq. (14-18). Feel free to investigate any other attribute 
of the tube flow. 


14-17. TEXSTAN analysis of the turbulent thermally fully developed flow between 


parallel plates with asymmetrical surface heat flux: Investigate the thermally 
fully developed Nusselt numbers:of flow between parallel plates with hydraulic 
diameter Reynolds numbers of 30,000 and 100,000 and fluids corresponding to 
Pr = 0.01, 0.7, and 10. Evaluate the properties at a fluid entry temperature of 
280 K, use constant fluid properties, and do not consider viscous dissipation. 
Let the plate spacing be 7.0 cm and the plate length be 7.0 m. Start the flow at 
x = 0, as if it were entry flow. Let the velocity and thermal entry profiles at the 
inlet to the plates be flat, which can be done by using the kstart=1 choice in 
TEXSTAN. Let the energy boundary condition be a constant surface heat flux 
of 250 W/m? on one surface and a zero heat flux on the other surface. Note that 
in TEXSTAN this geometry will be kgeom=6 (it will be kgeom=S, 
corresponding to symmetric thermal boundary conditions, for Prob. 14-16). 
Compare the thermally fully developed Nusselt numbers with the results 
shown in Table 14-5. 
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chapters it has been assumed that the fluid properties remain constant 

throughout the flow field. When applied to real heat-transfer problems, this 
assumption is obviously an idealization, since the transport properties of most 
fluids vary with temperature and thus vary through the boundary layer or over the 
flow cross section of a tube. In this chapter we examine the results of a number 
of analytic solutions and experiments in which this influence has been investi- 
gated, and we propose methods whereby the constant-property solutions can be 
corrected in a simple manner to take this influence into consideration. 

The temperature-dependent-property problem is further complicated by the 
fact that the properties of different fluids behave differently with temperature. For 
gases the specific heat varies only slightly with temperature, but the viscosity and 
thermal conductivity increase to about the 0.8 power of the absolute temperature 
(in the moderate temperature range). Furthermore, the density varies inversely 
with the first power of the absolute temperature. On the other hand, the Prandtl 
number jzc/k does not vary significantly with temperature. 

For most liquids the specific heat and thermal conductivity are relatively 
independent of temperature, but the viscosity decreases very markedly with tem- 
perature. This is especially so for oils, but even for water the viscosity is very 
temperature dependent. The density of liquids, on the other hand, varies little 
with temperature. The Prandtl number of liquids varies with temperature in much 
the same manner as the viscosity. 

A number of variable-property analyses are contained in the literature, as 
well as a considerable body of experimental data. The general effect of the vari- 
ation of the transport properties with temperature is to change the velocity and 


I n all the heat-transfer and flow friction solutions considered in the previous 


a ee ae el tS 
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temperature profiles, yielding different friction and heat-transfer coefficients 
than would be obtained if properties were constant. 

For engineering applications it has been found convenient to employ the 
constant-property analytic solutions, or the experimental data obtained with small 
temperature differences, and then to apply some kind of correction to account for 
property variation. Fortunately, most of the variable-property results indicate that 
fairly simple corrections generally suffice over a moderate range of properties. 
Obviously, if the absolute value of the properties varies severalfold through the 
boundary layer, no simple correction scheme is going to be adequate, and thus a 
complete numerical integration of the applicable differential equations for each 
such application is required. Such cases are fortunately rare. 

Two schemes for correction of the constant-property results are in common 
use. In the reference temperature method a characteristic temperature is chosen 
at which the properties appearing in the nondimensional groups (Re, Pr, Nu, 
etc.) may be evaluated such that the constant-property results at that tempera- 
ture may be used to evaluate variable-property behavior. Typically, this may be 
the surface temperature or a temperature part way between the surface temper- 
ature and the free-stream or mixed mean temperature; there is no general rule. 
In the property ratio method all properties are evaluated at the free-stream 
temperature, or the mixed mean temperature, and then all the variable-property 
effects are lumped into a function of a ratio of some pertinent property evalu- 
ated at the surface temperature to that property evaluated at the free-stream or 
mixed mean temperature. 

The reference temperature method, although extensively used, leads to a 
certain awkwardness—at least in internal flow applications—that is avoided by 
the property ratio method. For example, in evaluating the Reynolds number it 
becomes necessary to split the mass velocity G = pV so that the density may be 
evaluated at the reference temperature. But for internai flows, such as flows in a 
pipe, G is also the mass-flow rate divided by the flow cross-sectional area; and it 
is one parameter about which there is no ambiguity regardless of density variation 
over the flow area. 

The property ratio scheme involves a different kind of correction for liquids 
and for gases. For liquids, where the viscosity variation is responsible for most 
of the effect, it is found that equations of the following type are often excellent 


approximations: 
sb Cael. (=) or (=) | (15-1) 
Nucp Stcp Km Moo 


; . m Ls m 
Ch (=) (=) (15-2) 
Cf cP Ln Hoo 
All properties in the nondimensional parameters are evaluated at local mixed 


mean fluid temperature (or free-stream temperature in the case of external flows), 
and the subscript CP refers to the appropriate constant-property solution or 
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small-temperature-difference experimental results. The viscosity 1, is evaluated 
at the surface temperature, while jz,, is evaluated at the mixed mean temperature 
(or the free-stream temperature in the case of external flows). The exponents m 
and n are functions of geometry and the type of flow. 


For gases the viscosity, thermal conductivity, and density are functions of | 


absolute temperature. Fortunately, the absolute temperature dependence tends to 
be similar for different gases, although the similarity does break down at the 
temperature extremes. Thus it is found that the temperature-dependent-property 
effects can usually be adequately correlated by the equations 


n Le n 
Me Sa (Z) oe (Z) (15-3) 
Nucp — Stcp Tn \ Tx 


het rw 
aby -(#) or (=) 4 (15-4) 
CfecP te ee 


Again, all properties in the nondimensional parameters are evaluated at the 
mixed mean temperature for internal flows or at the free-stream temperature for 
external flows. 

In the remainder of this chapter we examine the evidence, both analytic and 
experimental, for values of the exponents m and n; and we also indicate some ap- 
propriate reference properties. We first consider flow inside tubes and then exter- 
nal boundary layers. In each case we consider laminar flow and then turbulent 
flow, and under these headings liquids and then gases. For one case—the laminar 
external boundary layer with a gas—we carry through a simple approximate 
analytic development. 

In this chapter we are concerned with only low-velocity flow where viscous 
dissipation may be neglected; high-velocity effects are considered in Chap. 16. 


LAMINAR FLOW IN TUBES: LIQUIDS 


Fully developed laminar flow of a liquid in a tube with temperature-dependent 
properties is a relatively simple analytic problem. Only the variation of viscosity 
with temperature is significant. The momentum and energy differential equations 
for fully developed, constant-heat-rate conditions in a circular tube follow 
directly from Eq. (7-1) and the variable-property formulation of Eq. (8-10): 


geew dP x lo Ou ee 
Nak fax ror Eby Rike 
ry aa rt Ae poe 15-6 
dx rar ‘ or wea 


Equations (15-5) and (15-6) can be integrated by an iterative procedure in which 
the temperature distribution for constant properties is used as a first approxima- 
tion. Then using the appropriate viscosity variation with temperature, the mo- 
mentum equation is integrated numerically to yield a second approximation for 
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the velocity distribution. This velocity distribution is employed in a numerical 
integration of the energy equation to yield a second approximation for the 
temperature distribution. The procedure is repeated until the velocity and tein- 
perature distributions do not change. Then the mean velocity, the mixed mean 
temperature, the friction coefficient, and the convection conductance are evalu- 
ated as in the constant-property solutions. 

Deissler' carried out such calculations for a circular tube for a fluid for 
which the viscosity varies with temperature as 


x T 16 


which corresponds approximately to the behavior of liquid metals. When the 
results are put in the form of Eqs. (15-1) and (15-2), we obtain 


n= -—0.14 


which is a number that has also been used extensively to correlate experimental 
data for laminar flow of moderate- and high-Prandtl-number liquids. 

For the friction coefficient Deissler’s results indicate a slightly different 
exponent, depending on whether the liquid is being heated or cooled: 

Bs 

Lm 

ye 

Lm 


Yang’ considered the laminar thermal-entry-length problem in a circular 
tube for both a constant surface temperature and a constant heat rate. He em- 
ployed an integral method that yielded results very close to the exact eigenvalue 
solution for constant viscosity, and he assumed that the viscosity dependence on 
temperature could be expressed as 


>1, m=0.50 (cooling) 


<1, m=0.58 (heating) 


iv 1 


ne 1+y0 
where 6 = (T, — T)/(T, — T.) and y is a parameter. 

Yang considered only the heat-transfer behavior, and his results for both 
constant surface temperature and constant heat rate can be very well approxi- 
mated by 


n = —0.1) 


and this result (which refers to the local heat-transfer coefficient) applies to both 
the thermal-entry length and the subsequent fully developed region. The differ- 
ence in exponent, —0.11 as compared with —-0.14, is evidently related to the dif- 
ferent form of viscosity-temperature function employed. The difference is small, 
and in either case the influence of viscosity ratio on Nusselt number is evidently 
not great. Also, there appears to be little effect duc to different types of thermal 
boundary conditions. The influence on the friction coefficient, on the other hand, 
is very substantial. 
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Calculations by the authors using a finite-difference code and the real prop- 
erties of water yield substantially the same conclusions. 
This problem has apparently not been handled for other than a circular tube. 


LAMINAR FLOW IN TUBES: GASES 


In this case reasonably complete analytic solutions are available as well as a con- 
siderable body of experimental data. Deissler’ first investigated this problem 
analytically, assuming fully developed velocity and temperature profiles and em- 
ploying an iterative procedure similar to that described for the liquid case. How- 
ever, experimental data* are only in moderate agreement with these results. The 
difficulty apparently is that, because of density changes with temperature, there 
is always a radial component of velocity and under large-temperature-difference 
conditions it is not possible to have a fully developed velocity profile. Worsge- 
Schmidt? has solved the applicable differential equations using a finite- 
difference technique for a gas with the properties of air in the temperature range 
300-1700 K. A circular tube is considered, with a developed velocity profile and 
uniform temperature at the tube entrance. Heating and cooling with a constant 
surface temperature and heating with a-constant heat rate are considered. In this 
solution the radial velocity is included. 

Wors¢e-Schmidt’s results show a rather small effect of temperature ratio on 
Nusselt number but a substantial effect on friction coefficient. Near the entrance, 
and also well downstream, the results can be satisfactorily correlated for both 
heating and cooling by 


n=0O, m= 1 


Experiments by Kays and Nicoll? verify the conclusion that n is approxi- 
mately zero over the temperature ratio range 0.5—2. Experiments by Davenport* 
for temperature ratios from 1.0 to 2.2 yield m = 1.35, but this is a difficult ex- 
periment to carry out accurately and the conclusion from the analysis is probably 
to be preferred. 

Calculations (by the authors) for flow between parallel planes, using the 
fully developed flow assumption and employing essentially the procedure of 
Deissler, yield substantially the same results for the friction coefficient as were 
obtained for the circular tube under the same assumptions. However, the results 
for the Nusselt number are substantially different. 


TURBULENT FLOW IN TUBES: LIQUIDS 


The mixing-length methods developed in Chap. 11 can be used to find solutions 
for the variable-property problem provided only that the variable-property forms 
of the momentum and energy differential equations are employed, i.e., the turbu- 
lent flow versions of Eqs. (7-1) and (8-10). It is necessary to evaluate fluid prop- 
erties at the local temperature, which then requires a simultaneous solution of the 
momentum and energy equations. However, extensive experimental data are also 
available, and these are used for the recommendations to follow because the 
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validity of any turbulent flow analytic solutions of this problem must rely heav- 
ily on experimental verification anyway. 

Petuxhov® has examined heat-transfer data covering these ranges: Pr = 
2-140; Re = 5000-123,000; and yu,/u = 0.025-12.5. He finds that the data 
are quite well correlated by 

Be 
eS 
Us 
Em 


Allen and Eckert’ conducted experiments with water at Pr = 8 for the 
Reynolds number range 13,000—111,000 for the heating case and found that the 
friction coefficient results are reasonably correlated by 

i <1, m=0.25 (heating) 

Friction data for the cooling case appear to be rare, but tke very early data of 
Rohonczy® for Re = 33,000—225,000, Pr=1.3-5.8, and s/t = 1-2 are 
quite well correlated by the same value of m: 


Hs: > Em = 0-25 “ (cooling) 


pea 


>1, n=-—0.25 (cooling) 


<1, n=—0.11 (heating) 


TURBULENT FLOW IN TUBES: GASES 


There is a considerable body of experimental data for T,/T;, > 1. The data of 
Humble, Lowdermilk, and Desmon’ for air yield n = —0.55. The extensive data 
of McCarthy and Wolf'° for helium and hydrogen yield n = —0.55. The experi- 
ments of Barnes!! for air, helium, and carbon dioxide yield values of n that differ 
for the different gases and are somewhat lower. Petukhov’ presents an excellent 
summary of these and many other experiments, which yield roughly the same 
conclusions but which also suggest that the absolute value of n increases with 
temperature ratio, Sleicher and Rouse'® examined a large amount of data and 
concluded that 


T. ik WA x 
for | < Tt <5, n= - (1007) +0.3 at >a 40 

Calculations by the authors using a finite-difference procedure and the 
mixing-length theory developed in Chap. 11 are in quite good agreement with 
this equation for x/D > 30 but yield smaller absolute values of n for shorter 
lengths, which means that there is a considerable entry-length effect. One of the 
difficulties with this problem is that for either a constant heating rate or a con- 
stant surface temperature there is a continuous axial variation of T;/T7,,, a con- 
tinuous flow acceleration, and the radial component of velocity is never zero, so 
that a fully developed flow never exists. It is worth noting that in evaluating the 
Van Driest damping function for the sublayer (see Chap. 11), local values of vis- 
cosity and density were used to evaluate yt in the term y*t/A*, although the 
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shear stress is the surface value. At = 26 was used throughout. Since the major 
portion of the heat-transfer resistance is in the sublayer, this procedure is critical. 

The cooling experiment, T,/ 7 <1, is more difficult to carry out, especially 
if local heat-transfer coefficients are desired, and few results have been reported. 
Humble, Lowdermilk, and Desmon? report a small amount of data for 7;/T;, 
varying from | to 0.46; there appears to be a negligible effect of temperature 
ratio; that is, n = 0. Nicoll and Kays!” carried out similar experiments and could 
detect no effect over the range of temperature ratio 0.63 to 0.38. Brim and 
Eustis’? carried out experiments with a mixture of combustion gases and nitro- 
gen and measured local heat-transfer coefficients at x/D = 50 for values of 
T, /Tm as low as 0.25, with the conclusion that n = 0. Kays’ analytic solutions 
yield n between 0 and —0.1, that is, very close to 0. 

Experimental data on the friction coefficient are not extensive, and they are 
difficult to interpret because of the pressure drop caused by flow acceleration or 
deceleration. McEligot'? concludes that m = —0.1 on the basis of his own ex- 
periments and an examination of the data of Lel’chuk and Dyadyakin,"* all for 
T,/Tn > 1. There have apparently been few experiments for T,/T,, < 1. Kays’ 
analytic results suggest a value of m between —0.1 and —0.2 for both heating 
and cooling. 

On the basis of this evidence, the following are recommended as simple 
correlations for turbulent flow of a gas in a circular tube for x/D > 30: 


for T,/Tm > 1, m=-—0O1, n=-—O0.5 (heating) 
for T, / Ti =), om = 01, * = 00 (cooling) 
The equation recommended by Sleicher and Rouse is probably a better approxi- 
mation for n for the heating case. 
It seems unlikely that tube cross-sectional shape is a significant parameter 


for turbulent flow, and thus these conclusions should be applicable for noncircu- 
lar tubes. 


THE LAMINAR EXTERNAL BOUNDARY 
LAYER: GASES 


Consider a steady-flow, laminar, low-velocity, two-dimensional boundary layer 
with no pressure gradient and with constant but different surface and free-stream 
temperatures. The applicable differential equations under tne conditions of 
variable-fluid properties are as follows: 


Continuity, from Eq. (4-1), 


d(pu) (pv) _ 
afi aay ae 


0 (15-7) 
Momentum, from Eq. (4-10), 


Ou aol 0 ou 
u— + pyu— = — - 
is Ox if dy dy ea 


CHAPTER 15 Influence of Ternperature-Dependent Fluid Properties 


Energy, from (4-37), omitting the viscous dissipation term, 
gon ane, aL mK Wied 15-9 
Vaan ai: oa hg Hae >? 
The boundary conditions are 
“uv =O) i = 1, faty =Q 
U=Uy, T=T, aty—>oo 
ieee At — 0) 
Similarity solutions may be obtained for this system of equations. Consider 


the following transformation of variables. First define a stream function w that 
satisfies the continuity equation: 


ow ow 
u= Ses a =R 1521 
p = Poo 5 Av == Poo (15-10) 


Next define 


: Sh age gai eh etm ei 15-1] 
OF ee a y, SS rarer =T(n) (15-11) 


As in the constant-property case, we find that these changes of variables reduce 
the momentum and energy equations to ordinary differential equations: 


ae ipl PENI TAR 
mia aS =f =) 1Set 
dn eset +9 8 Gap ig) 
Li * Pie ct dT 
fe fads Loe pe Ee 15-13 
a eats 2 dn 


Thus it is apparent that similarity solutions can be obtained regardless of how the 
properties vary with temperature. 

Let us first consider a hypothetical gas for which Pr is a constant, c is a con- 
stant, 2 varies directly as T, and p varies as T~'. This is not very far from the 
room-temperature behavior of air, although the temperature dependence of yu 
(and by implication k) is a little large. (The properties of low-pressure steam and 
NH; correspond closely to these approximations.) 

Under these conditions, Eq. (15-13) can be rewritten as 


d 7) a) oi 9 
Bi Nise POON) 2" aif 


Since jp is a constant under these assumptions, the momentum and energy 
equations reduce to 


c” + i¢¢” =0 
T”’+5PréT’ =0 
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These are, of course, exactly the equations obtained for the corresponding 
constant-property problem, Eqs. (9-8) and (10-4) [where T is replaced by @, as in 
Eq. (10-1)]. We already have the desired solutions. Let us evaluate a Nusselt 
number and friction coefficient, evaluating all properties in the nondimensional 
parameters at the free-stream temperature T,.: 


oT 00 
a= etl tse me Ks (Too = Ts) t= 
* Cr i (5). 


We recall that 
00 déda Ties 
SLC Wi eng Bees 
dy  dnoy VooX Poo 
7, / Uoo Ps 
qo = kd, — Tes) QO | =— 
= h(T; — Too) 
RSE [2 6rO) 
SAV) Vso 
_ hx _ ks ps 


Nu. Re”? 6’(0) 


Koo Keo Poo 
But, since Pr = ywc/k and c are constants, k must vary as jZ, that is, as T. Thus 
the property ratios cancel, and we obtain 


Nux = Retl?.0’(0) 


In other words, our constant-property solutions are applicable if all proper- 
ties are evaluated at the free-stream temperature. (In fact, under these property 
variations, Nu/Re'/” has the same value regardless of what temperature is used 
to evaluate properties.) In terms of Eq. (15-3), we conclude that n = 0. 

Similar evaluation of the friction coefficient leads to an identical result if 
free-stream properties are used in the definition of friction coefficient, as well as 
in the Reynolds number. That is, 


Ts 
1 2 
7 Poolgs 


= 2¢”(0)Re”, = 0.664Re, 7 


Sees 


In terms of Eq. (15-4), we conclude that m = 0. (However, in this case, had 
properties been evaluated at 7,, a substantial temperature-ratio effect would have 
been noted.) 

This approximate analysis illustrates how the temperature variation of the 
properties of a gas tends to compensate, so that, despite large property variations 
in a real gas, the constant-property solutions have a remarkable range of validity. 
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Solutions based on more realistic gas properties are presented by Brown and 
Donoughe’” for the family of wedge solutions and the blowing and suction solu- 
tions. Reshotko and Cohen" include the axisymmetric Stagnation point. For 
these solutions a slightly different transformation of variables is used, in addition 
to Eqs. (15-10) and (15-1): 


rae a raat : 
n=y pee SDS aaae (15-14) 


Again Eqs. (15-8) and (15-9) reduce to ordinary differential equations. For 
property variations with temperature the following relations, which approximate 
for air in the 600-1600 K range, are used: 


ai ae 0.70 0 to yh? " 7 \ 085 
De. SOT oe Pee i igToqme RET 


The density variation is taken as p/p, = (IT'/T,)~', and Pr, = 0.70. Note that, 
under these assumptions, Pr varies as T°°*. With these relations substituted for 
the properties, the equations were integrated numerically and the results pre- 
sented in tabular form. When put in the form of Eqs. (15-3) and (15-4), the data 
in Table 15-1 are a good approximation for 4. = constant and fer the two- 
dimensional stagnation point. Other cases, including blowing and suction, are 
found in the indicated references. 

For {440 = constant, these results are very close to the results of the approx- 
imate solution described above; in fact, the only case for which there is a signif- 
icant effect is for the friction coefficient for the stagnation point. 

Experimental data appear to be lacking, but there are data for flow normal to 
a cylinder? For T,/T5. > 1 it is found that n = 0.02, which is quite consistent 
with the results in Table 15-1 since, on a cylinder, there is a two-dimensional 
stagnation point, followed by a laminar boundary layer approaching u.. = 
constant. Thus a value between 0.10 and —0.01 would be expected. Similar re- 
sults would be expected for the cylinder for 7, /T . <1, and for a bank of tubes, 
such as are frequently used in heat exchangers. 

As an alternative to the temperature-ratio corrections suggested above, 
Eckert!’ suggests the use of a reference temperature scheme for gases. He finds 
that if the specific heat does not vary markedly through the boundary layer, the 
constant-property, laminar boundary-layer solutions for constant free-stream 


Table 15-1 Temperature-ratio expunents for the laminar external boundary layer with a gas 


TT LT ae eee ~0.01 —0.05 0 
Two-dimensional stagnation point 0.40 0.10 0.30 0.07 
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velocity can be correlated with the variable-property calculations by introducing 
all properties at a reference temperature Tr: 


RS ie CY i pai BE (15-15)* 


Under this scheme, the Reynolds number in both the constant-property heat- 
transfer and friction coefficient equations becomes 


* PRUcoX 
Re, Rr = 
LR 


and similarly for the Nusselt, Stanton, and Prandtl numbers. The local surface 
shear stress is evaluated from Eq. (9-13), but with pr replacing p. 

For extremely large temperature differences the specific heat can no longer 
be treated as constant, and a formulation of the heat-transfer problem based on 
enthalpies rather than temperatures become more convenient. However, this 
problem is of more concern at high velocities and thus is discussed in Chap. 16. 


THE LAMINAR EXTERNAL BOUNDARY 
LAYER: LIQUIDS 


The laminar external boundary layer with liquids has evidently not been inves- 
tigated experimentally. However, calculations by the authors using a finite- 
difference code and the real properties of water yielded the following results 
when comparison is made at the same x-Reynolds number: 


fOFr fs / boo. 1. sn ==-0;25,., (cooling) 
for ps)/so < 1, 2m = —0.25 « (heating) 
for Le: /ats. > 1S n= O09 (cooling) 
108 of eeu. Las, ee 0.20 (heating) 
If comparison is made at the same enthalpy thickness and momentum thickness 


Reynolds numbers, respectively, then the exponents become n = —0.5,m = 0.18 
for cooling, and = —0.5,m = 0.4 for heating. 


THE TURBULENT EXTERNAL BOUNDARY 
LAYER: LIQUIDS 


No experimental results for the turbulent boundary layer for liquids with large 
temperature differences exist. However, calculations by the authors using a 
finite-difference code, the real properties of water, and the mixing-length models 
described in Chaps. 11 and 12 yielded the following results when comparison is 
made at the same enthalpy thickness (for n) and momentum thickness (for m) 


‘Extension of this scheme to the high-velocity boundary layer is given in Chap. 16 and specifically in 
Eq. (16-40). 
/ 
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Reynolds numbers: 


for Us/Uo > 1, n= —0.12 (cooling) 
for Us/Mo <1, n= —0.23 (heating) 
for Us/Uo > 1, m=0.26 (cooling) 
for Us/Mo <1, m=0.26 (heating) 


Note that these results are very close to the experimental results for turbulent 
flow in a tube with liquids. This is not unexpected, but it does provide additional 
confidence in the mixing-length models discussed in Chaps. 11 and 12. 

The exponents for the case where comparison is made at the same x- 
Reynolds number can be obtained by subtracting approximately 0.25 from each 
of the above. 


THE TURBULENT EXTERNAL BOUNDARY 
LAYER: GASES 


The turbulent external boundary layer with temperature-dependent properties has 
received little attention, either analytic or experimental. Most of the available ex- 
perimental data involve high Mach numbers, which introduces the additional 
complication of viscous energy dissipation, a subject that is discussed in 
Chap. 16. However, it is difficult to see how the effect of temperature ratio on 
Stanton number (or Nusselt number) can be materially different from that for flow 
in a tube. In fact, the principal difference must be simply that the temperature ratio 
on which n is based for the external boundary layer, T, / T>., is analogous in the 
case of flow in a tube to 7, / 7), rather than T, /T,,,. Recall that in Chap. 14 it was 
suggested that (7, — T,,)/(T; — T.1) is about 0.90. For the heating case this sug- 
gests that the absolute value of n should be less than the value 0.5 recommended 
for flow in a tube. A check of some representative values of 7, and T,, yields a 
value for n for the external boundary layer between —0.35 and —0.40. This is pre- 
sumably the correction that should be made when the comparison between con- 
stant and variable properties is made at the same enthalpy thickness Reynolds 
number. 

Calculations by the authors using a finite-difference code, the real properties 
of air, and the mixing-length theory discussed in Chaps. 11 and 12, with constant 
free-stream velocity, yield the following results when comparison is made at the 
same momentum thickness Reynolds number for c¢, and the same enthalpy thick- 
ness Reynolds number for St: 


for 1; /Ta >t m= —0:33, n= —0:30" (heating) 
for /,/1.,<1, m= -0,22,.n:=— 0,14 . (cooling) 
When these results are converted to an x Reynolds number basis, they become 
for T;/To > 1, m=—0.58, n=—0.55_ (heating) | 
for T,/Ts <1, m=-—0.47,° n= —0.39 (cooling) 
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As was seen for flow in a tube, the exponents tend to increase somewhat with 
temperature ratio; the results are valid for T;/T. * 2.00 and 0.75. 

Eckert!’ recommends the same reference temperature for the turbulent 
boundary layer for a gas as for the laminar boundary layer, i.e., Eq. (15-15). Such 
a procedure gives somewhat smaller values of m and n, as do the results of 
Spalding and Chi.” 


PROBLEMS 


15-1. Consider fully developed laminar flow between symmetrically heated parallel 
plates with constant heat rate per unit of duct length. The plate spacing is 1 cm, 
the fluid is an aircraft engine oil, and the heat flux is 1.4 kW/m?. The mass 
velocity G is 600 kg/(s - m*). At a particular point in question the surface 
temperature is 110°C. Assuming that the viscosity is the only temperature- 
dependent property of significance, carry out the necessary calculations 
(numerical integration is necessary) to evaluate the friction coefficient and the 
heat-transfer conductance. Compare the results with the recommended 
procedures given in the text. 

15-2. For air as a working substance and using the actual tabulated properties, 
compare the recommended temperature ratio and reference property schemes 
for evaluating heat-transfer coefficients and friction coefficients for a laminar 
boundary layer with constant free-stream velocity for both heating and cooling. 

15-3. Repeat Prob. 15-2 but for a turbulent boundary layer with constant free-stream 
velocity. 
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ties and velocity gradients have been assumed sufficiently small that the ef- 

fects of kinetic energy and viscous energy dissipation could be neglected. 
We now consider the influence of high velocities and viscous energy dissipation. 
Although these effects can be of importance in internal tube flow, we are primarily 
concerned with external boundary layers, where the more important applications 
appear. 

High-velocity convection involves essentially two different phenomena: 


I n all the forced-convection solutions considered up to this point, the veloci- 


1. Conversion of mechanical energy to thermal energy, resulting in 
temperature variations in the fluid 


2. Variation of the fluid properties as a result of the temperature variation 


Extremely high velocities in gases like air lead to very high temperatures, 
dissociation, mass concentration gradients, and thus mass diffusion, which fur- 
ther complicates the problem. However, at present we restrict our attention to the 
boundary layer with no chemical reaction; this means that for air, at least, we do 
not deal with temperatures greater than about 2000 K, or Mach numbers greater 
than about 5. 

Generally the high-velocity effects are of most importance in high-speed 
aerodynamics. However, the effects of the mechanical-to-thermal energy con- 
version can actually be of considerable importance at quite moderate velocities 
of a liquid if the Prandtl number is sufficiently high. We restrict attention to flu- 
ids with Prandtl number near 1, with primary emphasis on gases. 

Much of the literature on high-velocity convection involves a consideration 
of both mechanical energy conversion and the effects of temperature-dependent 
fluid properties, so that it is often difficult to see what are the separate effects. 
Here we first consider the energy conversion problem and then take up the 
variable-property effects. 
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Figure 16-1 Flow at a stagnation point. 


The energy conversion process can take place either reversibly or irre- 
versibly. Shock waves and viscous interaction (such as in a boundary layer) give 
rise to irreversible interchanges of mechanical and thermal energy. Inviscid ve- 
locity changes (such as the deceleration of the fluid approaching a subsonic stag- 
nation point) yield reversible, or very nearly reversible, exchanges. 

The significant differences in the two types of behavior are well illustrated 
by a comparison of the stagnation point with the high-speed boundary layer. At a 
stagnation point (Fig. 16-1) the velocity decreases, and both the pressure and the 
temperature rise, outside the boundary layer. For subsonic flow the process is 
close to isentropic, and the viscosity of the fluid plays iio part. 

Regardless of whether the deceleration is reversible or irreversible, the 
temperature of the fluid outside the stagnation-region boundary layer is the 
stagnation temperature, that is, the fluid temperature resulting from an adiabatic 


deceleration: 
9 


Pe Ton a 7a (16-1)' 

Thus the high-velocity stagnation-point problem involves nothing that has 

not already been discussed. The low-velocity stagnation-point solutions are ap- 

plicable (although a correction ior the influence of temperature-dependent prop- 

erties may be required), and it is only necessary to replace T,, by TX in the con- 
vection rate equation, that is, 


gi =h(T, — TZ) | (16-2) 


[o, 2) 


‘This equation is valid only as long as the specific heat may be treated as constant. 
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T, 


aw 


Figure 16-2 Velocity and adiabatic wall-temperature profile 
in a high-velocity boundary layer. 


The high-velocity boundary-layer problem, on the other hand, is somewhat 
different. If the free-stream velocity is large, there will be large velocity gradients 
within the boundary layer and a substantial conversion of mechanical energy to 
thermal energy by viscous shear within the boundary layer. If we consider for the 
moment a body that is insulated, as in Fig. 16-2, it is apparent that the thermal 
energy generated can escape from the region close to the surface only by the 
mechanism of molecular or eddy conduction. In the steady state an equilibrium 
is established between viscous energy dissipation and heat conduction, and the 
result is a temperature distribution such as shown in Fig. 16-2. The surface tem- 
perature under these conditions is known as the adiabatic wall temperature T,y,. 

It is apparent that determination of this adiabatic wall temperature is going 
to be of importance in the calculation of heat transfer, since whether heat is trans- 
ferred to or from the surface must depend on whether the surface temperature is 
above or below Thy. 

It is also apparent that the Prandtl number of the fluid is going to have some 
bearing on the adiabatic wall temperature. The Prandtl number is the ratio of the 
viscosity (responsible for the energy dissipation) to the thermal diffusivity (asso- 
ciated with the mechanism whereby heat escapes from the boundary layer). In 
fact, other things being equal, this argument would suggest that a high Prandtl 
number should lead to a high adiabatic wall temperature, and that a low Prandtl 
number should lead to a low adiabatic wall temperature. 

We now concentrate attention on the high-velocity boundary-layer problem 
and in particular on high-velocity gas flow, so that we are concerned with Prandtl 
numbers near 1. First we develop a particular form of the energy equation of the 
boundary layer, and then we consider two special cases that lend themselves to 
simple and direct solution, before going on to the more general problem. 


THE STAGNATION ENTHALPY EQUATION 


Referring to Chap. 4, note that two basic forms of the laminar energy equation 
of the boundary layer are developed. The first, which might be called the total 
energy equation, is Eq. (4-26). The second is Eq. (4-27), followed by some 
particularizations of it, namely Eqs. (4-37) and (4-38). These latter equations 
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were developed from Eq. (4-26) by combining it with the momentum equation. 
Equation (4-27) is a thermal energy equation, every term representing thermal 
energy or conversion of mechanical to thermal energy. Actually, we make use cf 
both forms of the energy equation in the developments to follow, and it is well to 
note that the shear-stress term has a different meaning in the two equations. In 
Eq. (4-26) it represents work done against viscous forces, part of which is a 
reversible mechanical work rate and part of which is dissipation into thermal en- 
ergy. In Eq. (4-27) the viscous term represents conversion of mechanical to ther- 
mal energy resulting from the viscous work term, and this term is thus called the 
viscous dissipation term. 

Let us first make use of Eq. (4-26) and develop a laminar energy equation 
with stagnation enthalpy as the dependent variable, because at Prandtl numbers 
at or near | this turns out to be a particularly convenient form. Let us neglect 
work against body forces, internal heat sources, and mass concentration gradi- 
ents. Then we introduce the stagnation enthalpy i*, the perfect-gas relation be- 
tween enthalpy and temperature, and the relation between the shear stress and the 
viscosity coefficient: 3 Ole 

i*=it+ iv 
di edt 


(c is the specific heat at constant pressure) 


<k Ou 
ae Oy 
ai* dead Lk by ore is) 
EP RY el of py BE 16-3 
Pr, Bobiite adDy = (ES) & (as aed 
But 
OE ae (16-4) 
dy — Oy dy 


We solve for 0i/dy and substitute into Eq. (16-3). After transposing and in- 
troducing the definition of the Prandtl number, we obtain 


i* oi* 0 (k oi* a) 1 \ a(5u’) ee 
puts a 8 (EE) 4 Fla (i =) dy ( ) 
For turbulent flows the boundary-layer form of the stagnation enthalpy equa- 
tion was developed in Chap. 6, and it can be recast using the same ideas leading 
to Eq. (16-5) for the laminar boundary layer. Neglecting the body force and 
source terms in Eq. (6-32), and substituting for the molecular heat flux and shear 
stress, leads to 
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Note that for inclusion of density fluctuation terms in Eq. (16-6), the reader is 
referred to Cebeci and Smith.! 

The eddy diffusivity models developed in the previous turbulence chapters 
can now be applied to Eq. (16-6). First, the turbulent heat flux and Reynolds 
stress are recast using mean field closure: 


ip ee oat: | 


ppli! 22 y= 
pul Soc mir Ze 


Upigige i a(5i") 
oy oe "ay 


Then the definitions of effective viscosity, conductivity, and Prandtl number are 
introduced: 


di*  d(4u”) 
dy dy 


—pu'v’ u = pEy 


Kep = K+Kk, =k + pcéy 
Metf = M+ Mr = UL + PEm 

Meft _ 1+éy/v 
keg/e  1/Pr+(em/v)/ Pr, 


Using these, the resulting turbulent boundary-layer equation for the stagnation 
enthalpy becomes 


OIF sie OFF es Bibihag OU a 1 \ 050’) 
ot = hdeer | L — —— 16-7 
OW oy Soden By ae | + |e =) dy ( ) 
Given a solution to Eq. (16-5) or Eq. (16-7), the heat flux at the surface q’’ 


can be evaluated as follows (for turbulent flows the time-averaged quantities 
replace the laminar quantities): 


Pres => 


From Eq. (16-4), 


cs ey, dior aT 
=/|— i = {c— 
ay) hay & \arepey: ay ), 


big k oi* 
qs = a ) (16-8) 
c oy /, 


The advantage of this particular formulation of the energy equation for use 
at Pr near 1 is apparent when one notes that at Pr = 1 the entire right-hand side 
goes to zero. Further, it is worth noting that, even for a low-velocity flow (where 
i* = 1), itis perfectly feasible to develop convective heat-transfer theory on the 
basis of enthalpy rather than temperature; and if the specific heat is not constant, 
this is a more natural formulation. In Chap. 18 such a formulation is introduced 
since it is particularly useful when mass transfer is present or when there is 


Thus 
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chemical reaction in the boundary layer. In using Eq. (16-5), or Eq. (16-7), it be- 
comes convenient to define an enthalpy conductance g; as an alternative to the 
heat-transfer coefficient h: 


og, — (el di* Jay, 
tgs — 1 
from which 

Gq, = gilij — iz.) - (16-9) 
Then, if the velocity is low (i* = i) and the specific heat c is constant, the fol- 
lowing relation exists between g; and h: 


gi =h/c (16-10) 


THE HIGH-VELOCITY THERMAL BOUNDARY 
LAYER FOR A FLUID WITH Pr = 1 


Let us now examine some particular features of the high-velocity boundary layer 
by using Eq. (16-5) and considering a fluid with Pr = 1. Let us further assume a 
fluid with constant specific heat so that we can employ the stagnation tempera- 
ture T* rather than the stagnation enthalpy; this, in turn, permits some useful 
comparisons with previously obtained low-velocity solutions. 

By definition, 


wu 


T*=T+— 
nae 


Then, with Pr = | and c constant, Eq. (16-5) becomes 


or” Z oT* a poe (16-11) 
cv =— - 
ie Ox E dy oy dy 


With Pr=1 and c constant, w and k can still be temperature-dependent, 
although they must be the same functions of temperature. These are reasonable 
approximations for most gases. 

Equation (16-11) is precisely the same as Eq. (15-9), which was developed 
and solved for a low-velocity boundary layer. One need only replace T by T* in 
the solutions. If all properties are treated as constant, Eq. (16-11) becomes iden- 
tical with Eq. (4-39) or Eq. (10-2), for which solutions already exist. 

The preceding argument is based on a laminar boundary layer, but if it is as- 
sumed that Pr, = 1 as well as Pr = 1, the same conclusion is reached for a tur- 
bulent boundary layer as for a laminar boundary layer. 

Note that the momentum equation is unaffected by viscous dissipation, 
except insofar as the resulting static temperature distribution affects the fluid 
properties. 


*See also the development of Eq. (18-33) in the chapter on mass transfer (Chap. 18). 
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The boundary conditions for the low-velocity boundary-layer solutions 
under discussion (the constant-surface-temperature solutions) have been 


u,v =0, T =T, at y = 0 
U —> Ugo; dr cad be as y > © 
UW: i oe atx =0 


When T is replaced by 7T*, the corresponding boundary conditions for 
Eq. (16-11) are 


(EU 108 T* =,T; at y==.0 
U —> Ug; f Re oad Bo asy > & 
U =U, fi hal atx =0 


These are, of course, exactly the boundary conditions desired for a constant- 
temperature plate in a high-velocity stream. 

In the low-velocity case the solutions were reduced to a local convection 
conductance h such that 


oT 
q, =-k (=) = h(T, oes Ts) 
dy J 


The corresponding solutions to Eq. (16-11) can be expressed as follows, 
where h is obviously the same function of the system variables as for the low- 
velocity case: 


However, (dT*/dy); = (0T/dy), and T;* = T, because u = 0 at y = 0. Thus 


—k (=) = Ge bG 7) (16-12) 
ay 

Evidently we can calculate surface heat-transfer rates, at least for Pr = 1, by 
merely replacing the free-stream temperature in the convection rate equation by 
the free-stream stagnation temperature; this, then, is the major influence of high- 
velocity viscous dissipation. 

We can now evaluate the adiabatic wall temperature under this condition of 
Pr = 1 by merely letting g’ = 0 in Eq. (16-12): 


WT. — Le U 
6) 
Tay = Ts = Ty, = Too + Fe (16-13) 
From these results, a diagram of the temperature distribution in the boundary 
layer, shown in Fig. 16-3, can be readily constructed. 
Since the Prandtl number for all gases does not differ greatly from 1, we re- 
ally do not expect substantially different results for real gases. 
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Figure 16-3 Temperature distribution in the high-velocity boundary 
layer for a fluid with Pr = 1. 


THE LAMINAR CONSTANT-PROPERTY BOUNDARY 
LAYER FOR Pr 4 1 


Let us now consider the problem of a laminar high-velocity boundary layer on a 
flat plate with T,, and u.. constant but with Prandtl number different from 1. So 
that we may more clearly see the influence of viscous dissipation, and the effect 
of the Prandtl number on this influence, we consider first the rather hypothetical 
case of constant fluid properties. 

The applicable differential equations are the same continuity and momentum 
equations employed for the corresponding low-velocity problem, Eqs. (9-1) and 
(9-2), but the energy equation must contain a viscous dissipation term. A conve- 
nient form of the energy equation is Eq. (4-38). Thus we have 


Ore (16-14) 


(16-15) 


igs ne dy? 
oT oT a2T  aPr (du \’ 
ils fae ee ae Nepal Boake 16-16 
Fo uD Slag! murBhy ste ) Weal 


| Since the continuity and momentum equations are the same as for the low- 
velocity boundary layer discussed in Chap. 9, and the velocity boundary condi- 
tions are likewise the same, it is quite apparent that similarity solutions for the 
velocity field exist; in fact, the solution is simply Table 9-1. 
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For the energy equation one is tempted to again seek similarity solutions, 
employing the same similarity parameter as was used for the momentum equa- 
tion. If we assume that 


¢=C(n), T =T@) 


where 
i ey. 
nf VX [Uco 
and that 
0 ) 
pos ee oh Ui / VM oC 
dy Ox 
then Eq. (16-16) indeed reduces to an ordinary differential equation: 
2 
T” +-2 Pre’? 41 PrcT’ =0 (16-17) 
c 
It is now convenient to define a new dependent variable such that 
| ae ee 
O@)= 16-18 
(n) 2 [de ( ) 
Then Eq. (16-17) becomes 
@” +5 ProO’+2Pr¢’? =0 (16-19) 


Our first concern is a particular solution to Eq. (16-19) for the case where 
there is an adiabatic wall, that is, g’ = 0. We call this solution ©,y, and the 
boundary conditions on Eq. (16-19) must then be 


O(co) = 0, ©’(0) = 0 


Equation (16-19) is a linear equation that is readily solved for ©,y by use of an 
integrating factor. 

Of special interest is the surface temperature under adiabatic wall condi- 
tions, and it is a straightforward process to obtain 


omit = [7 ResoUE mrs dnpamnen a 
m= fy exp (fe Fear) 


Equation (16-20) can be readily integrated numerically for various values 
of the Prandtl] number, employing ¢(7) from Table 9-1. The results (following 
Pohlhausen’) are then in the form of a table of @,w(O) as a function of Pr. 
However, in the range of Pr from 0.5. to 10 the solution is quite well repre- 
sented by 


dn (16-20) 


Oaw(O) & Pri’? (16-21) 
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Usually ©,,,(0) is known as the recovery factor r.. The adiabatic wall tem- 
perature T,,, can be evaluated from 
2 
Taw = sora : (16-22) 
2c 
where r, © Pr'/?. Note that at Pr= 1, r-=1, and Eq. (16-22) reduces to 
Eq. (16-13). 

Next we would like to obtain a complete solution to Eq. (16-19) for any sur- 
face temperature. We already have one particular solution, ©,, but this, of 
course, gives us only the temperature field when there is no heat transfer at the 
surface. We can develop a complete solution if we can find a general solution to 
the homogeneous part of Eq. (16-19), since then the complete solution is the sum 
of the general solution and the particular solution. 

We already have such a solution from the low-velocity problem. Recall 
Eq. (10-4): 

6" +3 Proo’ =0 


We have 6(n) for boundary conditions 9(0) = 0 and 6(0o) = 1. Then a complete 
solution to Eq. (16-19) is 
O.= Oy +°C,0 + Cr (16-23) 
as substitution into Eq. (16-19) readily demonstrates. 
We would now like to satisfy the boundary conditions 
Te _—~ To6 
u2,/2c 


O(co) = 0, ©(0) = 


For the first boundary condition, 
0=04C, x14+GQ, C; = -CQ, 


From the second boundary condition, 


— T, 
“s “ = Ow(0) +0+C, 
ur, /2c 
T, — T. 
eee oe) — O;, 0 
C2 W/o 0) 


Substituting the constants into Eq. (16-23), and rearranging, gives 


i fit ow bbe T, — T. Ty we > Loo 
PAMPT a le de, Us Lae : 


from which 
2 


TTY, 2 Oe ET Ty MLB) 


But J, aw is simply Taw. 
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We can now evaluate the heat flux at the surface: 


ay 00 
ot =: PO aw Loo _ (Te 7) = 
dy dy 2c dy 


oT : 00 
—> poe 0 0s Taw a 
ca! sek 


oT 0’(0 
qs = —k (F) ae k(T; oa in a 
dy /, VX [ld 


But, from Eqs. (10-9) and (10-10), 
Co 1 n -1 
4'(0) = | i, exp (~3 Pr i ¢ an) an| = 0.332 Pri? 
0 0 


0.332 Pr'/? 
AP UX | hes 


This result immediately suggests that for a high-velocity boundary layer we 
should define a convection conductance h on the basis of the difference between 
surface temperature and adiabatic wall temperature. This is perfectly consistent 
with the Pr = 1 results of the preceding section, because in that case T,,, = TZ, 
and it is also perfectly consistent with the low-velocity problem, since then 
Tay = T5- Lhus-let 


Then 


q. = k(T; oe Taw) 


Gh, = 7) (16-24) 
Substituting, 
oe ,0:332 Pri? 
SVX /Uco 
or 
Nu, = 0.332 Pr'/? Rey” (16-25) 


Note that this is identical to the low-velocity result given in Eq. (10-10). We 
see that if fluid properties are constant, the effects of viscous dissipation are en- 
tirely taken care of by the simple expedient of substituting Ty, for T,. in the 
defining equation for the conductance h. Although we have demonstrated this 
fact only for the laminar boundary layer with constant u., and T;, it is actually a 
far more general conclusion and is applicable also to the turbulent boundary 
layer. Of course, there remains the problem of evaluating the recovery factor for 
other situations so that T,,, may be determined. 
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THE LAMINAR BOUNDARY LAYER FOR A GAS 
WITH VARIABLE PROPERTIES 


We first examine an approximate solution and then discuss a more refined analy- 
sis. In both cases we consider the case of constant free-stream velocity and con- 
stant surface temperature. 

If the fluid properties are variable, the three applicable differential equations, 
corresponding to Eqs. (16-14), (16-15), and (16-16), are 


(pu) 5 d(pv) 


o Tans 0 (16-26) 
Ou Ou 0 Ou 
diode + pv aa = ay (u) (16-27) 
and, from Eq. (4-37), 
oT Vee ee co ¥ 8 au,” 
penser oevs = 5, (eS) +H (5) ari 


In Chap. 15 we found that similarity solutions are obtainable from this sys- 
tem of equations when the dissipation term in the energy equation is omitted. 
Therefore it is suggested that the same change of variables be tried here. Substi- 
tuting Eqs. (15-10) and (15-11), the momentum and energy equations are found 
to reduce to the following ordinary differential equations: 


d a 1 @ 
seth er ea pe (16-29) 
dn \ MooPoo dn? ssa Hs 
d dT ae? dT 
pe Heep (Ga) Pag oe ay) er esaG) 
dn \ Po dn Poo dn? 2 dn 


If we now make the only slightly restrictive assumption that c is a constant, 
Eq. (16-30) can be rewritten as 


| 2 a? 1 dT 
ee) ae “= ( 5) 4 eo secteWcceiGel) 
dn \ MooPoo Pr dn Lephee C01? 2° dn 


As a first approximation we could assume Pr = constant and j4p = constant, 
as was discussed ir Chap. 15. This is not a bad approximation for a gas, but then 
Eg. (16-29) again becomes the same as Eq. (9-8), the Blasius equation obtained 
for the corresponding constant-property problem. Equation (16-31) becomes the 
same as Eqs. (16-17) and (16-19), the constant-property energy equations for 
high-velocity flow. 

Thus, under the assumptions of 40 = constant and Pr = constant, we find 
that the solution for constant u,, and constant T, is identical to the corresponding 
constant-property solution. We can evaluate all properties at free-stream static 
temperature, and the high-velocity viscous dissipation effects are again entirely 
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taken care of by merely introducing the adiabatic wall temperature into the con- 
vection rate equation. 

The second approximation to this problem must obviously involve insertion 
of more nearly correct functions of T/T. for 4/fMoo and p/ Poo in Eqs. (16-29) 
and (16-31). Under these conditions, it is not possible to absorb the free-stream 
velocity in the dependent variable, as was done using Eq. (16-18). 

In order to see more clearly the form that the final solution must take, let us 
introduce a nondimensional free-stream velocity, the Mach number M: 

Uoo 
Ms +s 16-32 
RTS ( ) 

where y is the ratio of the specific heats and R is the gas constant. Then letting 


6 = T/T, and f (0) = Up/UxPo; Eq. (16-31) becomes 
d 1 dé : MS 1 ee . 
5 [£5 | + FO (y= Tg +588 =0 (16-33) 


We then seek the family of solutions 0(7) for the boundary conditions 
O(oc)hi= 1s 6’(0) = constant 


Again an important particular solution 6, is obtained for the condition 
6’(0) = 0. From this a recovery factor can be obtained, defined again by 
Eq. (16-22). 

For the solutions for 6’(0) other than zero we can evaluate the heat flux at the 
surface from 6’(0), define a convection conductance again by Eq. (16-24), and 


evaluate a Nusselt number. If we refer all fluid r — -*rties in the Nusselt and 

Reynolds numbers to free-stream static temperatu’ in readily be shown that 
Nuc. 6’(0) 

= f (0(0))——————— 16-34 

pelt, = OM So a (16-34) 


Since the Mach number, as well as the Prandtl number, is a parameter in 
Eq. (16-33) and 6(0) is an additional parameter (uniquely determined by the 
specification of 6’(0) as a parameter), it is apparent that the final result is in the 
form 


Nvico 1h. 
——=— = FF M, =. Pr é (16-35) 
Alternatively, the Mach number can be replaced by Thy / Ts, since if we combine 
Eqs. (16-32) and (16-22), we obtain 

ok ail ke (vy — 1)M? 
qT. 7 5 ey ) (16-36) 
Thus we can also express the final result as 


NU, co Ls, i 
Alea F (=. 7. Pr) (16-37) 
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Figure 16-4 Heat transfer to or from the laminar high-velocity 
boundary layer; air with Pr = 0.75 and To. = 217.82 K. 


Van Driest’ presents an extension of a solution to Eqs. (16-29) and (16-33) 
developed by Crocco. In this method the 4 = constant assumption is used as a 
first approximation, and a method of successive approximations is employed. 
The solution is developed for a gas with Pr = 0.75, constant c, y = 1.40, and the 
Sutherland law for viscosity. 

Despite the temperature dependence of the fluid properties, it is again found 
that to a good approximation 

haw. Pry? 

The remainder of the solution is shown graphically in Fig. 16-4. (Note that 
StRe/5, = Pr7' Nux,.. Re, ?.) The friction coefficient behaves in the same 
manner as the Stanton number, except, of course, (cf/2)Re,/>, = 0.332 at 
M= O.and 73/733: 

Note that the curve for 7, = T,y is derivable from the others through 
Eq. (16-36). This tendency of the Stanton number (and the friction coefficient) 
to decrease with Mach number is quite characteristic of the high-velocity bound- 
ary layer for both laminar and turbulent flow when the fluid properties are 
temperature-dependent. On the other hand, there is no such influence of Mach 
number when the properties are constant. 

These results suggest that the phenornenon under discussion here is basically 
the same as in the low-velocity, large-temperature-difference problem discussed 
in Chap. 15. In fact, if Try / To. is used to replace M through Eq. (16-36), a fair 
approximation to Fig. 16-4 can be constructed using temperature ratios raised to 


a power: 
—0.08 —0.04 
Taw, 
es psi no 
P oo eo) , 
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Figure 16-5 Correlation of the results of Fig. 16-4 on a temperature-ratio basis. 


or, alternatively, 


—().08 —0.12 
hii ( I; ) (=) for Fes T,,,. M.x.6. (16-380) 


Step \ Taw a 
For the particular case of T, = T,,, Eq. (16-38) becomes 
St Ex —0.12 ig —0.12 
ein Gere, eee 
P ee) oo 


How well Eq. (16-39) fits Fig. 16-4 is illustrated in Fig. 16-5. 

Note that these exponents are smali, which is again consistent with the 
low-velocity, large-temperature-difference problem. However, note that when 
Eq. (16-38) is reduced to low velocities where T,,, = To., the exponent on 7; / T 3. 
is —0.08, whereas in Chap. 15 exponents of —0.01 for heat transfer and —0.10 
for friction were suggested. The difference is simply due to the slightly different 
property variation with temperature used in the two analyses. In dealing with a 
real gas the most important conclusion is that the effects are small, and 
Eq. (16-38) is probably as good an approximation as Fig. 16-4. 


THE USE OF REFERENCE PROPERTIES FOR 
HIGH-VELOCITY LAMINAR BOUNDARY-LAYER 
CALCULATIONS 


In the preceding section it was shown that the constant-property boundary-layer 
solutions can be used for approximate calculation of high-velocity boundary lay- 
ers by evaluating all properties in the constant-property solutions at free-stream 
static temperature and then including an empirical temperature-ratio correction 
in the equations. Many engineers prefer to make this correction by simply eval- 
uating the properties in the constant-property solutions at some reference tem- 
perature different from the free-stream temperature. 
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On the basis of examination of a number of “exact” laminar boundary-layer 
solutions for constant u.,, T>., and T,, Eckert* concludes that if the specific heat 
may be treated as constant, the following reference temperature correlates the 
available solutions within a few percent for Mach numbers up to 20 and over a 
wide range of free-stream and surface temperatures: 


Tr = Tx + 0.5(T, — Too) + 0.22(Tay — Too) (16-40) 


The adiabatic wall temperature T,y, is again evaluated from Eq. (16-22), and the 
recovery factor from Eq. (16-21), but the Prandtl number in Eq. (16-21) is 
evaluated at Tr. Equations (16-24) and (16-25) are employed, but all properties 
in Eq. (16-25) are evaluated at Tp. In other words, the Reynolds number in 
Eq. (16-25) becomes 


Re,.p mk PRUgoX 
LR 
and, similarly, h 2 
x 
Nu,rg=— or Str= = 
Kp Ugo PRE 


The friction coefficient can be evaluated from the constant-property equa- 
tion (9-15), but using Re, z in place Re,. The local surface shear stress is evalu- 
ated from Eq. (9-12) but with pez replacing p. 

For very large temperature differences through the boundary layer the as- 
sumption of constant specific heat, which has been made in all the preceding 
solutions and discussion, is no longer valid. It was shown earlier in the develop- 
ment of Eq. (16-5), and the subsequent discussion, that stagnation enthalpy can 
be used as the dependent variable in the energy equation, and the entire problem 
can be formulated in terms of enthalpy rather than temperature. If the specific 
heat cannot be treated as constant, this is a more natural formulation. Eckert’s 
reference property method is again applicable, and, following a development 
completely analogous to the previous one, we obtain 


Gi = Bilis = baw) (16-41) 
where i, is the adiabatic wall or recovery enthalpy 
| Lie = beet ST cuz, ie Pr,” 
and g; is an enthalpy conductance evaluated from the Stanton number 


i Nu 
Str => ss = is 
PRU» Reg Pre 


Ste is the constant-property Stanton number evaluated with all properties at a 
temperature corresponding to a reference enthalpy ir: 


eS, ie eee (16-42) 


This scheme is thus virtually identical to that based on temperatures. 
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THE TURBULENT BOUNDARY LAYER FOR A GAS 
WITH VARIABLE PROPERTIES 


Equation (16-7) can be quite readily and satisfactorily solved for a turbulent 
boundary layer for any desired boundary conditions using the mixing-length the- 
ory developed in Chaps. 11 and 12, but with fluid properties variable, employing 
a finite-difference computing technique. For many applications, especially those 
involving complex boundary conditions, this is undoubtedly the most satisfac- 
tory procedure. However, in order to appreciate the influence of high velocity on 
a turbulent boundary layer, it is useful to examine some results for simple bound- 
ary conditions: constant free-stream velocity and constant surface temperature. 
For this purpose we could examine either some finite-difference solutions of 
Eq. (16-7) or some of the solutions available in the literature that involve various 
degrees of approximation. 

The semiempirical results of Spalding and Chi? are a very thorough and 
probably accurate summary of the available data on friction coefficient. For heat 
transfer the results of Deissler and Loeffler® are less complete, but are convenient 
for present purposes and are in reasonably good agreement with experiment. 

Deissler and Loeffler reduced the boundary-layer equations to Couette flow 
form and then used a mixing-length theory for their solution. The Stanton num- 
ber is determined as a function of the local momentum thickness Reynolds num- 
ber. The Prandtl number is considered constant at 0.73, the specific heat is held 


constant, and 
ih k T \ 088 
ae 


The analysis covers the Mach number range 0-8 and momentum thickness 
Reynolds numbers from 10° to 10°, corresponding to length Reynolds numbers 
from 0.5 x 10° to 0.6 x 10°. Only two heat-transfer cases are considered: 
1, > Ag ODE Tey Ta = 0D 

Both the recovery factor and the Stanton fies are determined in the 
analysis. For Mach numbers from 0 to 8 and Re, from 10° to 10°, the recovery 
factor is found to vary from about 0.87 to 0.91. Experimental values for air gen- 
erally lie in this range. It has been frequently proposed that for a turbulent 
boundary layer 


ne PEC (16-43) 


This is in reasonably good agreement with Deissler’s result. 

The Stanton number is strongly affected by the Mach number, but this effect 
is only slightly dependent on the Reynolds number. The results for Res, = 10? 
alone are described here. The approximate nature of the analysis probably does not 
warrant including a Reynolds number influence in the correlations to be proposed. 

In Fig. 16-6, St/Sty_9 is plotted as a function of Mach number for 
Tf Tig 0. Seanahs iiss shown are two experimental test points obtained by 
Pappas and Rubesin.’ Sty-o is the Stanton number at M=0 at the same 
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Figure 16-6 Heat transfer to or from the turbulent high-velocity 
boundary layer; air, Pr = 0.73, Res, = 104 (analysis of Deissler 
and Loeffler®; data of Pappas and Rubesin’). 


momentum thickness Reynolds number.’ The Pappas and Rubesin data are based 
on a comparison at the same x Reynolds number, but the difference is probably 
within the experimental uncertainty. Note that the correlation between analysis 
and experiment is quite good. Calculations by the authors using the mixing- 
length models discussed in Chaps. 11 and 12 and a finite-difference computer 
code yield substantially the same results. 

Two facts are immediately evident. Although the influence of Mach number 
is qualitatively similar to that seen for the laminar boundary layer, it is at the 
same time very much greater. This is quite similar to the effect of temperature- 
dependent properties at low velocities noted in Chap. 15. Furthermore, the influ- 
ence of the Mach number is approximately the same regardless of T,/T,,, al- 
though, of course, only two values of T, / Tay are considered. 

The nature of the Mach number influence can be better appreciated if the 
Mach number is replaced by T,,,/T>., using Eq. (16-36), and then St/Sty_» is 
plotted as shown in Fig. 16-7. 

On logarithmic coordinates the result is very close to a straight line for 
Taw / To up to about 7, corresponding to Mach numbers up to about 6. 

Of particular interest is the exponent —0.6, which is close to the —0.4 power 
of T,/T. that was found in Chap. 15 to correlate most of the large-temperature- 
difference results for heating. In fact, some experimental pipe data for air yield 


*Enthalpy thickness Reynolds number is not a very useful parameter for compressible boundary layers 
because thermal energy is generated within the boundary layer in addition to that transferred to or from 
the boundary layer at the surface. 
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Figure 16-7 Correlation of the results of Fig. 16-6 on a temperature-ratio basis. 


exponents as high as —0.575. It thus appears that the Mach number effect for 
high-velocity convection differs little from the large-temperature-difference ef- 
fect at low velocities. 

The fact that the curve for 7;/T,y = 0.5 is very close to the curve for 
T,/ Tay = 1 in Fig. 16-6 suggests that the influence of 7, / Ty can be separately 
correlated. Since only two points on the curve are available, it is not possible to 
tell whether a simple power of 7, /T,y would be adequate. However, all our pre- 
vious experience with these effects suggests that this might be the case. The 
Deissler and Loeffler results indicate that the ratio of Stanton number to Stanton 
number at the same Mach number but with 7,/7,,, = | is about 1.32 over the en- 
tire Mach number range of the analysis. Then 


SE ee si 
Stuy \ Gee 


Finally, putting both the Mach number and surface-temperature effects to- 


gether, we obtain 
St T..\798 7 \ 04 
Se) 


\ 


where all properties in the equation used to evaluate Stcp are presumed to be 
evaluated at the free-strearn static temperature. 
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Examination of Eq. (16-44) indicates that Ty has only a minor influence, 
and a simplified version of Eq. (16-44) is 


a ( ds yi (16-45) 
Step 
This is, of course, identical to the correlation recommended in Chap. 15 for 
a low-velocity gas being heated in a tube, as well as close to the exponents rec- 
ommended for an external boundary layer. 
The friction coefficient is found to behave in a quite similar manner to the 
Stanton number, so to a good approximation 


Cf LE St 
Crcp Stop 


(16-46) 


REFERENCE PROPERTIES FOR HIGH-VELOCITY 
TURBULENT BOUNDARY-LAYER CALCULATIONS 


As an alternative to the temperature-ratio corrections to the constant-property 
solutions, in order to account for the influence of temperature-dependent proper- 
ties, the properties in the constant-property solutions can be introduced at a ref- 
erence temperature, or a reference enthalpy, as suggested for the laminar bound- 
ary layer. Eckert* shows that, in fact, the available data can be satisfactorily 
correlated with the same reference properties as given for the laminar boundary 
layer. In other words, Eq. (16-40) should be used where the specific heat can be 
treated as approximately constant, and Eq. (16-42) where it is also temperature- 
dependent. 


MACH NUMBER AND LARGE-TEMPERATURE- 
DIFFERENCE CORRECTIONS FOR VARIABLE 
FREE-STREAM VELOCITY AND VARIABLE 
TEMPERATURE DIFFERENCES 


We have considered only the case of a constant free-stream velocity and constant 
free-stream and surface temperature. In applications where these parameters 
vary in the flow direction, i.e., in most applications, there is no doubt that direct 
integration of the momentum and energy equations using finite-difference proce- 
dures provides the most direct and accurate route to an engineering solution. For 
the laminar boundary layer there are no real difficulties, and many computer 
codes are available. For the turbulent boundary layer there are codes available, 
but their applicability depends on the adequacy of the turbulence models em- 
ployed. The authors have found that the turbulence models discussed in Chaps. 11 
and 12 are actually quite adequate for Mach numbers up to 3 or 4. 
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In the absence of finite-difference computer procedures, a reasonable ap- 
proximation is to use the constant-property procedures discussed in the preced- 
ing chapters and then to apply a local correction, i.e., Eq. (16-38) or Eq. (16-44), 
for the compressible-flow effects. Equation (16-24) should, of course, be used as 
the defining equation for the heat-transfer coefficient, and Eqs. (16-21) and 
(16-43) are generally adequate approximations for the recovery factor. Alterna- 
tively, the reference property corrections can be used. 

Such a procedure is undoubtedly not accurate for a laminar boundary layer, but 
fortunately we have seen that the influence of the temperature ratio for a typical gas 
is quite small, so that the accuracy of the correction is not of great importance. 

On the other hand, the correction for a turbulent boundary layer can be sub- 
stantial. But we have seen that, except for very low-Prandtl-number fluids, the 
turbulent boundary layer responds very quickly to axial changes in boundary 
conditions. Thus a local correction for the influence of the temperature depen- 
dence of the fluid properties appears justified. 

Equation (12-16) fora turbulent boundary layer, when corrected as indicated 
above, has been found to provide a remarkably good approximation for heat 
transfer in supersonic nozzles. 


PROBLEMS 


16-1. Consider an aircraft flying at Mach 3 at an altitude of 17,500 m. Suppose the 
aircraft has a hemispherical nose with a radius of 30 cm. If it is desired to 
maintain the nose at 80°C, what heat flux must be removed at the stagnation 
point by internal cooling? As a fair approximation, assume that the air passes 
through a normal detached shock wave and then decelerates isentropically to 
zero at the stagnation point; then the flow near the stagnation point is 
approximated by low-velocity flow about a sphere. 


16-2. In Prob. 16-1 it is desired to cool a particular rectangular section of the aircraft 
body to 65°C. The section is to be 60 cm wide by 90 cm long (in the flow 
direction) and is located 3 m from the nose. Estimate the total heat-transfer rate 
necessary to maintain the desired surface temperature. As an approximation, 
the boundary layer may be treated as if the free-stream velocity were constant 
along a flat surface for the preceding 3 m. It may also be assumed that the 
preceding 3 m of surface is adiabatic. To obtain the state of the air just outside 
the boundary layer, it is customary to assume that the air accelerates from 
behind the normal shock wave at the nose, isentropicaily to the free-stream 
static pressure. In this case the local Mach number then becomes 2.27, and the 
ratio of local absolute static temperature to free-stream stagnation temperature 
is 0.49. The local static pressure is the same as the free-stream, that is, the 
pressure at 17,500 m altitude. 


16-3. Consider a laminar constant-property boundary layer on a flat plate with 
constant free-stream velocity. Evaluate the recovery factor for a fluid with 
Pr = 100, using Eq. (16-20). The correct answer is 7.63. Why is it difficult 
to obtain accuracy in solving this problem numerically? 

16-4. Consider a supersonic nozzle with radius, mass velocity, temperature, and 
pressure specified as functions of axial distance within the nozzle. The fluid is 


16-5. 


16-6. 


16-7. 


16-8. 


16-9. 
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air. It is desired to maintain the nozzle surface uniformly at 200°C. Calculate 
the necessary heat flux along the nozzle surface. Assume that a turbulent 
boundary layer originates at the start of the nozzle. 


In Prob. 16-4 the nozzle is to be constructed of 0.5-cm-thick stainless-steel walls. 
The entire nozzle is to be surrounded by a bath of water, maintained at 27°C by 
constant changing. The heat-transfer coefficient on the water side of the nozzle 
walls is estimated to be 1100 W/(m? - K) uniformly. Calculate the temperature 
along the inner surface of the nozzle wall and the local heat flux. Assume that 
heat conduction in the nozzle wall is significant in the radial direction only. 
Repeat Prob. 16-4 but assume that the nozzle is constructed with a uniformly 
porous wall so that transpiration cooling may be used. Air is available as a 
coolant at 30°C. Determine the transpiration air rate, as a function of position 
along the surface, to maintain the surface at 200°C. 

A particular rocket ascends vertically with a velocity that increases 
approximately linearly with altitude, reaching 3000 m/s at 60,000 m. Consider 
a point on the cylindrical shell of the rocket 5 m from the nose. Calculate and 
plot, as functions of altitude, the adiabatic wall temperature, the local 
convection conductance, and the internal heat flux necessary to prevent the 
skin temperature from exceeding 50°C (see Prob. 16-2 for remarks about the 
state of the air just outside the boundary layer in such a situation). 

Consider again Prob. 16-7, but let the skin be of 3-mm-thick stainless steel, 
insulated on the inner side. Treating the skin as a single element of capacitance, 
calculate the skin temperature as a function of altitude. [The specific heat of 
stainless steel is 0.46 kJ/(kg - K).] 

Consider the gas turbine blade on which Prob. i1-8 is based (see Fig. 11-19). It 
is desired to maintain the blade surface uniformly at 650°C by internal cooling. 
Calculate the necessary heat flux around the periphery of the blade. 
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16-10. 


16-11. 


16-12. 


16-13. 


16-14. 


16-15. 


In Prob. 16-9 the turbine blade is 15-cm-long, and for present purposes it may 
be assumed that blade dimensions and operating conditions are the same along 
the entire blade length. It appears feasible to allocate up to 0.03 kg/s of air at 
200°C to cool the blade. Assuming a hollow blade of mild-steel construction, a 
minimum wall thickness of 0.75 mm, and any kind of internal inserts desired 
(a solid core leaving a narrow passage just inside the outer wall could be used, 
for example), make a study of the feasibility of internally cooling this blade. 
Assume that the cooling air can be introduced at the blade root and discharged 
through the tip. Treat the blade as a simple heat exchanger. 

The gas turbine blade of Prob. 11-8 is to be cooled to a uniform surface 
temperature of 650°C by transpiration of air through a porous surface. If the 
cooling air is available at 200°C, calculate the necessary cooling-air mass- 
transfer rate per unit of surface area as a function of position along the blade 
surface. Discuss the probable surface temperature distribution if it is 
mechanically feasible only to provide a transpiration rate that is uniform along 
the surface. 

Consider the rocket nozzle described in Prob. 11-6 (Fig. 11-18). Calculate the 
heat flux along the nozzle surface necessary to maintain the surface at 1100°C. If 
the convergent part of the nozzle is exposed to black-body radiation at 2200°C 
(the reactor core) and the nozzle surface itself is a black body, will thermal 
radiation contribute significantly to the heat flux through the nozzle walls? 


Suppose the nozzle of Prob. 16-12 is constructed of 6-mm-thick molybdenum. 
Copper cooling tubes are then to be wrapped around the nozzle and bonded to 
the surface. Room-temperature water is available as a coolant. Make a study of 
the feasibility of water cooling in this manner, after first choosing a tubing size, 
flow arrangement, and reasonable water velocity. 

The helium rocket nozzle of Probs. 11-6 and 16-12 is to be cooled to a uniform 
surface temperature of 800°C by transpiration of additional helium that is 
available at 38°C. Calculate the necessary local transpiration rates if this turns 
out to be a feasible scheme. What is the total necessary coolant rate? How does 
this compare with the total hot-helium rate passing through the nozzle? 
Consider again Prob. 12-11, but let the aircraft speed be 300 m/s. At what 
airspeed does direct cooling become impossible? 


REFERENCES 


1. Cebeci, T., and A. M. O. Smith: Analysis of Turbulent Boundary Layers, pp. 47-79, 
Academic Press, New York, 1974. 


a CO aa te) 


Pohlhausen, E.: Z. Angew. Math. Mech., vol. 1, pp. 115-121, 1921. 

Van Driest, E. R.: NACA (now NASA) TN 2597, Washington, January 1952. 
Eckert, E. R. G.: J. Aero. Sci., vol. 22, pp. 585-587, 1955. 

Spalding, D. B., and S. W. Chi: J. Fluid Mech. vol. 18, pp. 117-143, 1964. 
Deissler, R. G,, and A. L. Loeffler, Jr.: NACA (now NASA) TN 4262, Washington, 


April 1958. 


7. Pappas, C. C., and M. W. Rubesin: Heat Transfer and Fluid Mechanics Institute 
Papers, pp. 19-28, Stanford University, California, 1953. 


Convective Heat Transfer 
with Body Forces 


potential gradients and by bulk fluid motion. If the fluid motion is induced 

by some external means such as fluid machinery or vehicle motion, the 
process is generally called forced convection. In contrast, fluid motion can also 
be induced by body forces such as gravitational, centrifugal, or Coriolis forces, 
and this process is generally called natural convection. Natural flows occur in 
atmospheric and oceanic circulation, electric machinery and nuclear reactor 
cooling systems, heated or cooled enclosures, electronic power supplies, and so 
forth. The flow is a buoyancy-induced motion resulting from body forces acting 
on density gradients, which, in turn, arise from mass concentration and/or tem- 
perature gradients in the fluid. In this chapter we consider primarily temperature- 
induced buoyancy from a single surface within quiescent surroundings. Natural 
flow on such a surface, unbounded by other surfaces, is usually called free con- 
vection, and it has many of the characteristics of forced-convection boundary- 
layer flows. 

In this chapter we deal primarily with free-convection solutions which are of 
boundary layer form, consistent with the treatment for forced convection flows. 
However, because of the importance of natural convection flows in enclosures, 
we also briefly summarize some of the recent a on this topic. More in-depth 
presentations can be found in Ostrach' or Ede.” An introduction to the various 
aspects of external natural convection flows is given by Gebhart.* For detailed 
discussions of natural connection in enclosures the reader is referred to Yang®’, 
Ostrach**™ and Catton.*° 

We start with the mass, momentum, and energy equations that govern 
laminar free-convection boundary-layer flows. We then develop similarity so- 
lutions to the equations for constant-wall-temperature, constant-wall-heat-flux, 
and transpiration boundary conditions, and an approximate integral solution for 
the constant-wall-temperature case. The effects of variable properties are then 


I: Chap. 1 convection was defined as the transport of mass and energy by 
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discussed. For turbulent free convection we present approximate solutions and 
recommended correlations based on experimental data. Then, heat-transfer cor- 
relations for other geometries are presented, and mixed free and forced convec- 
tion is discussed. Finally, natural convection in enclosures is briefly discussed. 


BOUNDARY-LAYER EQUATIONS 
FOR FREE CONVECTION. 


The equations governing external laminar-flow-free convection are essentially 
the same as those for forced convection. We assume the fluid to be of one species 
and Newtonian, and the flow field two-dimensional and steady. The applicable 
equations from Chap. 4 are continuity, from Eq. (4-1), 


d(pu) _ (pv) _ 
Ox 4 dy 


momentum, from Eq. (4-10), including X = —pg (a gravitational body force 
oriented in the negative x direction), 


Ou * ou dP if ) Ou (17-2) 
u— Urs — - 
f Ox e dy dx a oy 

and energy, from Eq. (4-37), assuming constant specific heat. Note that work 
done against external force fields uX does not appear, because this equation is 


the combination of the total energy equation and the momentum equation. We 
also neglect viscous dissipation and the pressure-gradient term: 


oT - oT a) ; oT 17-3) 
cL cu = — Fk — - 
f Ox ‘ dy dy dy ‘ 
The pressure-gradient term in the momentum equation is due to the hydrosta- 
tic pressure field outside the boundary layer.’ From hydrostatics, the gradient is 
dP 
dx 
Thus the body force and pressure-gradient terms combine, and the momentum 
equation becomes 


0 (17-1) 


= —Po8 


du ip ou 4 a) Ou 17.4 
u— v— = = — | u— - 
es yl alee &(Poo — P ay \ay (17-4) 

These equations can be further simplified by making the Boussinesq ap- 
proximation for free-convection flows. It is a two-part approximation: (1) it ne- 
glects all variable-property effects in the three equations, except for density in 
the momentum equation, and (2) it approximates the density difference term with 
a simplified equation of state. To derive this approximation, the density is 


‘The pressure is assumed to be a function of x. If the gravitational field is not aligned with the principal 
direction of motion or if the surface is curved or rotating, the pressure field is two-dimensional. For 
surface inclinations at a small angle y to the gravitational field, g can usually be replaced by g cos y, the 
component along the surface. 
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expanded into a Taylor series. Because p = p(P, T), one obtains: 


p=p +(%) (T — To.) + Le P—P. 
oe) aT : co 9P a = ae 
Normally, the last term in this equation, which represents the dependence of the 
density on the pressure difference, can be neglected compared to the other terms. 
This is especially true for boundary layers, where the pressure is constant across 
the boundary layer. After introducing the volumetric coefficient of thermal 
expansion 


one obtains the following simple equation showing the dependence of the den- 
sity difference on the temperature ratio in the boundary layer 

Po — P = PB(T — To) (17-5) 
Note that for ideal gases 8 = 1/7T3., where T is the absolute temperature in 
kelvins, and for incompressible liquids pf is nearly constant. This approximation 
is good for gravity-induced flows over nearly vertical surfaces with negligible 
temperature variation of 7,. with x. For further discussion of these restrictions 
see Gebhart.* 

It should be noted here that Eq. (17-5) should not be applied if the depen- 
dence between density and temperature is nonlinear in the temperature range of 
interest. This might be the case if a larger temperature range has to be considered. 
One other situation where the dependence of the density on the temperature has 
to be considered by a nonlinear function, also for small temperature differences, 
is the free convection water flow near 4°C, where a density maximum of the 
water appears. For such problems it is better to approximate the density differ- 
ence in Eq. (17-4) directly by a function. For the case of water flow, the water 
density depends mainly on temperature, and one might use 


7, / ay i De 
pl Pai+a(* £) +an( ‘) 
p(T) Tr Tr 

PSL ENA pe Lp RG 
tas ( Te ) +a ( ie ) 


a, = —0.01854592 
ay = +0.67694068 
a3. = 1.96578728 


with the constants 


a4 = +4.86372082 
o(Tr) = 999.8396 kg/m? 
Tr = 273.15 K 


The above expression approximates the density of water in the range between 
0°C and 20°C to about four digits (see Cheng”). 
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If we invoke the Boussinesq approximation, the free-convection equations 
become 


du dav 
od mf) 17-6) 
Ox ms dy ( 
Ou ou O7u 
— — = TT.) + v= 17-7 
sie + es Bh ) ay? (17-7) 
T oT 0°T 
ees =a— (17-8) 


with boundary conditions 


Bv=O. LS is) ayo 
Ur 0 ome) as x, =.0 (17-9) 
u>0, ToT, asyr>o 


SCALING AND FLOW REGIMES 
IN FREE CONVECTION 


Before developing specific solutions for free convection boundary layer flows, it 
is important to investigate the general scaling behavior of the free convective 
flows and how the flow regimes are defined. This will be done for a free convec- 
tion flow on a vertical heated plate of length L, which has a constant wall temper- 
ature 7, and a constant temperature T,,. outside the boundary layer. Figure 17-1 
shows isotherms around a vertical flat plate as recorded by Eckert and Soehngen*® 
using an interferometer. In this figure, the development of the boundary layer at 
the vertical flat plate can be seen clearly. It is also obvious from Fig. 17-1 that the 
free convection boundary layer is relatively thick. 

The typical shapes of the velocity and the temperature profiles for this prob- 
lem are shown in Figs. 17-2 and 17-3. Although we will focus on the flow over a 
vertical flat plate, the results are applicable to all other free convection problems 
on external surfaces. 

In forced convection we find that a length Reynolds number arises when the 
Navier-Stokes equations are nondimensionalized. For Re — 0 the inertial terms 
are no longer important and the flow is termed s/ow viscous or “creeping” flow. 
At moderate Re the flow is still laminar, but viscous and inertial effects are 
important, and for high Re the flow is turbulent. These same flow regimes are 
observed in free convection. To define a Reynolds number for free convection, 
we need a characteristic velocity to describe the inertial forces within the bound- 
ary layer. Consider the region of the boundary layer where the velocity profile 
reaches a maximum. If we ignore the effects of diffusion and cross-stream 
convection in this region and assume that T can be approximated by T,, the 
momentum Eq. (17-7) reduces to 


dU 
stage) = pgB(T; — Too) 
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& 
‘| 
Figure 17-1 Isotherms Figure 17-2 Coordinate system and Figure 17-3 A free-convection 
recorded by a Mach-Zehnder velocity components for a free-convection thermal boundary layer. 
interferometer by Eckert and . momentum boundary layer. 


Soehngen (photograph taken 
from Ref. 46). 


This equation relates the convective acceleration of the fluid to the buoyancy 
driving force. By integrating the equation, we obtain a characteristic velocity for 
the flow: 


U x VgB(T; — Txo)x 
A Reynolds number for the flow then follows: 


_ Ux _ [gb — T.)x? 


Re, A 
v v 


In order to understand the functional dependence of the solutions for free 


convective flows, one can introduce dimensionless quantities into the boundary 
layer equations (17-6)—(17-8). Suitable dimensionless quantities are: 


apetede Hien po Vevorties dbo be we’ T — Tx 
=— =-, =, =—, @6= ——, U= i a yo 
ee US ane v EPA 
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Here it has been assumed that the characteristic velocity U for x = L isa ~ 
suitable choice for scaling the velocity components u and v. Introducing these 
dimensionless quantities into Eqs. (17-6)—(17-9) results in: 


du OW 


—=0 17-10 
Ox dy ‘ 
ou Ou » {ae 
(— Pb. 0 ae ee (17-11 
Nae By so Mery OSE - oe 
00 00 aes ae 
So ee ee ee 17-12 
“ae | 89 Pra/Gr, 09? oo 
with boundary conditions 
Ho = OF OS aty =0 
Hoss Oe 8 ==). as x = () (17-13) 
u—>0, 06-0 ayow 


and the dimensionless quantity 


aS eB(Ts ire. Digg bas 


Gr, 
p2 


which is called the Grashof number, generally interpreted as the ratio of the 
buoyancy forces to the viscous forces. Comparing the obtained Grashof number 
with the free-convection-formulated Reynolds number shows that 


Re, = /Gr, 


Thus the Grashof number can serve as the length Reynolds number for free 
convection from vertical flat surfaces. For gases and moderate Pr liquids the slow 
viscous flow regime is generally found below about Gr, = 10*. Transition to 
turbulent flow occurs between Gr, = 10° and 10'°, with a tendency toward 
higher Gr, for higher Pr. Surface inclination and surface heating rate also affect 
transition. A discussion of transition phenomena is given by Gebhart.* 

Frequently the Rayleigh number 


Ra, =:.Gr,,Pr 
is used in place of Gr, for defining these flow regimes. It also appears in many 
heat-transfer correlations. However, most experimental evidence indicates that 


Ra, does not entirely reflect the Pr dependence. Le Fevre'* points out that the 
Boussinesq number, 


Bo = Gr,Pr? 


is the proper functional dependence for large Gr, or small Pr, one that eliminates 
the effect of viscosity. 


Boe bn kere oh 


NR Si ne 


Pe RS re es 


CHAPTER 17 Convective Heat Transfer with Body Forces 


From Eggs. (17-10)—(17-13) it can be seen that the Nusselt number in case of 
free convective flows with constant fluid properties will depend only on the 
Grashof (or the Rayleigh) number and on the Prandtl number; thus 


Nu; = f(Gr,, Pr) or Nu, = f (Raz, Pr) (17-14) 


The thickness of the boundary layer for free convection flows can be 
approximated very easily. Because we know that the thickness of the boundary 
layer, divided by the length scale L, for a laminar forced convective flow over a 
flat plate is proportional to 1/./Re,;, one obtains for free convection 


) F 
zs WAG i/4 
(ie /(Grz) 


If the velocity outside of the boundary layer u., is nonzero and buoyancy 
forces are still important, one speaks of a mixed convection flow. For such a flow 
over a flat vertical plate with u,, = constant, we could use the following dimen- 
sionless quantities to nondimensionalize the boundary layer equations (17-6)— 
(17-9) : 


Sr Fae Uu a Uv T — Tx Dies © 
en = — = — a] eas Pee | R = 
Ooi) ik, a One WUD vices aye TH 
Introducing these quantities into Eqs. (17-6)—(17-9) results in 
du av 
Ft ae (17-15) 
oe OY 
04. ._0u; Gr, Ou 
hes AP Ue ay Cake ae 17-16 
ary: "OF Re; ay? ( ) 
O00, <0 a5y znih 070 


Se cr aolaaTteg® at Sa 17-17 
ag 1 ag Pe Rez a bdschitd 


ADS ON Ur at y= 0 
20,200 20 Vax = 0 (17-18) 
u—>il, @-~0 asy—>oo 


From the above equations one sees that in case of mixed convection flow the 
Nusselt number depends additionally on the Reynolds number, thus 


Nu, = f (Gtr, Pr, Rez) (17-19) 


Frequently, the relative importance of the free convection effects (Gr, /Rez) is 
used directly as a dimensionless group. 

From the above analyses the differences and similarities of the governing 
equations for free convection flows compared to forced convection flows with 


constant fluid properties can be seen clearly. 
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SIMILARITY SOLUTIONS: LAMINAR FLOW 
ON A CONSTANT-TEMPERATURE, VERTICAL, 
AND SEMI-INFINITE FLAT PLATE 


One of the earliest analytic and experimental investigations of free convection 
over isothermal vertical plates was by Schmidt and Beckmann (see Ref. 5). Their 
experimental results confirm the boundary-layer character of the flow. Fig- 
ures 17-2 and 17-3 depict the shapes of the velocity and temperature profiles ob- 
tained from the experiments.* 

The experimental profiles suggest the possibility of profile similarity and the 
possibility that similarity solutions might exist for the governing equations. 
There are several methods for obtaining these solutions if they exist, and the one 
outlined here is similar to that used in Chap. 9, leading to the Blasius solution. 

Because the continuity, momentum, and energy equations contain the v 
component of velocity, it becomes convenient to transform the boundary-layer 
equations by defining a stream function. It is also convenient to nondimensional- 
ize the temperature. Let 


oy oy T — Teo 
u= —, v= >= (A) — 
dy Ox 1k =i Tee 
Then the momentum equation becomes 
av ew away ary 
ae = Shp B (TO 10 aes : 
dy dxdy dx dy? 8B Ae dy? pee 


and the energy equation becomes 
dy 00 OWde 0°0 ge¥ dT, 


By ax ax dy “ay? +” ay dx er 
with the boundary conditions 

ay oy 

—,—=0, @=1 aty= 

ox dy aby at 
er O80 ='0 17-22 
igs ; = “ee (17-22) 
ay 
= —-0, 06-0 ay>o 
dy 


The premise that the velocity and temperature profiles are geometrically 
similar, differing only by stretching factors in the x direction, suggests that we 
define a similarity variable as 


n=y-H(x) 


‘Note that Figs. 17-2 and 17-3 depict the case T; > Too, which induces a vertically upward flow. The 
leading edge of the plate (x = 0) is at the bottom and g is in the —x direction. For the case of T; < Teo 
the buoyancy-induced flow would be downward, with the leading edge at the top. For either case the 
heat-transfer solutions are identical. 
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Under the transformation, two partial differential equations for w(x, 7) and 
8(x,) are obtained. The objective now is to reduce these partial differential 
equations to ordinary differential equations, and a classical technique is to sepa- 
rate variables. Thus we assume 


W(x, n) = vF(n) - G(x) (17-23) 
Furthermore, we assume that 
A(x, n) = O(n) 
Introducing the new similarity variable and the stream function into the equations, 
one obtains the following set of equations 


dH dG d 
HH @F)? + PG FY? — Gee HPF" 
dx dx dx 
T; — Tx m 
Ba hie) . 64+ GF (17-24) 
dG / VW 
Pr F—6' + H6” =0 (17-25) 
dx 


where the prime symbol denotes the derivative with respect to 7. Because one is 
interested in finding similar solutions of the momentum and energy equation, all 
functions that depend on x in Eqs. (17-24)—(17-25) have to drop out. This is pos- 
sible only if 

H?°G = constant 


dH 2 
wae G*~ = constant 
ae 
dG 
H ee = constant 
x 
1 dG 
7 i = constant 


From the above four conditions it can be seen that the third condition can be 
obtained by multiplying the fourth condition by the first condition. Taking the 
derivative from the first condition and multiplying this equation by G(x), acom- 
bination of the second and third condition can be obtained. Satisfying therefore 
the first and the fourth condition is sufficient. This leads to the following expres- 
sions for G(x) and H(x) according to (see Gebhart*) 


1 1/4 
G(x) =4 ({o".) 


i/l 1/4 
H(x)=- ({6r.) 
x \4 


a ghx>(T, eS T30) 
3 Sanaa 


where 
Gr, 


is the Grashof number based on x. 
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The ordinary differential equations for T,(x) = constant become 


F" +0+43FF" —2F° =0 (17-26) 
6” +3Pr FO’ =0 (17-27) 
The boundary conditions on these equations transform as follows: 
a . 
y=0:u=0= = vH@)G)FO = F(0) = 0 
oy 
y= Ole =e UGE) ae FF (Q) <0. 


y=0:T =T, => 6(0)=1 


y > corn + 0= = vH(s)G(x) F'(co) = F’(oo) > 0 


yoou:T > T, => 0(co) > 0 


Equations (17-26) and (17-27) are coupled, nonlinear ordinary differential 
equations that were initially solved by approximate methods. The first complete 
numerical solution was carried out by Ostrach® for a range of Prandtl numbers 
from 0.01 to 1000. Heat-transfer results from the numerical solution can be de- 
fined in terms of a local heat-transfer coefficient 

qs 
ie 7 Tx 


oT 00 dé 0 
ge = —k (=) = —K(T, — Too) (*) = =k (1 — T 0) (F3) 
dy y=0 dy y=0 dn dy y=0 


Gy = —K(Ty — Tx.)9' (0) A(x) 
A local Nusselt number is then defined to put h, into nondimensional form: 
xh, 8’(0) 
Nu, = — = —6'(0)xH(x) = -——Gr'* 17-28 
i SE ( ) 
As expected, the local Nusselt number is thus found to be a function of Pr 


and Gr,. Solutions for —6’(0)/ /2 from Ostrach and others are presented in 
Table 17-1. Ede’ also gives a function that is a very satisfactory correlation to the 


hy = 


(positive g” in positive y direction) 


Table 17-1 Values of Nu, Gr,!/ 4 for various Prandtl numbers; laminar heat transfer to a 
vertical free-convection boundary layer with 7, = constant, adapted from 
Refs. 2, 4, 6, and 7 


Nu, Gr, 0.0570 0.164 0.357 0.401 0.827 é 155 2.80 
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entries in this table: 


heck? 2.Pr ae a | 
= 4 5() 42 Pr? 42 PD (Gr, Pr) (17-29) 


As stated above, Eq. (17-29) can also be expressed by using the Rayleigh number 
instead of the Grashof number. This results in 
: 1/4 
ee | oS Ral/4 
4151 + 2Pr'/? + 2Pr) ae 
Solutions also exist for the limiting cases of Pr + 0 and Pr — oo. Le Fevre® 
obtained these solutions by transforming Eqs. (17-26) and (17-27). For this, the 


similarity variable 7 as well as the stream function F and the temperature @ will 
be transformed according to 


nN, = z\(Pr) 
F, = F/z2(Pr) 
0; = 6 


with the yet unknown scaling coefficients z; and z2. These coefficients shall now 

be determined in a way that the physical character of the flow for Pr — 0 and 

Pr — oo are apparent. This means that for Pr — 0 the viscous term in the mo- 

mentum equation becomes unimportant and needs to cancel out, whereas for 

Pr — oo the inertial terms will cancel out of the momentum equation. 
Introducing the above quantities into Eq. (17-27) results in 


6/25 + 3Pr6) Fiziz2 =0 
where the prime symbol indicates the derivative with respect to |. From the 
above equation it follows that 
Zo(Pr) = Zz; (Pr)/(3 Pr) 


if one wants the equation for 6, to not explicitly contain the Prandtl number. 
Using this result, one obtains from Eq. (17-26) after introducing F’, n; and 6; 


Fi SRR 2RY , 64 


==} 
3 Pr 9 Pr’ va 
For this equation Le Fevre® determined z; to be 
. Seeete 
Ai 
1+ Pr 


because for this value of z; the correct behavior of the momentum equation (17-26) 
can be guaranteed for Pr > 0 (vanishing effect of the viscous forces, proportional 
to Fj”) and for Pr + oo (vanishing effect of the inertia term, proportional to 
3F, Fy’ — 2(F/)?). One finally obtains 

Pr(F.” +0.) +0 + FF = 2F{ (17-30) 


6” + 6/F, =0 (17-31) 
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In this form the differential equations can be simplified for Pr > 0 and Pr — oo. 
One obtains for Pr = 0: 


6; ate F; es 2 Ft 


6) +0, F, = 0 
and for Pr > oo: 
Fi +6, =0 
6/ +6, F, =0 


The solutions of these equations result finally in 


Ny. a | 0:600(Gr: Pr)" = 0.600 Bo'* as Pr > 0 (17-32) 
* ~~ |.0.503(Gr, Pr)!/4 = 0:503 Ra”* « as'\Pr-—> 00 (17-33) 


These asymptotic results compare favorably with the Pr=0.01 and 
Pr = 1000 entries in Table 17-1. They also indicate a variation in the Prandtl 
number exponent. By plotting —0@’(0)/./2 versus Prandtl number, it can be 
shown that the +-power dependence holds to about Pr = 0.1. In addition it is in- 
teresting to note that Eqs. (17-32)—(17-33) seem to indicate that for Pr — 0 the 
Nusselt number depends only on the Boussinesq number, whereas for Pr — oo 
the Nusselt number depends only on the Rayleigh number. 

Frequently the total plate heat transfer is of interest rather than the local heat 
transfer. To calculate the total rate, we need a mean Nusselt number with respect 


to x. Thus 
her fF 1 —6'(0 
n= hydx =— [= 5 an x 
x Jo EJecuL «ff 
i Ptematteie 
Ke hori oo aaa 
or 


Nu = +Nu, (17-34) 


The coefficient 4 in Eq. (17-34) for free convection on a vertical surface 
compares with a coefficient of 2 in Eq. (10-14) for laminar forced convection 
over a flat plate. This reflects the fact that h varies as x~'/* for free convection, 
compared with x~'/* for forced convection. 


SIMILARITY SOLUTIONS WITH VARIABLE 
SURFACE TEMPERATURE 


Similarity solutions can also be obtained for certain T,(x) functions. Again the 
requirement is to have the governing equations reduce to ordinary differential 
equations. Yang’ and Sparrow and Gregg'® have shown that the power-law form 
of T,(x) leads to similarity solutions. 
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Consider the power-law variation 
1; — To: Ax 


For the same method and variables as outlined in the previous section, Eqs. (17-26) 
and (17-27) become 


F" +6 +(n+3)FF" — (2n+2)F? =0 (17-35) 
6” + Pr[(n + 3) F6' — 4nF’6] = 0 (17-36) 
with the same boundary conditions 
FO) = FO)='0; 6(0) = 1 
F'(oo) = 0, 0(co) = 
Recall that the wall heat flux is 


6’(0) 1 
= —K(T, — Teo)0’ (0) H (x) = —K(T, — Too) —= — Gry" 
a 
v Wi x 


= G(T: 5 | eg Et aie 


If T, — Ts. now varies as x'/°, a constant-heat-flux boundary condition 
q,’ = constant is obtained: The heat flux can be recast in terms of a heat-transfer 
coefficient and Nusselt number, and Eq. (17-28) is again obtained. Actually, the 
constant wall temperature is a special case where n = 0. 

Table 17-2 gives solutions for —@’(0)/./2 for the constant-heat-flux case. 
Comparison of the constant-heat-flux values with the constant-wall-temperature 
values in Table 17-1 reveals that the constant-heat-flux Nusselt number is about 
15 percent higher. This compares with ratios of about 36 percent for laminar 
forced-convection boundary layers. A correlating equation for the entries in 
Table 17-2 is given by Fujii and Fujii'' in a form similar to Eq. (17-29): 


P 1/5 

Nu, = (ss) (Gr Pr)'/5 (17-37) 
4+9Pr'? +10Pr 

In Eq. (17-37) heat-flux data are correlated using a modified Grashof number 

containing q,’ explicitly: 


Gr* Pir eB sat 


4 
p= Po 
x kv2 s 


Table 17-2 Values of Nu,Gr,'/4 for various Prandtl numbers; laminar heat transfer to a 
vertical free-convection boundary layer with ¢’’ = constant, adapted from 
Refs. 2, 4, 6, 7, and j1 


Nil Gr 0.0669 0. 189° 0.406 0.457 0.931 1.74 3.14 
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SIMILARITY SOLUTIONS WITH WALL 
SUCTION OR BLOWING 


Heat-transfer solutions exist for the case of vertical free-convection flow over a 
porous surface with mass transfer at the wall. As with the variable-surface- 
temperature problems, the transpired fluid velocity v, needs to be a particular 
function of x for similar velocity and temperature profiles. Eichhorn’? obtained 
similarity solutions for prescribed v,(x) and T,(x). The applicable equations are 
Eqs. (17-35) and (17-36), with 

Ly dee Ax” 

Eichhorn’s v,(x) function that leads to similarity can be derived using the 
same procedures as in the previous sections. From the stream function definition 
for v, Eq. (17-23) for yw, and the previously determined G(x) and H(x) func- 
tions, we have 

ow dG dF dn dG dH 
= pres ve = =v v y 
Ox dx dn 0x dx dx 
At the wall, y = 0 and 7, — T,. = Ax": 


1/4 
ae VFO = =v FO c (=) 


v (Gr, \'" 
=—-({— 3)F(0 Ms 
*() (n +3)FO) (17-38) 

For similarity solutions to exist, the ordinary differential equations and 
boundary conditions must have constant coefficients. Similarity results if, in 
Eq. (17-38), 


F(O) = constant 


1 (Gr, \\“ 
Vs K = ( ‘) Se, gael 
x\ 4 


Therefore 


The requirement F'(0) = constant becomes the boundary condition corre- 
sponding to v = v, at y = 0. For F(0) > 0 there will be wall suction, while 
F(Q) < O corresponds to blowing. The Nusselt number is exactly the same as for 
the variable-temperature case: 

Nui Gets 
MB) x 
Table 17-3 gives solutions for —0’(0) [2 for the constant-wall-temperature 
boundary condition, n = 0, and for Pr = 0.73. 

In Table 17-3 we see that blowing reduces heat transfer, while suction has 

the opposite effect. The blowing limit is 6’(0) + 0, corresponding to a zero 


: 
| 


| 
j 
} 
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Table 17-3 Values of Nu, Gr, !/ 4 for Pr = 0.73 and wall suction and blowing; laminar heat 


transfer to a vertical free-convection boundary layer with 7, = constant, adapted 
from Ref. 12 


| . 0.4 
Nu,Gr,!/4 1.55 1.27 O758 0.399. -" 0115 0.0187 0.00529 


wall-temperature gradient. The suction limit is the case where the wall heat 
transfer equals the change in enthalpy of the fluid being sucked. These limits cor- 
respond to those for the laminar forced-convection case in Chap. 10. However, 
for the free-convection case, the 6’(0) = 0 limit does not result in a zero wall 
shear stress because the blowing increases the temperature gradient, and this 
increases the buoyant driving force, which accelerates and stabilizes the flow. 
For more discussion see Eichhorn.” 


APPROXIMATE INTEGRAL SOLUTION: 
LAMINAR FLOW ON A CONSTANT-TEMPERATURE, 
VERTICAL, AND SEMI-INFINITE FLAT PLATE 


The free-convection integral solution technique can be developed by following 
the same procedures outlined in Chap. 8 for the forced-convection laminar 
boundary layer. The idea is to solve the integral momentum and energy equations 
by assuming velocity and temperature profile shapes and laws for wall shear 
stress and heat transfer. The resulting differential equations are coupled through 
the density, and their solutions follow that outlined by Eckert.'* 

The momentum integral equation to be used is Eq. (5-4) with an added body 
force term, v, = Ua = 0, R constant, and the Boussinesq approximation: 


ad. f* dP 
== / pu? dy +¥— + | pg dy 
dx 0 dx 0 
d VA Ne 
= =| pur ay~sp [ P(T — Too) dy (17-39) 
dx Jo 0 


The applicable energy integral equation is Eq. (5-13) with the enthalpy 
i = c(T — To), vs = 0, R constant, and the Boussinesq approximation: 


dope ane 
g. = — ‘i puc(T — Tx.) dy = per | u(T —Ty)dy (17-40) 


To solve these equations, we require profile shapes that approximate the 
velocity and temperature profiles in Figs. 17-2 and 17-3. Eckert assumed the 
following shapes, along with the assumption that the momentum and thermal 
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Table 17-4 Comparison between the exact similarity solution for laminar heat transfer to a 
-vertical free-convection boundary layer with 7, = constant with the 
approximation given by Eq. (17-42) 
Nu, Gr, '/4 (exact) 0.0570 0.164 0.357 0401 0.827 1.55 2.80 
Nu,Gr_'/ (Eq. (17-42)] . 0.0513 0.159 0.379 -0.430— «0.883. «1.60 2.86 


boundary layers are of equal thickness: 


5-H-P) 


U r) 
poe eee 
| i ea | a ) 


These profiles are substituted into the integral equations, along with 
Newton’s law of viscosity and Fourier’s conduction law for t, and q’’. This results 
in a set of coupled ordinary differential equations involving the characteristic ve- 
locity U and 6. Eckert solved these equations by assuming them to be power-law 
functions in x. The resulting expression for the boundary-layer thickness is 


0.952 + Pr\'" 
4&2 3.93 (=) Gr-'4 (17-41) 
Xx | a 


The expression for 6 can now be substituted into the temperature profile to 
evaluate the wall heat flux, and the resulting Nusselt number is 


Pr’ eh Pr iis 
Nu, = 0.508 { —— Gel® 3 0 506 0 Ral4 (17-42 
i (sa + =) s Gs a =) Box} ald AY) 


Table 17-4 compares the values for Nu,Gr,'/* from Eg. (17-42) to the exact 
similarity solution given in Table 17-1. For example, for Pr = 0.72, Eq. (17-42) 
gives a value for Nu,Gr'/* of 0.379. This result is within 6 percent of the exact 
similarity solution, as can be seen from Table 17-4. 


THE EFFECT OF VARIABLE PROPERTIES 


Up to this point, we have considered heat-transfer solutions derived using the 
Boussinesq approximation, which assumed, in part, that properties except for the 
density in the momentum equation were constant. From Chap. 15 we know that 
for gases jz, k, and ¢ are functions of the absolute temperature. Since the free- 
convection motion itself is derived from a temperature gradient across the 
boundary layer, we expect variable properties to influence the Nusselt number. 
Clearly the influence of variable properties depends on how y and k vary 
with T. We can assume p to obey the ideal-gas equation of state, and B = 1/T,. 
The simplest case for analysis is the hypothetical ideal gas in which c is constant 
and yz and k vary directly as T. Sparrow and Gregg'* studied this problem and 
showed that the governing equations reduce to the constant-property equations. 
Thus the Nu, = f(Pr, Gr,) relations are exactly the same as those we obtained 
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from the constant-property solutions. An analogous conclusion was obtained for 
the laminar forced- BeenesEon boundary layer in Chap. 15. 

Sparrow and Gregg'* obtained numerical solutions for a number of other hy- 
pothetical fluid-property variations. They included  « T?/4 and k « T3/4, 
which is close to the 0.8-power law for gases in the moderate temperature range. 
The major conclusion from their work was that a reference temperature could 
satisfactorily be used to correct the constant-property solutions. They proposed 
that all properties in the constant-property correlations be evaluated at a refer- 
ence temperature 

Tr = T, = 038(T, — TS) (17-43) 


For gases they recommend f = |/T,, and for low Pr fluids 8 = 1/Tp. Later 
Miyamoto”’ investigated the effect of variable properties on heat transfer for 
laminar gas flows along a vertical flat plate. He assumed that the fluid properties 
are such thatp « T"!, wax T® andk x T°. Specific heat was assumed to be 
constant. He suggested for Pr = 0.7 the use of the reference temperature 


Tr = Tx + 0.73(Ts — Too) = Ts — 0.27(T; — Too) (17-44) 


for w = 3/4, —0.3 < (T; — Tx.)/Too < 3. If the fluid properties are evaluated 
according to Eq. (17-44), Miyamoto” found that the effect of variable properties 
could satisfactorily be corrected and the constant property solutions can be used. 
However, almost all Nu, data and data correlation reported in the open literature, 
and in this chapter, are formulated using Tr = 0.5(7, + Tx), the average film 
temperature. For the heat-flux boundary condition, Tp is an unknown. To evalu- 
ate Gr, and Nu,, the wall temperature must be guessed and iterated until the 7; 
used in Tp is the same as that calculated from q”’ and Nu,. 


TURBULENT FLOW ON A VERTICAL 
AND SEMI-INFINITE FLAT PLATE 


After a certain distance from the leading edge of the vertical plate, the boundary 
layer becomes unstable. This can be observed in Fig. 17-4, which is a photograph 
taken with a Mach~Zehnder interferometer by Eckert and Soehngen.*° The num- 
bers shown in Fig. 17-4 indicate the distance from the leading edge of the plate 
in inches. It can be observed that as the boundary layer becomes unstable, waves 
appear, which increase in amplitude for larger distances. Finally, the waves trans- 
form into turbulence, which is shown on the photograph in Fig. 17-4. 

An early analysis for the turbulent boundary layer was ae out by Eckert 
and Jackson'® using precisely the same technique that Eckert!’ used for laminar 
free-convection flow. Equations (17-39) and (17-40) are again applicable. 
According to available experimental velocity and temperature profile data, the 
profile shapes used by Eckert and Jackson were 
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Figure 17-4 
Interference 
photograph of 
transition to turbulence 
at a vertical flat plate 
after Eckert and 
Soehngen.*° 
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In these profile shapes U is a characteristic velocity, T, is constant, and 6 is the 
outer edge of the boundary layer. Note that differentiating the velocity profile 
ZiVES Umax = 0.537U. Thus U is defined to eliminate the constant obtained in 
curve-fitting the experimental velocity profile data. 

To solve the integral equations, the laws for wall shear stress and heat flux 
need to be modeled. Eckert and Jackson argued that in the near-wall region T, 
would be similar to that for forced convection. The shear-stress law they used 
follows from the power-law form of the wall law for the near-wall region, 
Eq. (11-17). Because u = 0 at y = 5, Eckert and Jackson used the characteristic 
velocity U in place of u.. at y = 6. The resulting equation for the shear stress 
becomes 

Vv 


1/4 
. = 0.0225 pU? (— 
f R a) 


The wall heat flux is obtained by using an analogy between momentum and 
heat transfer with a Prandtl number function for fluids with Prandtl numbers near 
unity: 


Sea ee 
pcu (T; — Too) 
Solution for the turbulent case follows exactly the solution procedure for the 
laminar case. The profiles and expressions for t, and q’” are substituted into 
Egs. (17-39) and (17-40). This results in two ordinary differential equations for 
U and 6. The equations are solved by assuming the power-law functions 


GES (Gh aes 6 =C5x" 


These functions are substituted into the differential equations, and the expo- 
nents and constants are obtained directly. The resulting Nusselt number is found 
to be 


Py 1/15 

Nu, = 0.0295 | aa | Gr? (17-45) 
(1 + 0.494 Pr*/*)6 " 

This analysis suggests that h varies as x°”. To obtain an average heat-transfer 

coefficient, we follow the same procedure used with Eq. (17-34) for the laminar 

solution, which leads to 


Nu = 0.834 Nu, 


Bailey'’ carried out a turbulent integral analysis using Eqs. (17-39) and 
(17-40) and the same velocity profile and t, expression as Eckert and Jackson. 
For the temperature profile, and therefore q’’, Bailey used a two-layer temper- 
ature model with a laminar sublayer out to yt = 15 and then a constant- 
diffusivity turbulent region. He found that 


Pr = 0.73, Nu, = 0.10(Gr,Pr)!/7 


(17-46) 
Pe'= 0,01,4%,, Nuy= 00060 Gri 
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Figure 17-5 Turbulent free convection; air, constant surface 
temperature (data of Seibers, Schwind, and Moffat*’). 


This analysis suggests that h is independent of x for gases (Pr about unity) and 
that Nu = Nu,. 

By comparing the Eckert and Jackson solution with the Bailey solution for 
air (Pr = 0.73), we find the Bailey solution to consistently predict a lower 
Nusselt number. Experimental data can be found in the literature to support both 
analyses. The Eckert and Jackson analysis is supported by Cheesewright,'® and 
the data of Warner and Arpaci’? fit the Bailey correlation. Numerical predictions 
of turbulent free convection have been reported in the literature, and the predic- 
tion trend is for the Nusselt number to lie between the two correlations. 

Figure 17-5 shows the experimental data of Seibers, Schwind, and Mofiat,>’ 
together with the Bailey equation for air. These data also show the transition 
from a laminar free-convection boundary layer to a turbulent free-convection 
boundary layer, and in addition provide some idea of the effects of temperature- 
dependent fluid properties on a turbulent free-convection boundary layer. The 
two sets of data were obtained at wall-to-free-stream temperature ratios of 1.15 
and 1.39. 

Experimental heat-transfer data for turbulent free convection with a constant 
wall heat flux have been reported by Vliet and Ross.” They found that their air 
data correlate using 


Nu, = 0.0942(Gr,Pr)!”7 (17-47) 


This equation is nearly identical to the Bailey equation and suggests that the Nusselt 
numbers for a turbulent flow for constant-heat-flux and constant-temperature 


386 


Convective Heat and Mass Transfer 


boundary conditions are similar for gases. The same conclusion is found in forced 
convection. 

A study of numerous sets of experimental data has been carried out by 
Churchill and Chu.”! They presented several simple but quite general correla- 
tions. The correlations have been developed in terms of the model of Churchill 
and Usagi*” 


Nu” {z} = Nuj{z} + Nu} {z} 


and require appropriate expressions for the limiting behavior for both large and 
small values of the independent variable z, which could be, for example, the 
Rayleigh or Prandtl number. They proposed the following general correlation for 
the mean Nusselt number for turbulent free convection on an isothermal vertical 
surface: 

er pr coll (17-48) 

oe [1 + (0.492/ Pr)9/16]8/27 

The correlation is valid for all Pr and for Gr up to 10'*. For a uniform-heat-flux 
boundary condition Churchill and Chu suggested a very similar correlation for 
the mean Nusselt number 


0.387 Ra!/? 
[1 + (0.437/ Pr)9/16]8/27 


By comparing Eggs. (17-48) and (17-49), it can be seen that only the coefficient in 
the denominator of the equation has been changed from 0.492 to 0.437. 


Nu’? = 0.825 + (17-49) 


HEAT-TRANSFER SOLUTIONS FOR OTHER 
GEOMETRIES 


When heated plates are inclined from the vertical, the buoyancy force can be de- 
composed into g sin y and g cos y components. Here y is the angle of inclination 
from the vertical, and +-y refers to an upward-facing heated surface (Fig. 17-6b). 
For this case the density of the fluid is smaller near the heated surface than in the 
colder free stream, a buoyancy component exists in the direction away from the 


g cosy 


Figure 17-6 Heat transfer at inclined surfaces. 
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surface, and the flow may become unstable, leading to flow separation. The —y 
refers to a downward-facing heated flat plate (Fig. 17-6a). Here, no flow separa- 
tion occurs, because there exists a buoyancy component that pushes the fluid 
toward the wall. If the plate is cooled, then these cases are reversed: the downward- 
facing cooled plate gives rise to flow separation, while the upward-facing cooled 
plate has a stable flow situation. Moran and Lloyd” and Fujii and Imura*® recom- 
mend replacing g with g cos y in the Grashof number, 


Gr, = Gr, cosy — 


and in the vertical-surface Nusselt number correlations can be used in the range 
from +20° to —60° relative to the vertical. This applies to laminar flow on 
constant-surface-temperature and constant-heat-flux surfaces for the case where 
the surface span is wide enough to neglect edge effects. Vliet and Ross” indicate 
that the Nusselt number is independent of angle for turbulent flow and 
0° < y < +30°. For the stable condition, —80° < y < 0°, they indicate that the 
Grashof number should be computed using g cos? y. 

For completeness, we include results from available experimental data 
correlations for horizontal surfaces and horizontal and vertical cylinders. The 
reader is referred to Raithby and Hollands” for an approximate integral method 
for predicting free-convection coefficients for these and numerous other geome- 
tries. The concept of local similarity and local nonsimilarity can also be applied 
to obtain approximate heat-transfer solutions for nonsimilar free-convection 
boundary layers. For reference to the method (similar to that outlined in Chap. 9) 
see Minkowycz and Sparrow.“ 

Average Nusselt number correlations for gases over isothermal horizontal 
surfaces with the heated surface facing upward are given by Fishenden and 
Saunders.”° The Rayleigh numbers in the correlation are based on the length of a 


square plate: 


Nu = 0.54Ra//* for 10° < Ra, <2 x 10’ (laminar) ae 


Nu = 0.14Ray’” for 2 x 10’ < Ra, <3 x10" (turbulent) 


Lloyd and Moran”° have also studied the horizontal-surface free-convection 
problem using the heat—mass-transfer analogy, and they find about the same 
results as those given in Eq. (17-50). The differences are as follows: in the lami- 
nar equation the limits are 2.2 x 10* < Ra, < 8 x 10°; in the turbulent equation 
the coefficient is 0.15 and the limits are 8 x 10° < Ra, < 1.6 x 10°. The length 
scale in their Grashof number is that developed by Goldstein, Sparrow, and 
Jones’: L = A/P, where A is the surface area and P is the surface perimeter. 
Lloyd and Moran showed that with this definition of L, Eq. (17-50) correlates 
data for circular, square, rectangular, and right-angled triangular surfaces. 

For average Nusselt numbers on isothermal horizontal cylinders Kuehn and 
Goldstein? recommend a slightly modified form of the laminar correlation by 
Churchill and Chu”? and the turbulent correlation by Fishenden and Saunders” 
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for Rap > 107: 
3/5) 75/12 
Nup = 0.518 [ + (=) Raj’ for Rap < 10° (laminar) 


Nup = 0.1 Ra/* for Rap > 10° (turbulent) 
(17-51) 


To account for curvature effects or low Grp when the boundary layer is thick 
compared with the cylinder diameter, the Nusselt number correlation is modified 
by using 

2 
~ In(1 + 2/Nu) 


An extensive survey of free-convection data from horizontal cylinders can 
be found in a study by Fand, Morris, and Lum”? for 0.7 < Pr < 3090. They also 
discuss the effects of reference temperature on correlations. 

Vertical circular cylinders have average Nusselt numbers that depend on the 
ratio D/L for the surface and on the number Grp Pr. In a study for laminar flow, 
Sparrow and Gregg*! conclude that the vertical flat-plate solution is acceptable 
for air when 


Z| 


(17-52) 


D 
(Grp BOM > 38 (17-53) 


Raithby and Hollands recommend Eq. (17-52) to correct the flat-surface 
Nusselt number for curvature effects or low Grp when the boundary layer is 
thick compared to the cylinder diameter. Note that Eq. (17-52) yields a larger 
Nusselt number, so the flat-surface value will always be conservative. Ede’ pre- 
sents data for turbulent flow on vertical cylinders that indicate a marked increase 
in Nusselt number for D/L < 0.05. 

The heat transfer for different orientation of cubes has been studied by 
Sparrow and Stretton.*? They performed experiments in water and air, yielding 
natural convection heat-transfer coefficients for cubes positioned in 13 different 
orientations in the gravity field. They proposed the following correlation for their 
results: 


(17-54) 


0.261 
Nu = 6.65 +.0.625 ni 


[1 + (0.492/ Pr) 171679 


where the Nusselt and Rayleigh numbers are based on a new characteristic length 


L* a(D*)’/4 = Aboriz 


per 
This is the same length scale that has been used in Eq. (17-54). L* is based on the 
surface area of the body and on the square root of the area projection of the body 
on the horizontal plane. Equation (17-54) was found to correlate the data of 
Sparrow and Stretton very well for 200 < Ra,» < 10°. 
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MIXED FREE AND FORCED CONVECTION 


Combined forced and free convection or mixed free and forced convection flows 
arise in many transport processes in engineering devices and in nature. Consider 
the case of upward forced convection over a vertical surface (or vertical tube). If 
the surface is heated such that 7, > 7,., the resulting buoyancy force aids the 
convective motion, especially in the near-wall region, and we would expect the 
Nusselt number to be greater than the forced-convection value at that Reynolds 
number. Likewise, for T, < T,, the buoyancy force would oppose the flow, and 
the Nusselt number is found to decrease. For flow over a horizontal surface a 
similar enhancement or decrease of the Nusselt number occurs. In this case the 
buoyancy effect appears as a pressure gradient because the isotherms are not 
parallel to the surface. Forced convection in heated horizontal tubes can result in 
enhanced Nusselt numbers if the buoyancy sets up a secondary flow. 

Fuily established turbulent flows and laminar flows with low Gr have negli- 
gible buoyancy effects. Mixed convection primarily occurs with laminar and 
transitional flows and moderate to large Gr, and its onset depends on the relative 
magnitudes of Gr and Re. A review of mixed convection in internal flows is 
given by Kays and Perkins” and by Aung” for external mixed convection flows 
(see Gebhart* and Chen et al.°’). 

From Egs. (17-15)—(17-18) it can be seen that the effects of free convection 
on the forced convection flow are often expressed by the ratio Gr/Re”. Sparrow 
et al.*? carried out an analysis of the boundary layer equations, where similarity 
solutions for combined forced- and free-convection flows have been investi- 
gated. The result of their study was that the flow can be classified by using the 
parameter Gr/Re’. For a 5 percent deviation in Nusselt number for the pure 
(either forced or free) convection flow they obtained the following limits for 
Pos 0:7: 

0 <Gr,/Re? <0.3 forced convection flow 


x 


0.3 < Gr,/Re? < 16 mixed flow 


x 


16 <Gr,/Re? free convection 


x 


These criteria were derived for the case of aiding flow. For opposing flow, they 
obtained 


0 <= Gre/ Re? < 0.3 forced convection flow 
0.3 < Gr, /Ree mixed flow 


where no criterion for purely free convection flow was available, since solutions 
were not obtained beyond the separation point. 

Later, Lloyd and Sparrow’ carried out a jocal similarity analysis for forced 
convection over isothermal vertical surfaces with aided buoyancy. They com- 
pared Nu,/Re!/? with the ratio Gr, /Re, for various Prandtl number fluids to 
show the effects of buoyancy. For a 5 percent increase in Nusselt number the 
Gr,/Re? values were 0.24, 0.13, 0.08, and 0.056 at Pr = 100, 10, 0.72, and 0.08. 
They also presented the effects of buoyancy on velocity and temperature profiles. 
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Mixed-convection flow on horizontal plates with Pr = 0.7 was studied by 
Chen et al.*4 using local similarity and nonsimilarity analyses. They found that 
for a heated surface facing upward, a 5 percent increase in Nusselt number oc- 
curred when Gr, /Re2° was about 0.05. Their study also shows the effects of 
buoyancy on velocity and temperature profiles. 

An analytical and experimental study of convection heat transfer with buoy- 
ancy inside heated horizontal tubes was carried out by Mori and Futagami.*° For 
air with Pr = 0.72, they found that the Nusselt number for forced convection be- 
gins to increase when the product (Re Gr Pr) exceeds 10°, with a 50 percent in- 
crease by 10°. The Grashof number is defined using the tube radius, while the 
Reynolds number is defined in terms of the tube diameter. The main cause of the 
increased heat transfer is the secondary flow, similar. to that found in curved-tube 
flow. Mixed convection on the external surface of horizontal tubes is discussed 
by Morgan.*° 

Ramachandran et al.°* provided a correlation for laminar mixed convection 
adjacent to an inclined flat plate 


3 
Gr, 1/4 
Nu, Re !/2/F, (Pr) eet dest [re (= cos r) /® | 
e 


1/3 


(17-55) 


F, (Pr) = 0.332 Pr’, F,(Pr) = 0.75{2 Pr’ /[5 + 10(Pr + Pr'/)]}!4 


where the angle y is measured positive from the vertical. This correlation has 
been obtained by using the concept of Churchill,°? which is to correlate the 
mixed convection local Nusselt number Nu, by using the pure forced convection 
value Nu, and the pure free convection value Nuw as limiting values. These 
expressions are then combined via 


Nu, = Nu; + Nuy 


where 7 = 3 has been used and the plus sign denotes buoyancy assisting flow 
whereas the minus sign denotes buoyancy opposing flow. The obtained correla- 
tion by Ramachandran et al.”* is in good agreement with predictions and mea- 
surements for assisting flow and 0.1 < Gr,/Re; < 7 and for buoyancy opposing 
flow and 0.06 < Gr, /Re? < 0.25. 

Extensive correlations for the Nusselt number in laminar mixed convection 
inside vertical tubes have been presented by Kessler.*° These correlations have 
been developed by numerical calculations for aiding laminar flows, and the 
derived correlations are in agreement with experimental data from Hallmann.*! 
Kessler*’ also included the effect of variable fluid properties into the given 
correlations for the Nusselt number. 


NATURAL CONVECTION IN ENCLOSURES 


Natural convection flows in enclosures are good examples of complicated flow 
types. These flows have a number of technical applications, ranging from cool- 
ing of electronic equipment to the thermal design of furnaces to energy storage 
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systems. One of the characteristics of buoyancy-driven flows in enclosures is 
that for the most part the velocity components are all essentially of the same 
order of magnitude, except in some subregions of the flow. This means that for 
the description of such flows, the complete set of conservation equations 
(Navier-Stokes plus energy equation) has to be used. For most of the technical 
applications the flow can be considered to be incompressible and the Boussinesq 
approximation can be made. As the main focus of the present chapter is on 
boundary-layer-type flows, the natural convection flows in enclosures will be 
discussed here only very briefly. No attempt will be made to present a complete 
literature review of the topic, which would by far exceed the scope of the present 
book. The reader who wants to get a more detailed discussion about the interest- 
ing topic of natural convection flows in enclosures is referred to the excellent 
review articles by Yang,*’ Ostrach,** Ostrach, and Catton. 

In order to elucidate the large number of geometries that are possibly impor- 
tant in natural convection flows in enclosures, Fig. 17-7 shows some examples of 
two-dimensional and three-dimensional enclosures from Yang.*? If the extension 
of the enclosure in the third dimension is large and the two side walls are 
thermally insulated, two-dimensional problems are obtained. From Fig. 17-7a to 
c, the geometry of these enclosures can be described by the height H and the 
width W. In Fig. 17-7d, a more complex example is shown, where the enclosure 
contains a vertical partition, and Fig. 17-7e shows an annular enclosure bounded 
by two concentric cylinders, which are held at different temperatures. In most of 
the technical applications the enclosures are three-dimensional; Fig. 17-7f to h 
shows three simple examples of such arrangements. Fig. 17-7h represents a 
three-dimensional enclosure formed by two eccentric spheres. 

The flow in the enclosures is driven by a temperature difference Ty > Tc, 
and the flow structure can be extremely complicated. The flow and heat transfer 
in a vertical two-dimensional enclosure with H/W > | (Fig. 17-7b) has been 
investigated by Mac Gregor and Emery”! and others. This type of geometry has 
important application in computing the heat loss through the double-pane 
window, which is affected by natural convection between the window panels, 
and in modeling the performance of solar collectors. Mac Gregor and Emery 
present a schematic diagram showing the Nusselt number behavior for increas- 
ing Grashof number in the enclosure with H/W > 1. Figure 17-8 shows this 
diagram, taken from Ref. 51. 

As the temperature of the hot wall begins to rise, energy is first transferred to 
the cold wall by conduction (the conduction regime) and a linear ten.perature 
distribution is obtained (see Fig. 17-8). Increasing the temperature difference 
(Ty — Tc) between the hot and the cold wall for Raw > 10° (where the Rayleigh 
number is based on the length scale W) results in a moderate circulation flow that 
is invariant over most of the height of the enclosure (the asymptotic flow 
regime). Further increasing the temperature difference so that Ray > 10* causes 
the growth of laminar boundary layers, and the heat is primarily transferred by 
convection in the boundary layer with only very minor heat transferred by con- 
duction through the central core. There are basically three different flow areas in 
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Two-dimensional enclosures 


(e) 


(g) 


Figure 17-7 Different geometries for two- and three-dimensional enclosures 
_ (taken from Yang“). This material is used by permission of John Wiley & Sons, Inc. 


the enclosure: the wall boundary layers, the central core, and the end areas near 
the top and the bottom of the enclosure. In the wall area, large temperature gra- 
dients are present, and the flow is similar to that of a vertical flat plate. Between 
10° < Raw < 10’, the boundary layers become unstable, and for Raw > 10’, a 
turbulent flow is established. The whole flow structure and the transition from 
one flow regime to the other are dependent not only on the Rayleigh number, but 
also on the aspect ratio H/ W (see Yin et al.**). Mac Gregor and Emery provided 
a correlation for the Nusselt number for different aspect ratios for vertical enclo- 
sures. For laminar flow they gave the correlation 


H —0.3 
Nuw = 0.42(Rayw)'/* Pr°?? F) , q. =constant (17-56) 


CHAPTER 17 Convective Heat Transfer with Body Forces 


velocity—temperature 


boundary-layer flow | Turbulent 


: ~<« ss boundary-layer flow 
| 


| 
aac 


Asymptotic flow 


|_<|¢—_— 


3 


Nusselt number 


Conduction 
regime 


Transition 


| 
| 
| 
| 
| 
| 
| 
: 
| 


=10° ~3 105 ~10°) ~10/ 


Figure 17-8 Schemaiic diagram and flow regimes for vertical enclosures with H/W > 1 
(taken from Mac Gregor and Emery”'). 


which is valid for 10* < Raw < 10’, 1 < Pr < 2000 and 10 < H/W < 40. For 
the turbulent regime they recommend 


Nuy = 0.046(Ray)'?, — q” = constant (17-57) 


which is valid for 10° < Raw < 10’, 1 < Pr < 20 and | < H/W < 40. For 
both correlations, the Nusselt and the Rayleigh number are based on the charac- 
teristic length W and both correlations have been obtained for a constant-heat- 
flux boundary condition. 

Catton* noted that Berkovsky and Polevikov provided a correlation, which 
Catton found in good agreement with experimental data and numerical 


calculations 


Pr 0.29 

Win = 0.05 Ray ke 17-58 

uw (a rs =) (Ray) ( ) 

which is valid for 1 < H/W <2, 1073 < Pr < 10° and 10° < Pr/(0.2 + Pr)Raw, 
and 

Pr 0.28 H —1/4 net 
Nuy = 0.22 | ———— — Ray) 17-59 
ie (asm) (=) foo. Ve eae 


which is valid for 2 < H/W < 10, Pr < 10° and Ray < 10°. 

The heat-transfer characteristics in tilted enclosures have been discussed by 
Yang* and Catton.” The tilt angle can have a dramatic effect on the flow and 
heat transfer characteristics. Inaba>’ presented a detailed investigation on tilted 
enclosures for 5 < H/W < 83 and inclination angles from 0° < y < 180°. The 
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flow behavior has been visualized on two orthogonal planes, and correlations for 
the Nusselt number have been provided. 

Horizontal enclosures with H/W < 1 have also been extensively investi- 
gated in the past. Correlations for the heat transfer can be found, for example, in 
Yang. 

For laminar flow and heat transfer in two-dimensional enclosures for 
H/W > 1 and H/W < 1, many of the physical characteristics could be clari- 
fied by asymptotic analysis for the different limiting flow regimes (see for exam- 
ple Graebel,>* Cormack et al.*°). A very good review of the different methods 
used and the available work is given in Yang.*? However, for gas flows for 
H/W = 1, most of these theories can not be used. Therefore, numerous numeri- 
cal studies have been carried out for this special case. This also motivated exper- 
imentalists to provide very detailed measurements in a square cavity, which can 
be used as an “experimental benchmark case” for numerical solutions. One of 
such an example has been provided by Ampofo and Karayiannis” for a Rayleigh 
number of about 10°. 

In contrast to natural convection on a vertical wall, the natural convection in 
a horizontal fluid layer of finite thickness, heated from below, starts only after a 
critical temperature gradient is reached. Then, regular cell structures can be 
observed, which have first been experimentally investigated by Bénard.°' The 
related stability problem was solved later by Lord Rayleigh” and by Jeffreys.© 
Since then, the Rayleigh-Bénard problem has attracted many researchers because 
of its importance in understanding the laminar—turbulent transition mechanism 
and because of its importance for astrophysical and meteorological applications. 
The reader is referred to Catton*® for a good review on this topic. 

Natural convection between horizontal circular cylinders has many technical 
applications. A good review of the available literature on this subject is given in 
Ostrach.” Kuehn and Goldstein™® developed a correlation for heat transfer by 
conduction, laminar flow, and turbulent flow in the cylindrical, horizontal enclo- 
sure, where the two cylinders each have a uniform temperature. Their results 
approach the correlation for heat transfer from a free horizontal cylinder as the 
outer cylinder diameter becomes infinite. 

Many physical situations of buoyant enclosure flows are three-dimensional, 
and numerous applications have geometries that are far more complicated than 
the one shown in Fig. 17-7. Because of the increased complexity of this type of 
flow, only a limited number of experimental and numerical investigations have 
been carried out in the past. This is especially true for the important case of tur- 
bulent flow in three-dimensional enclosures. The reader is referred to Yang* for 
a discussion of this subject. 


PROBLEMS 


17-1. Investigate Eq. (17-29) for very large values of Pr. Compare your result to 
Eq. (17-33). What is your conclusion? What result do you obtain by using 
Eq. (17-42) instead of Eq. (17-29)? 
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Investigate Eq. (17-29) for very small values of Pr. Compare your result to 

Eq. (17-32). What is your conclusion? What result do you obtain by using 

Eq. (17-42) instead of Eq. (17-29)? . 

Show that the volumetric coefficient of thermal expansion B = —1/p(00/0T)p 
is equal to 1/T for an ideal gas. 


Consider a flat plate surrounded by a fluid at rest (at rest outside the boundary layer) 
and oriented vertically to a gravity field of strength g. If the plate is heated to a 
temperature above that of the fluid, the fluid immediately adjacent to the plate will 
be heated, its density will decrease below that of the surrounding fluid, the resulting 
buoyancy force will put the fluid in motion, and a free-convection boundary layer 
will form. If the thermal expansion coefficient for the fluid is defined as 


develop the applicable momentum integral equation of the boundary layer 
under conditions where the density variation through the boundary layer is 
small relative to the free-fluid density. 

For laminar flow over a constant-heat-flux surface, develop two expressions for 
the mean Nusselt number. In the first case base the heat-transfer coefficient on 
the temperature difference between the average surface temperature and the 
ambient; in the second case let the temperature difference be the surface minus 
the ambient at SL. Compare the two mean Nusselt numbers with those for a 
constant-wall-temperature surface, Eq. (17-34), at Prandt] numbers of 0.1, 
0.72, 1.0, and 100.0, and discuss. 

Develop an analytic solution for the laminar temperature profile and Nusselt 
number for the case of large wall suction. Start with Eq. (17-36). The final 
expression will contain n, F (0), and Pr as parameters. Compare this 
asymptotic expression for Nusselt number with the results in Table 17-3. 

A flat ribbon heat strip is oriented vertically on an insulating substrate. Let the 
ribbon be 1 m wide by 3 m long. Its energy dissipation is 0.5 W/cm’ to air at 
25°C. What are the average heat-transfer coefficient and surface temperature of 
the ribbon? Where will transition to turbulent flow occur? Would you be 
justified in neglecting the laminar contribution to the heat transfer? 

Using the approximate integral solution method for turbulent free convection 
over a vertical and constant-temperature surface, develop an equation for 5/x. 
Compare and discuss how the boundary-layer thickness varies with x for 
laminar and turbulent free and forced convection. 

Consider the free-convection cooling of a thick, square plate of copper with 
one surface exposed to air and the other surfaces insulated. Let the air 
temperature be 25°C and the copper temperature be 45°C. The copper is 10 cm 
on a side. Compare the average heat-transfer coefficients for three exposed face 
orientations: vertical, inclined 45° to the vertical, and horizontal. 

Consider the wire on a constant-temperature hot-wire anemometer sensor. The 
wire diameter is 0.00038 cm and its length is 580 diameters. Let the wire 
temperature be 260°C and the air temperature be 25°C. Compare the heat- 
transfer coefficients for the wire placed in the horizontal and vertical positions. 
Note that the effects of the wire support prongs are neglected. 
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Convective Mass Transfer: 
Basic Definitions and 
Formulation of a 
Simplified Theory 


many engineering activities. For example: evaporation of water at the 
surface of the oceans, cooling towers of power stations, ablation cooling 
for reentry vehicles, combustion processes, or the dissolving of a sugar cube in a 
cup of coffee. The next three chapters are concerned with fluid systems in which 
concentration gradients of two or more components of the fluid exist, so that 
mass diffusion takes place within the fluid. Mass transfer is an extremely large 
and complex subject, thus these chapters are intended to serve as a convenient in- 
troductory route into the subject. After this introduction, the reader who wants to 
study the fascinating subject of mass transfer in a greater detail might be referred 
to the books of Spalding', Bird, Stewart, Lightfoot’ or to Mills. 
Our primary concern is the calculation of mass- and energy-transfer rates at 
the interface between a mass-transferring surface and a fluid flow. 
The object of this chapter is to introduce the reader to the subject by show- 
ing several important definitions and by discussing the general equations for a 
mass-transfer problem for laminar and turbulent flows and their associated 
boundary conditions. Furthermore, Chap. 18 will show a simplified theory for 
predicting mass-transfer rates. Chapter 19 is concerned with the solution of the 
simplified diffusion equation. Here it will be shown how the mass-trat.sfer con- 
ductance can be evaluated. Additionally, the chapter presents analogies between 
heat and mass transfer. With these analogies, most of the theories and correla- 


S onvective mass transfer problems play an important role in nature and in 


_ tions developed in the previous chapters of this book can be used to solve mass- 


transfer problems. Finally, Chap. 20 is devoted to a number of examples to show 
the wide range of engineering problems related to convective mass transfer. 
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ek 


Figure 18-1 


DEFINITIONS 


Our ultimate concern is with the total rate of mass transfer m”, kg/(s - m7), across 
a phase boundary under steady-flow conditions, as shown in Fig. 18-1. However, 
in any particular application we may be more interested in a heat-transfer rate, or 
we may want to consider the heat transfer where there is mass diffusion within 
the boundary layer but with m” = 0. The formulation that we develop is suffi- 
ciently general that such problems are merely special cases. 

The primary variables within the boundary layer (in addition to the spatial 
coordinates) are 


m; = p;/p mass concentration of component /, kg/kg mixture, 
where p is the density of the mixture, kg/m’. It follows 
from this definition that 


J 


; mass-creation rate of component j at some point in the 
boundary layer due to chemical reaction, kg/(s - m*). 
Because of mass conservation, it follows that 


CHa ie 
) m; San) 
a 


ie mass concentration of element a, kg element a per kg of 
total mixture. 


hax a constant fixed by the chemical formula for compound j, 
(kg of element a)/(kg of substance j). From the above 
definitions it follows: 


Ag = Sona, jm; 
J 
For example: nc.co = 12/30 and nec = 1/1 
yng, Yong jm’ =0 
a j 


G=pV net mass-flux vector, kg/(s - m*). Note that this includes 
all components of the mixture, some of which may be 
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moving at different velocities than others because of 
diffusion. Note further that 


V=G/p the “mixture velocity” vector with the components 
u=G,/p, v= G,/p, w=G,/p. 
m =Gy,; the normal component of the net mass flux vector at the 


interface; m” is then the net mass-transfer rate at the 
interface, including all components, and is defined as 
positive into the considered phase. 


mG convected component of the flux of component /. 
m; = mm" convected flux of component / at or below the interface 
(this is further subscripted later). 
i specific enthalpy of mixture, J/kg. 
i specific enthalpy of component j, J/kg, thus i = }° m;i;. 
J 


perfect-gas mixtures the specific heat is a function only 
of temperature, so that c; = di;/dT. 

MC; specific heat of mixture. Note that c # di/dT, except 
where composition is uniform (no mass diffusion) or 
where the specific heats of all components are equal and 
there is no chemical reaction. 


cGj= ( 4 specific heat at constant pressure for component j. For 
P.mj,m 
J 


yj = pD; product of the diffusion coefficient D; and the density. 
eae he ratio of thermal conductivity to specific heat, kg/(m - s). 
®=T,y; a diffusion coefficient; see Eq. (18-17). # 
4 conserved property, ? = mj,nq,-...,i,T, (my — =) : 
see Eq. (18-16). # 
Pacino at: 
B= ——— Mass transfer driving force, see Eq. (18-32) 
XP, —Pr 
L {a 
1. = = Schmidt number of component / 
yj pd; 
Yj — Pr 
Leesan = Lewis number of component / 
IP Sc; 
Sh'= sat Sherwood number 
iA 


THE DIFFERENTIAL EQUATIONS OF THE 
CONCENTRATION BOUNDARY LAYER 
Consider a two-dimensional boundary layer in (x, y) coordinates within the con- 


sidered phase. Let us restrict our analysis to steady flow in the absence of body 
forces, and let velocities be sufficiently low that we can neglect viscous energy 
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dissipation and the influence of pressure gradients on the energy equation. Then, 
from the differential equations developed in Chap. 4, the following must be the 
differential equations to be satisfied within the laminar boundary layer: 


Diffusion of component j, Eq. (4-18), 


om; dm; 9 a) a 
— Gua —_ J = : 18-1 
s, ax ga dy dy (x dy , = 
Diffusion of chemical elements a, (4-24), 
Ong Ong 
Ct x (Dna = (Ng, jm;) )-0 = (18-2) 


Energy, from Eq. (4-26) or (4-27), 
di di 0 am; 0 oT 
G,—+G,—-— ,— i; ] -— (k—]) =0 18-3 
Pe “dy ay (ay dy i) ={ =) ( ) 
Continuity, from Eq. (4-1), 


dG, dG 
+—=0 (18-4) 
Ox dy 


Momentum, from Eq. (4-10), 


dott du aot 0 du (18-5) 
Ox TOY ay OY Ls y 

These five equations then form the basis for the solution of the steady-flow, low- 
velocity, laminar-boundary-layer problem. As an illustrative example, we con- 
sider a binary mixture with no chemical reactions (inert) with constant fluid 
properties (mi = =0, my +m.=1, y,} = %=y). For this case, one obtains 
from the above Equationsm sy Titi) aeSias  eE 4 ih pe ‘ 


Diffusion of component 1, 
om am, ) am, 
GG, ic 
ax ea dy dy (x ) 
Energy, 


di di ) a r) a oT 
eed ieee ee 
Ox dy — dy dy dy dy \ dy 
Noting that (for c; = constant) i =am,i; + maiz =cT = mjicyT +m oT = 
m (cy — C2)T + c¢2T results in 


6T on OR am, ane 
(cz +m, (c) — €2)) (a. + as) + (ey = o)T @ an me 6) 


0 om, oT om, 0 oT 
Se cy — C2)T = _ SSS k—') = 0 
ay (v= ay ) (cy — C2) (c) — c2)y oy ae ( ~) 
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By applying the diffusion equation for component 1 it can be seen that the sec- 
ond and the third terms cancel out and one obtains for the energy equation 


oT oT dT dm, faith Oa 
of Gj Gy Seqhenep eye eet Sik b= 18- 
( ax 5) won aneet Ags aD a (a5) ti 


In addition, one has to satisfy continuity, 


dG,  aG, 
+ = 


— =0 18-4 
Ox dy eu’ 
and the momentum balance, 
Ou Ou dP 0 Ou 
G,—+G,— =-—+— — 18-5 
Ox if ay dx rs dy (n>) ( ) 


The turbulent boundary layer can be handled in much the same way. If we 
replace the viscosity and the diffusion coefficients by their corresponding effec- 
tive quantities (laminar + turbulent values), we obtain the equations for an inert 
binary mixture for a steady-flow, low-velocity, turbulent boundary layer with 
constant properties as>: 


Diffusion of component 1, 


om, am, 0 om, 
G, wipe tt es 0 18-7 
Energy, 
oT oT OT Om, a) oT 
- — — — | ke— }] =0 18-8 
(6.5 amar ) (ci Co) Veft 5 ay = ( 5) (18-8) 
Continuity, 
FB 4 Bony (18-9) 
Ox dy 
Momentum, 
au ou i eae =) 
G,— SS het — 18-10 
Sabacinsayads saber hod? (v.05 vieanh 
where the effective values (for an eddy viscosity concept) are given by: 
Mett = M+ Mr = b+ PEm 
€ 
keg =k +k, =k + pcey =k + pc 
Pr, 
EM 
Vet =V tur =v + Ped = Vv +P (18-11) 


Sc, 
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The turbulent Prandtl number Pr, has been discussed in Chap. 12. Experi- 
mental information on the turbulent Schmidt number Sc, is very scarce, but what 
little there is seems to suggest a considerable similarity to the turbulent Prandtl 
number. Because of this, the ratio Pr, /Sc, can often be set to 1; i.e., Le, = 1. 

In the following analysis, we will focus for simplicity mainly on the set of 
Eqs. (18-1)-(18-5) for laminar flow. However, all derivations presented below 
are equally applicable to turbulent flow if the fluid properties are replaced by 
their effective values. 


SIMPLIFIED EQUATIONS FOR THE 
CONCENTRATION BOUNDARY LAYER 


As can be seen from Egs. (18-1)—(18-5), the boundary layer equations for the en- 
ergy transport and the mass diffusion look similar. It is therefore possible to show 
that these equations will lead to the same differential equation if some simplifi- 
cations are invoked (see for a detailed explanation App. E). 

Let us first focus on the mass-diffusion equation (18-1). This equation can be 


simplified, for example, for an inert substance (mm/” = 0): 
om; om; 0 om; 
G,— +6, — )=0 18-12 
ax dy dy (x dy eunih ci 


Consider a simple chemical reaction, in which a fuel (subscript f) combines 
with an oxidant (subscript 0) to form a single product (subscript p), without 
intermediates 


1 kg fuel +r kg oxidant = (1 +1) kg product 
For example: 
Lei Osh rhGO; 
1 kmolC +1 kmol O, = 1 kmol CO; 
I2kgC +32kg0, = 44kgCO, 
and 7 = 32/ l2e318/3- 


Equation (18-1) can be simplified under the assumption that yp = y, = yy = 
y to 


Gs (m, Si <n rh ae (m,; x =) = . Ee (m, os =) = 0) 


(18-13) 


Similarly, the energy equation (18-3) can be simplified under the assump- 
tion that the Lewis number Le = 1 or under the assumption of simple chemical 
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0 0.5 1 


™H,0 
my, 
Meco, 


Figure 18-2 Lewis number variation for binary gas 
mixtures (P = 101.325 kPa, T = 290 K) as a function of 
mixture composition (see App. A, Table A-19). 


reactions with equal specific heats (see App. E). This results in 


G iy +G ot g ret =10 (18-14) 
“Ox ON sO pi aah 


For gases and gas mixtures, both Pr and Sc are of the order of magnitude of unity, 
so the assumption of Le = | for a gas mixture is normally reasonably valid. As 
an example, Fig. 18-2 shows the Lewis number for binary mixtures of air with 
CO>, H,O, and H>. 

From Eqs. (18-12)—(18-14) it can be seen that these equations can be written 
in the same form by using a variable 9, which is called a conserved property 


oP. Pd # aP 
oi ee St Ne &— }=0 (18-15) 
Ox “Oy 9 Oy dy 


where stands for one of the following functions 
Mo 
i a Baas sain Aad (m; - =) (18-16) 
; r 


This means that the transport of energy or concentration will be identical in the 
boundary layer, if the resulting boundary conditions for the differential equations 
will be the same. The quantity ®, which appears in Eq. (18-15) is a diffusion 
coefficient and is equal to 


®=T,y, (18-17) 
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depending on the # function. If P = i, for, example in Eq. (18-15), ® has to be 
set to and Eq. (18-15) becomes the energy equation. 
If we now generalize Eq. (18-15) to three-dimensional space, we obtain’ 


G-VP-V-®VP=0 (18-18) 


The Conserved Property of the Second Kind 


Following D. B. Spalding,’ any property that satisfies the above given P equa- 
tion is defined as a conserved property of the second kind. A useful feature of this 
conserved property is contained in the following theorem: 


If, in any steady flow, there are two conserved properties of the second kind, P; and 
Py, and at each point ©; = Oy, then a linear combination of P; and Py is a con- 
served property of the second kind. 


This can easily be understood by substituting the linear combination into the P 
equation. This theorem allows us to build up new conserved properties and thus 
additional solutions by combining properties that we already know. 


BOUNDARY CONDITIONS 


The simplified equations have to be solved, along with appropriate boundary 
conditions. Let us first consider the boundary conditions for the momentum 
equation. Here the following boundary conditions have to be satisfied: 
y S10 ORS), (18-19) 
y > Wu = U(x) 
One sees clearly from Eq. (18-19) that for the process of convective mass 
transfer a velocity component v, # 0 at the interface y = 0 might be present be- 
cause of the mass transferred from one phase to the other. For very small mass- 
flow rates from the interface at y = 0, the velocity component v, might be negli- 
gible. For this case one can achieve a complete analogy between the transport of 
energy and diffusion in the boundary layer. This case is normally called low mass 
transfer rate convection. It can be used to obtain the heat-transfer coefficient by 
measuring the mass transfer coefficient. One experimental technique used for this 
purpose, the naphthalene sublimation technique, will be described in more detail 
in Chaps. 19 and 20. If the velocity component v, cannot be ignored, one might 
refer to this situation as to high mass transfer rate convection. For the various 
YP equations, the boundary conditions can easily be formulated for the edge of the 
boundary layer (y — oo). Here the temperature, enthalpy, or concentration is 
known, which gives rise to boundary conditions of the form 


y¥ > CO: T = Tyo, i =i, Mj = Mjoo,... (18-20) 


The formulation of the boundary condition at the interface is somewhat more 
complicated. In order to develop a uniform representation of the boundary 
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i Figure 18-3 Control volumes at the phase interface for the mass-diffusion equation. 


conditions at the interface, it is useful to follow the suggestions of Spalding* and 


| introduce a purely fictitious T surface. 

| Figure 18-3 shows the interface between the considered and the neighboring 
{ phase. Mass is transferred from one to another phase. Let s be an infinitesimal 
; distance inside the considered boundary layer and the L surface be an infinitesi- 


| mal distance inside the neighboring phase. The 7 surface is considered to be 
| some finite distance inside the neighboring phase, and the fluid state at this sur- 
| face is termed the transferred-substance state. The principal characteristic of the 
T state is that there are no gradients of either concentration or temperature at the 
i T-state location. Therefore, the T state will be in most cases totally fictitious, 
| and the only reason to introduce this additional state is that the integral balance 
equations can be simplified if one considers that one surface is present where all 
| mass and energy is transferred only by convection. 

The normal (y-direction) component of the net mass flux vector at the inter- 
face m” = (pV), is unknown. This component at the interface can be ex- 
pressed by the mass flux of component j across the T surface: 


mM; 7 i! m;.rm" (18-21) 
This defines a fictitious T-state “concentration” 
mr =m) /m" (18-22) 


From Eg. (18-21) it is immediately clear that if 7 = 1 (which means that there is 
only one transferred substance) then m;.r = 1. Both m” and m’‘', are defined to 
be positive if flowing toward the considered phase. 

If we now apply conservation of mass for component j, we obtain 


dm; a7] 
ra” ms — (n=) — rn" m7 =0 (18-23) 
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Figure 18-4 Control volumes at the phase interface. 


This equation can be solved for the unknown mass-flow rate m” at the interface, 
which results in 


yy (vy; dm; /dy)s 
n> 
Mj. — Mj,r 


(18-24) 


Consider next the control volume indicated in Fig. i8-4 and the steady-flow 
energy fluxes flowing across the Z and T surfaces. The indicated heat flux gq’ is 
by conduction within the transferred substance, fluid or solid, or within any solid 
structural materials present. Again, the T surface is fictitious, and we will assume 
that at this surface no temperature gradients are present. This means that heat is 
transferred only by convection through this surface. If the conservation of energy 
principle is now applied to the control volume bounded by the Z and 7 surfaces, 
a formal definition of the transferred-substance enthalpy i; is obtained: 


= Shs “1 ap Tis 
Moi gym ip = 0 


Gi (18-25) 


Applying conservation of energy across the s and T surfaces, one obtains 


Te Oni Ree ~ 
moi, — > (ur bigots (: € a ) — i ir =0, (18-26) 
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from which 
2» [y;(dm;/dy)]; ij. + Te (AT /day)], 
m’ = = (18-27) 


ls pts it 


The numerator of Eq. (18-27) can be simplified under the assumption that 
the Lewis number is | or under the assumption of no chemical reaction and equal 
specific heats for all components (see for a detailed explanation in App. E). This 
results in 


.» — I @i/ay)I, 
1 ec ee aM ROE TT 


i — ir 


(18-28) 


Comparing Eq. (18-24) with Eq. (18-28), it is obvious that both equations have a 
very similar structure. It can now be shown by some simple analysis (see App. E) 
that the boundary condition at the interface for all P equations will attain always 
the same form. The general form of the boundary condition at the interface can 
be written as 


_»  (@dP/dy), 
m1 OP Jay (18-29) 


DEFINITION OF THE MASS-TRANSFER 
CONDUCTANCE AND DRIVING FORCE 


As stated above, our interest is to solve the ? equation for various boundary con- 
ditions. Examining the equation indicates that it is almost linear in P. The non- 
linearity arises in two ways. First, ® may be a function of 2%. This is the same 
kind of nonlinear effect that arises in the convective-heat-transfer problem re- 
sulting from the influence of temperature on the transport properties. However, 
we have to contend with the possible influence of composition. 

The other source of nonlinearity is the normal velocity component at the in- 
terface, v,, which is directly proportional to the mass transfer rate at the interface 
m’, which is, in turn, functionally related to ?,, — P,. Thus the whole velocity 
field is strongly coupled with the diffusion equation. 

As it has been stated before, the Jow-mass-transfer problem is characterized 
by the fact that the mass-transfer rate m” —> 0. If we further restrict our consid- 
erations to constant properties, then the equation will be linear for this special 
case. This motivates the definition of a mass-transfer conductance (similar to the 
heat-transfer conductance) given by 

Oo” 
Ce 


OP é 
Cet Se ae ae 
( Re Gk Pa — Ps) 
The conductance g is indépendent of m” in the limit of m” tending to zero, but 
may become a strong function of m” as m” becomes large. However, this does 
not invalidate the above definition of g. 


(18-30) 
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If we now combine Eqs. (18-30) and (18-29), we obtain 
P oo — Ps 


n"” = g——__— 18-31 

ies eee (18-31) 
Let us now define a mass transfer driving force B such that 
Poo — Ps 

eee nena 18-32 

P, —-Pr ( ) 
With Eq. (18-32) we cau write Eq. (18-31) as 

m" = gB (18-33) 


Thus, to calculate the mass transfer rate m”, we evaluate B from given val- 
ues of P at the s, J, and oo states, and g from the solution of the suitable bound- 
ary layer equations (momentum, continuity, diffusion, and energy). B can be 
calculated from mass concentrations, but it can also be calculated from any other 
conserved properties under suitable restricted conditions. 

The dimension of g is the same as the dimension of m”, that is, it has di- 
mensions kg/(s - m7”), because B is a nondimensional parameter. The driving 
force can be positive or negative, which determines the direction of m”, where a 
positive B corresponds io mass transfer into the boundary layer from the surface. 
The conductance g is always positive. 

From Eq. (18-33) itis obvious that the case of m” — 0 requires that B > 0, 
because the conductance g will be always positive and finite. As it was stated 
above, the case m” —> 0 is the limiting case where the equation for ? is essen- 
tially linear and where no coupling exists between the momentum equation and 
the diffusion equation because v, is negligible. The conductance g for B > 0 
will be denoted by g* and is given by Eq. (18-33) as 

a] 
f= tin one 

The ratio g/g” is frequently useful because it tends to be primarily a function 
of B alone (this will be shown in more detail in Chap. 19). That is, for a given 
class of boundary layers, g/g* is often moderately, or completely, independent of 
such parameters as Reynolds or Prandtl number. The relationship between ¢/g* 
and B is qualitatively shown in Fig. 18-5. 

The nature of the conductance g is closely related to the nature of the heat- 
transfer conductance h. This can be understood if we write Eq. (18-30) with h re- 
placing g and T replacing ?: 


(18-35) 


Previously we defined the heat transfer conductance h such that 


XK aT aT 
ql =N(Ty — To.) = (-«=) = (rest) (18-36) 
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Figure 18-5 Typical variation of g/g* with B. 


As has been shown in the previous chapters dealing with convective heat trans- 
fer, it is usual to represent the heat-transfer conductance h/ in a nondimensional 
form by the Nusselt number (Nu, = hx/k) or by the Stanton number (St = 
Nu, /(Re, Pr)). A similar approach is also very useful for the mass-transfer con- 
ductance. So one obtains: 


Rigtee (18-37) 
y 
oper. (18-38) 
(PU) oo 


Equation (18-37) gives the definition of the Sherwood number Sh,, which is sim- 
ilar to the Nusselt number for heat-transfer problems. Equation (18-38) gives the 
definition of the mass-transfer Stanton number. 

The parameter B has been developed here as a driving force, or potential, in 
terms of the values of conserved properties in the free stream and at the interface, 
but it can also be recognized as the boundary-layer “blowing” parameter B,, dis- 
cussed in Chap. 12. 

all aL 


m m” (po _ (pu)s 1 _ vs I (18-39) 


2. ELOY Ie. ol Poo St 1.1 booiSt 


where it has been assumed that the density is constant across the boundary layer. 


PROBLEMS 


18-1. Consider a binary-mixture-gas mass-transfer system in which the considered 
phase is a mixture of gases | and 2. Let gas 2 be injected into the mixture at the 
interface; that is, gas 2 is the only transferred substance. Show that if there is no 
phase change from the L state to the s state, then q/’ = q7, regardless of the 
mass-transfer aspects of the problem [start with Eq. (18-27)]. 
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18-2. 


18-3. 


18-4. 


18-5. 


18-6. 


18-7. 


Consider the same problem as in Prob. 18-1. In addition to no phase change at 
the interface, let the Lewis number be everywhere 1. At the outer edge of the 
boundary layer let the mixture be exclusively component 1. Show that under 
these conditions, 


Gi = 4s = 8(Ai,o0 — hi,s) 


If the specific heat of component 1 may be considered as constant, what is the 
implied relationship between Stand g/Go? 

Show that for the case m” = 0, the heat flux at the interface is proportional to 
the enthalpy differences between the s and oo states, for any case for which 
enthalpy is a conserved property. 

Demonstrate, with the aid of a suitable model, that in a turbulent flow, under the 
assumption of the Reynolds analogy, the “turbulent” Lewis number is equal to 1. 
Starting with the energy equation of the boundary layer in the form of 

Eq. (4-26), show that for the case of a fluid with Pr = 1 the stagnation enthalpy 
is a conserved property of the second kind. 

Prove the theorem for the conserved property of the second kind, given after 
Eq. (18-18), by introducing a linear combination of two conserved properties 

of the second kind (P;, Py) into Eq. (18-15). 

Consider a chemical reaction of C)H;OH with Op. It is assumed that the fuel 
combines with the oxidant and forms a product consisting of CO and H2O. 
Write down the reaction equation in kmol and in kg of the reactants. What value 
has the stoichiometric ratio r? 
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Convective Mass Transfer: 
Evaluation of the Mass-Transfer 
Conductance from the 
Conserved Property (2) 
Equation 


from the interface into the boundary layer. From Eq. (18-33) it is obvi- 

ous that this requires first the determination of the driving force B from 
given information of the problem description and second that the mass-transfer 
conductance g has to be obtained by solving the (conserved-property)  equa- 
tion, (18-15) or (18-18). Therefore, the solution of this equation will be the pri- 
mary interest of the present chapter. 

Most of the material presented here will focus on solutions of the equation 
for simple cases where analytical or semianalytical solutions are possible. Many 
of these solutions are restricted to constant fluid properties. However, there 
might be a rather substantial influence of mixture composition on the transport 
properties in a multicomponent system. This is very much different from heat- 
transfer problems without mass transfer, where the change in fluid properties is 
mostly small and the resulting effect on the Nusselt number might be negligible. 
Nevertheless, the constant-property solutions will form the basic starting point, 
and thus constitute our primary concern here. 

Of course, one always has the option to solve the equation for any desired 
variable properties and boundary conditions using a numerical solution tech- 
nique such as a finite-difference method; indeed this might turn out to be the only 
practicable procedure for more complex problems. However, one should also 
then consider the validity of the various approximations and simplifications that 


A s stated in Chap. 18, our main interest is to obtain the mass flux rate m” 


413 


414 


Convective Heat and Mass Transfer 


went into the development of the ? equation. Therefore, it might be preferable 
for a numerical approach to the problem to go back to the original underiying 
differential equations (see Chap. 4) without simplifications and solve them 
numerically. 

On the other hand, the simplified approach developed in the last and the 
present chapter will lead, for a large number of technical problems, to approxi- 
mate results that might be fully satisfactory for the engineer. Moreover, these so- 
lutions will be obtainable very quickly, therefore the engineer has the chance to 
estimate first by a simple method whether there is any problem in design and 
maybe later initiate a more detailed numerical analysis of the problem. 


THE PREDICTION OF THE MASS-TRANSFER 
CONDUCTANCE g* FOR LOW 
MASS-TRANSFER RATES 


In Chap. 18 it has been shown that the mass-transfer conductance g is normally re- 
ferred to the value g*, for which B — 0. Further, it has been noted that in several 
cases, the ratio of g/g” is a strong function of B, but only a weak or no function of 
other parameters. Additionally, for very low mass transfer rates (B — Q), the 
interface velocity v, is approximately zero. In such cases, the fluid properties 
change only very little, because the transferred-substance concentration is not 
large enough within the boundary layer. Because of these facts, we will start our 
analysis by first looking at the case of low-mass-transfer rates, before we move to 
high-mass-transfer convection. 


THE LAMINAR CONSTANT-PROPERTY BOUNDARY 
LAYER FOR LOW MASS-TRANSFER RATES 


We wiil start our investigations with the very simple case of a laminar flow over 

a flat plate subjected to a constant free-stream velocity u., = constant. It is as- 

sumed that the mass transfer rate from the interface into the boundary layer is 

relatively small. If constant properties are assumed, Eq. (18-15) becomes 

oP OP 0 (DOP iO 
Vo =e - 

Ox dy dy ( ) 


The velocity components are given from a solution of the momentum and conti- 
nuity equations: 


nee a 19-2 
Ox dy dy \p dy apa 
ou ov 
Cogent clea (19-3) 


CHAPTER 19 Convective Mass Transfer: Evaluation of the Mass-Transfer Conductance 


These equations have to be solved together with the following boundary 
conditions: 


Nas) 37 ee Sp — Pp 
10) 497 =.(), P=—P, 
Vv = u,(U, > 0) (19-4) 


co 


yoo: uU—> Up, P > PX, 


Because of the low mass-transfer rates assumed, the velocity component v, at the 
interface will be sufficiently small and can be neglected within the following 
analysis. This sort of problem has been mentioned in Chap. 18 as low-mass- 
transfer-rate convection. The solution will lead to the mass-transfer conductance 
g* for which B — 0. 

If we set P = T in Eq. (19-1), then we have already generated an exact 
solution for the above given problem in Chap. 10. For the nondimensional heat- 
transfer conductance, the Nusselt number, 


x @T/ay), 


Nu* = 
(Tag =F) 


(19-5) 


a correlation was obtained in Chap. 10, which showed the dependence of the 
Nusselt number on the Reynolds and Prandtl number: 


Nu* = 0.332 Pr’? Re,” (10-10) 


Substituting YP for T and using the definition of the mass-transfer conductance, 
according to Eq. (18-35), results in 


gtx. x(0P/dy), 


naar see cee 


(19-6) 


The * in the above equations denotes again that B — 0 and v, > 0. 

Because Eqs. (19-1)-(19-3) have the identical structure for 2 = T or any 
other P (for example 2% = m;, ® = y;) and also the boundary conditions, ac- 
cording to Eq. (19-4) are the same, it can be concluded that the dependence of the 
Sherwood number on Re and Sc will be the same as the dependence of the 
Nusselt number on Re and Pr. This means that we have simply to replace in 
Eq. (10-10) Nu by Sh and Pr by Sc. This results in 


Sh* = 0.332 Sc'/? Re,” (19-7) 


From Eg. (10-10) and Eq. (19-7) one sees very clearly that a simple analogy be- 
tween heat and mass transfer exists for the case of low mass-transfer rates. By 
taking the ratio between Nusselt and Sherwood number from the two equations, 


one obtains: 
x pr\'3 
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or more generally 


Leela eet fae ds (19-9) 
Sh* Sc 


where the exponent n will vary with the acceleration of the mainstream flow. If 
Uoo = Cx", the exponent n can be approximated according to Eckert! by 


2 
03 (19-10) 
l+m 


Eq. (19-8) shows that for a Lewis number of unity, the Nusselt number takes the 
same value as the Sherwood number and a complete analogy between heat and 
mass transfer exists within the boundary layer. This is because the Prandtl num- 
ber is a nondimensional measure for the ratio of the thickness of the thermal and 
the hydrodynamic boundary layer, whereas the Schmidt number is a measure for 
the ratio between the thickness of the concentration and the hydrodynamic 
boundary layer. Therefore, the Lewis number compares directly the thickness of 
the concentration to the thermal boundary layer. 

However, the simple analogy given by Eqs. (19-8)-(19-10) is applicable 
only for the case of B — 0 which means for low mass-transfer rates, when the 
velocity component v, at the interface is negligible. For this case, all correlations 
that have been obtained in the previous chapters for the heat-transfer processes 
can simply been used for calculating g* by replacing the Prandtl number by the 
Schmidt number. 


THE TURBULENT CONSTANT-PROPERTY 
BOUNDARY LAYER FOR LOW 
MASS-TRANSFER RATES 


For the turbulent constant-property boundary layer with a constant free-stream 
velocity and a negligible interface velocity v, — 0 ( for low mass-transfer rates) 
one can follow the above approach by replacing the fluid properties ® by their 
effective values according to Eq. (18-11). By doing so, the solutions obtained in 
Chap. 12 for the turbulent boundary layer can be used if we assume that the ratio 
Pr, /Sc, is unity. If we focus first on the most simple case of the flow over a flat 
plate with a constant free-stream velocity uo, the correlation derived for the 
Nusselt number in Chap. 12 for the flow along a flat plate with a constant surface 
temperature was: 


<u 0.0287 Pr Re®® 
~~ 0.169 Re-°! (13.2 Pr — 8.66) + 0.85 


For 0.5 < Pr < 1.0 and 5 x 10° < Re, <5 x 10°, a much simpler expression 
for gases has also been developed from this equation in Chap. 12 


Nu* = 0.0287 Pr*® Re?® (12-18) 


(12-17) 
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If we now follow the procedure developed in the previous paragraph, the 
Sherwood number for the low-mass-transfer case is simply obtained by replac- 
ing the Nusselt number by the Sherwood number and the Prandtl number by the 
Schmidt number in Eq. (12-17). Thus 


™ 0.0287 Sc Re?* 
0.169 Re,°! (13.2 Sc — 8.66) + 0.85 


These equations show that the ratio between Nusselt and Sherwood number is 
given by 


* 


(19-11) 


Nu* Pr \ 0.169 Re-°' (13.2 Sc — 8.66) + 0.85 
— (19-12) 


Sh* ~ \Sc/ 0.169Re-°"(13.2 Pr — 8.66) + 0.85 


Comparing Eq. (19-12) with Eq. (19-9) shows that for turbulent boundary-layer 
flows, the ratio Nu* /Sh* might still depend on the Reynolds number. Furthermore, 
it is interesting to note that if Pr = Sc, which means that Le = 1, Eq. (19-12) 
shows that also for turbulent flows (for which Pr, /Sc, = 1) the ratio Nu*/Sh* is 
independent of Re, and equal to 1. This result is easy to understand because the 
conserved property equations for T and m, are identical for Le = 1 and therefore 
also the dimensionless gradients at the wall (the Nusselt and the Sherwood num- 
bers) must be the same. 

The two paragraphs above show that for low-mass-transfer-rate convection 
problems, all the correlations developed in the previous chapters for heat-transfer 
problems can be used to obtain the mass-transfer conductance g* by simply re- 
placing the Prandtl number in these correlations with the Schmidt number. Some 
more functions describing the analogy between heat and mass transfer for low 
mass-transfer rates (e.g., naphthalene—air mixtures) can be found in Goldstein 
and Cho.” 

The analogy between heat and mass transfer for low mass-transfer rates 
is very useful in order to obtain accurate experimental data for heat-transfer co- 
efficients on bodies of complicated shape. For this, a body (for which the heat- 
transfer characteristics shall be obtained) is coated with a thin naphthalene layer. 
After this, the thickness of the layer is measured precisely. Then the body is ex- 
posed to a forced convection flow for a certain time, so that the naphthalene is 
transferred from the interface into the flow. After the test, the thickness of the 
layer is recorded again and the Sherwood number is predicted from the differ- 
ence in thickness, the elapsed measurement time, and the fluid properties. From 
the known Sherwood number, the Nusselt number can finally be calculated by 
using, for example, Eq. (19-9) or (19-12). Figure 19-1 shows some results for a 
flow over a flat plate.’ It can be seen that the experimental data are in good agree- 
ment with the correlation, Eq. (12-18). The advantage of this experimental 
method is that only the change in thickness with time has to be measured. This 
gives rise to very accurate experimental data. Furthermore, a high resolution can 
be obtained and, because of the analogy, boundary conditions simulating a con- 
stant wall temperature (naphthalene coated = constant concentration) or an adi- 
abatic wall (uncoated = no mass flux at the wall) can be obtained easily. 
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& Experiments of 
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Nu, = 0.0287 Re?8pr° 
Eq. (12-18) 
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Figure 19-1 Nusselt numbers for the flow over a flat plate obtained from mass transfer 
experiments by using the naphthalene sublimation technique (taken from Haring et al.’). 


THE PREDICTION OF THE MASS-TRANSFER 
CONDUCTANCE g FOR HIGH 
MASS-TRANSFER RATES 


In contrast to the low mass-transfer rate cases, the interface velocity v, can not be 
neglected if the mass-transfer rate is high. For this case, the additional mass 
transferred into the boundary layer will lead to noticeable changes in the thick- 
ness of the boundary layer and will change, therefore, the heat- and mass-transfer 
conductance. Additionally, the changes in the fluid properties might be no longer 
negligible and have to be taken into account. 

As has been stated in Chap. 18, we are interested in deriving expressions for 
the ratio of the mass-transfer conductance g/g* of the form 


= aif CB aL) (19-13) 


where g/g* will depend strongly on B-and weakly on other parameters. 


HIGH MASS-TRANSFER-RATE CONVECTION 
IN A LAMINAR COUETTE FLOW 


In order to elucidate the dependence of g¢/g* on the mass-transfer driving force 
B, consideration will be given to a steady-state laminar Couette flow with mass 
transfer through one surface (a Couette flow is a fully developed flow between 
two parallel plates, where the lower plate is fixed and the upper one is moved with 
the constant velocity u..). It is assumed that at the surface at y = 0 an evaporat- 
ing liquid is placed with the temperature 7,. For y = 6, the mass concentration 
m, is equal to m,_.o. Further, it will be assumed that species | is chemically inert. 
The configuration under investigation is shown in Fig. 19-2. 


i 
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Figure 19-2 Configuration and coordinate system. 


Because only one component is transferred into the boundary layer, one ob- 
tains from a mass balance between y = 0 and y = 6 that 


m’ = (pv), = constant (19-14) 


throughout the boundary layer. Consider now a control volume within the flow 
field between y = O and an arbitrary position y (similar to the one considered in 
Fig. 18-3) and apply again the conservation of mass for the component 1 (the 
evaporating liquid), which is transferred. One obtains, with m,.7 = 1 (see also 
the derivation of Eq. (18-23)), 

ey) dm, “i 

mm, —y— —m =0 (19-15) 

dy 

This is an ordinary differential equation for the mass concentration of compo- 
nent |. This differential equation has to be solved with the boundary condition 
that m, is specified at the interface y = 0 by the prescribed temperature T, from 
the vapor pressure data of the evaporating liquid. Solving Eq. (19-15) results in: 


pene 1 et 
si =exp (“ *) (19-16) 
mi; ~ 1 Y1 
Evaluating Eq. (19-16) at y = 6, where m, = m ,.0, one obtains 
ps3 im i + "§ 
M00 1 | i M}\ oo mM, = exp (= ) (19-17) 
m5 —1 m,, — 1 v1 


From this equation it can be seen that the term (711,50 — mj,s)/(mm1,s — 1) is iden- 
tical to the mass-transfer driving force B given by Eq. (18-32) (where m,,7 = 1 
because only one component is transferred). Therefore, Eq. (19-17) might also 
be written as 


A 


1+B=exp (=) ey = in(1 +B) (19-18) 
‘ 1 


Comparing Eq. (19-18) with the definition of g according to Eq. (18-33) shows 
that the mass-transfer conductance g is given by 
NLP In(1 + B) 


19-19 
5 . ( ) 
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The mass-transfer conductance g* for the case of negligible mass transferred 
from the interface to the flow follows for B — 0 from Eq. (19-19) by using 


. PHospital’s rule: 


1+B In (1 + B))’ . 1 
g= lim (SALE ” | op im oe )) aay m ( )=3 
B>0\ 6 B 


ee eae a ee ee 
(19-20) 
One finally obtains 
Indi+B 
8 porn Gch 2) (19-21) 
s* B 


Eq. (19-21) shows nicely that for the laminar Couette flow the ratio of the con- 
ductance g/g* is only dependent on the mass-transfer driving force B and not on 
any other parameter. 


THE LAMINAR CONSTANT-PROPERTY BOUNDARY 
LAYER, SIMILARITY SOLUTIONS FOR HIGH 


MASS-TRANSFER RATES 
Under the stipulation of constant properties, Eq. (18-15) becomes 
OP IP OF FOL DOP 0 (19-1 
Raa Vv = = 
Ox oy dy Vp oy I) 


The velocity components uv and v must come again from a solution of the 
corresponding momentum and continuity equations: 


Ou a Ou 0 (wou (19-2) 
u— +v— = — [| -—-— - 
Ox dy .. dy \.p Oy 
ou ov 
tO) i 
ax Dy (19-3) 


The above set of equations has to be solved together with the following bound- 
ary conditions: 


Xe =e, OP ae 
=0:.u=0,v=v,,. P=P9,, (19-22) 
yoo: uous, P—> DP. 


We already have a group of exact solutions to the above given equations (19-1)— 
(19-3) and (19-22) for certain boundary conditions, namely the similarity solu- 
tions for U5 = Cx”, in Chap. 10, where the boundary conditions include addi- 
tional specifications that 2, and #,. are constant along the surface, and 
(Us /Uoo)/ Re, is constant along the surface. However, the similarity solutions 
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in Chap. 10 employ temperature T as dependent variable, rather than 2. These 
solutions were presented in nondimensional form (see Tables 10-3 to 10-5) as 


Nu eli p Us 5 
ee = m, Pr, ee &) (19-23) 
Now, following the approach from the last paragraphs, the Prandtl number in the 
above equation will be replaced by the Schmidt number (Sc = u/® = w/y) and 
the Nusselt number has to be replaced by the Sherwood number 


§X 8 
Sh = — cst — ——— 
® an 


[o,@) 


(19-24) 


Finally, the blowing parameter must be interpreted in terms of mass-transfer 
parameters: 


maa Re; = 


But, since m” = ao 


7 V/Re, (since the density is assumed to be constant) 


= Le > f0-® Sh 
Ca RES os Re, = —— 19-25 
Goo U /® /Re, : 
or 
Us pu /Re 
B= =,/Re, =—— 5 
aD es Sh (19-26) 


Thus we see that we can express the similarity solutions from Eq. (19-23) in the 
form 


epee 19-27 
Re, f (. ©’ ) ( ) 
where the functions f in Eqs. (19-23) and (19-27) are identigal. 

An interesting and perhaps unforeseen result is that the similarity solutions 
yield a constant value B along the surface. Since ?, and P,, have already been 
assumed constant in the above development, it is apparent that in this case con- 
stant B implies that 7 is constant. 

Using the relation derived above, we can now convert all the similarity so- 
lutions presented in Chap. 10 to the form of Eq. (19-27). For example, consider 
Table 10-3 for m = 0 and Pr = 0.7. With the indicated change of parameters, it 
becomes Table 19-1, a family of solutions to the P equation for 4/P = 0.7. 

The other results in Tables 10-3 to 10-5 can be similarly modified. Spalding 
and Evans‘ present much more extensive tabulations of these solutions. 

In Figs. 19-3 and 19-4 some of the constant-property similarity solutions for 
m = 0 (constant u,.) are plotted in the form g/g* as a function of B, where g* is 
the limiiing value of g as B approaches zero. Of particular interest in these plots 
is the fact that g/g* is not only independent of Re,, but is also only mildly de- 
pendent on w/®. 
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Table 19-1 Solutions to the P equation fora laminar constant-property boundary layer for 
m = 0, “/® = 0.7, and B = constant.(v; /Ugo./Re, < 0 indicates a mass flux 
into the interface, whereas v; /Uo9./Re, > 0 indicates a mass flux into the 
boundary layer) 


—2.500 1.8500 —0.946 

—0.750 0.7220 - —0.728 

= O250 58 = 0.4290 —0.408 
0 0.2920 0 
0.250 0.1660 1.054 
0.375 - 0.1070 2.455 
0.500 0.0517 6.780 


Figure 19-3 Sélution’o of the ? equation for a laminar boundary Hace with 
constant free-stream velocity and B > 0. 
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Figure 19-4 Solution of the ? equation for a laminar boundary layer with 
constant free-stream velocity and B < 0. 


A word regarding the useful applicability of the constant-property solutions 


is in order here. Obviously, in real problems the properties are not precisely con- 
stant. However, the constant-property mass-transfer solutions do provide a fair 
approximation for many applications, and they are accurately applicable under 
any of the following three conditions: 


1 


2. 


Applications where ®, 2, and p are truly close to constant through the 
boundary layer because of the peculiar combination of fluids involved. 
Low mass-transfer rates (B — 0), as discussed at the beginning of this 
chapter. Here the transferred-substance concentration might never be large 
enough to change properties substantially. 

High mass-transfer rates where most of the fluid transferred across the 
interface is the same as the free-stream fluid, but there is a small 
concentration of the fluid of interest in the transferred fluid. In other words, 
if P = m;, this would be the case of mj.r < 1. 


423 


424 


Convective Heat and Mass Transfer 


THE LAMINAR BOUNDARY LAYER FOR HIGH 
MASS-TRANSFER RATES: SOME VARIABLE- 
PROPERTY SOLUTIONS 


In Fig. 19-3 there are also plotted some calculated results of Baron? for which he- 
lium and carbon dioxide, respectively, are injected from the surface into a lami- 
nar boundary layer with air as the free-stream fluid. The actual properties of the 
binary mixtures He-air and CO,-air are employed, and the concentration of 
the helium or the carbon dioxide varies from zero in the free stream to a value at 
the s state that is a function of the mass-transfer rate [in fact, m, = B/(1 + B)]. 
In either case, mass concentration m; is the conserved property 9, and 
p/® = w/y =Sc. At very small values of B, the concentration of the He or 
CO, is small throughout the boundary layer, the constant-property situation is 
approached, and g* can be taken as the result corresponding to the constant- 
property solution for the value of Sc for a dilute mixture. At high values of B, the 
Schmidt number varies markedly through the boundary layer, especially in the 
case of He—air; the results of property variation are shown in Fig. 19-3. 

For engineering calculations it would be very convenient if constant- 
property solutions could be applied to variable-property applications by making 
some empirical correction to the former in much the same manner as was sug- 
gested in Chap. 15. Here, however, we are discussing variable properties caused 
by variation of mixture ratio through the boundary layer, whereas in Chap. 15 the 
variable properties were caused by temperature variations. 

As was the case for temperature-dependent property effects, two empirical 
schemes appear possible. A reference-property scheme can be used whereby the 
appropriate constant-property solution is employed, and the fluid properties are 
evaluated at some defined reference composition. Or, alternatively, the constant- 
property solution can be employed at the free-stream state, and then the result is 
corrected by multiplying by a function of the ratio of some appropriate property 
evaluated at the s state and the oo state; this is the property-ratio scheme. 

Knuth® has investigated the use of reference compositions for binary gas 
mixtures, employing, as a basis, an analysis of variable-property mass transfer 
to a Couette flow. Knuth finds that the few available variable-property laminar 
boundary-layer solutions can be satisfactorily correlated with the constant- 
property solutions if the fluid properties are all evaluated at a reference composi- 
tion defined as follows: Let component A be injected into a boundary-layer in 
which the fluid is a mixture of component A and component B. Then the desired 
mean composition for correlation, expressed in terms of component B, is m%, and 
is given by 

re We In (IN, /M,) 

My, — My In[rrg,0oM,,/(ms,sM,)] 
where Jt, and IN, are the molecular weights of components A and B, respec- 
tively, and IN,, and MN, are the molecular weights of the mixture at the free- 
stream and s states, respectively. The molecular weight of a binary mixture of 


(19-28) 
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A and B can be expressed as 
ei M, Ms 
My, + (M, —M,)mz 
It is evident that molecular weight is the dominant variable here, and an al- 


ternative scheme that empirically correlates the data in Fig. 19-3 equally satis- 
factorily is to replace the ordinate of Fig. 19-3 (and also presumably Fig. 19-4) by 


(19-29) 


In this scheme all properties are otherwise introduced at the free-stream, or 00, 
state. This is, of course, a property-ratio scheme. 

Note that for a gas the density of the mixture varies directly with the molec- 
ular weight. In a binary gas mixture the diffusion coefficient D; is virtually inde- 
pendent of mixture ratio, so that y; = oD, varies directly with density and thus 
directly with mixture molecular weight. The viscosity also varies with mixture 
ratio, but not nearly so much as p and y;. Thus the density variation is primarily 
responsible for the variable-property influence, and this is why correlations can 
be approximately obtained by use of a molecular-weight ratio. 


THE LAMINAR CONSTANT-PROPERTY BOUNDARY 
LAYER WITH ARBITRARY VARYING 
FREE-STREAM VELOCITY AND HIGH 
MASS-TRANSFER RATES 


In Chap. 10 an approximate scheme was described for extending the exact 
wedge-flow solutions to flow over a body of revolution with any arbitrarily vary- 
ing free-stream velocity. It was shown in Fig. 10-6 that the necessary function 
could be approximated by a linear relation, which then yields a particularly sim- 
ple equation for predicting the local Stanton number. Precisely the same tech- 
nique can be used to extend the exact similarity solutions for blowing and suc- 
tion to the variable-free-stream-velocity problem. In terms of the mass-transfer 
variables, the computing equation becomes [see also Eq. (10-52)] 
St g Cy? RGE 

Goo (f* G&S R2dx) 
The constants C;, C>, and C3, as computed by Spalding and Chi,’ are functions 
of 4/® and B and are given in Table 19-2. 

Equation (19-30) and Table 19-2 then constitute a laminar flow constant- 
property solution to the # equation. Actually everything in Table 19-1 and 
Figs. 19-3 and 19-4, as well as in the earlier Tables 10-3 to 10-6, is incorporated 
in this result. These results are exact for the family of wedge-flow solutions and 
are presented as a useful approximation for the arbitrarily varying free-stream 
velocity problem. 


(19-30) 
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Table 19-2 Constants for Eq. (19-30) for various values of j4/® for a laminar constant- 
property boundary layer 


>5.0 —0.9 1.037(u/)~2/3 0.900 2.80 
—0.6 0.568(u/) 2/3 0.900 2.80 

0.0 0.339(4/)~2/9 0.900 2.80 

1.0 0.230(u/)~2/7 0.900 2.80 

3.0 0.145(u/)~27 0.900 2.80 

9.0 0.077(u/)~2/7 0.900 2.80 


THE TURBULENT CONSTANT-PROPERTY 
BOUNDARY LAYER WITH CONSTANT 
FREE-STREAM VELOCITY AND HIGH 
MASS-TRANSFER RATES 


For the case of low mass-transfer rates we have derived at the beginning of this 
chapter some correlations for the Sherwood number and therefore for the mass- 
transfer conductance g* for B — 0. A larger rate of mass transfer to or from the 
surface leads to the transpired boundary-layer problem discussed in Chaps. 11 
and 12. If all fluid properties are assumed constant, it makes no difference if 
the fluid crossing the surface is chemically the same or different from the free- 
stream fluid. Thus Eqs. (12-37) and (12-38) should be applicable. The blowing 
parameter B, is, of course, the same as B when g/G, is substituted for St. 
Thus 


InQi+B 
am —* (19-31) 
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with g* given by Eq. (19-11). Therefore, the mass-transfer conductance is given by 


-g _ In(1+B) 0.0287 Re;°? (19-32 

Goo B 0.169 Re, *"[13.2(u/) — 8.66] + 0.85 by 
It is interesting to note that the relation between g and g* given in Eq. (19-31) is 
the same as for the laminar Couette flow, which has been derived in one of the 
previous paragraphs [see Eq. (19-21)]. 


THE TURBULENT BOUNDARY LAYER: SOME 
VARIABLE-PROPERTY SOLUTIONS 


The effects of property variations that results from large concentration differ- 
ences through the boundary layer can be readily investigated if the 9 equation is 
solved by a numerical method, but, of course, the possible variations are enor- 
mous and little attempt has been made to generalize results. Rubesin and Pappas® 
presented two variable-property solutions for a constant free-stream velocity, 
employing a Couette flow approximation. In one, helium is injected into an air 
stream; in the other, hydrogen is injected. The conserved property is the concen- 
tration of helium, or hydrogen, in a binary mixture with air. In both casesm; = 1. 

The effect of the property variations proves to be very substantial, and seri- 
ous error is introduced if it is ignored. However, a fairly satisfactory correlation 
is obtained if Eq. (19-31) is modified to 


0.4 
af Piney alt CBD ae 
g* \ M, B 

and all properties are otherwise evaluated at the free-stream state. 

Knuth and Dershin? have investigated the use of reference composition to 
correlate variable-property turbulent boundary-layer solutions for binary gas 
mixtures with the constant-property solutions. They conclude that the same ref- 
erence composition can be used as was suggested for the laminar boundary layer, 
that is, Eq. (19-28). 


PROBLEMS 


19-1. Consider a laminar Couette flow with mass transfer through the s surface. Let 
the transferred substance be CO, alone (this means that mr = 1), and let the 
considered phase be a binary mixture of CO, and air, all at 1.013-bar pressure 
and 16°C. Let the thickness of the layer be such that the concentration of CO, at 
the oo state is always effectively zero. Using actual properties that vary with 
concentration, evaluate g/g* as a function of B. Compare with the results given 
in Fig. 19-3. 

19-2. Consider again Prob. 19-1, but let mr « 1 so that y can be treated as constant. 
Let the remainder of the transferred substance be air. Compare the results of 
both problems. Can you suggest an empirical correlation of the variable- 
property results with the constant property results? 
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19-3. Consider mass transfer from a fuel droplet, which can be approximated as a 


sphere. Let there be no effects of transverse flow; that is, the mass flows out 
symmetrically in all directions. Solve the P equation under the assumption 
of constant fluid properties to obtain an expression for g. What is the result 
for g/g*? 


19-4. Let the transferred substance of Prob. 19-3 be benzene and the surrounding 


fluid be air. Using the concentration of the benzene as the conserved property, 
calculate g/g* as a function of B using the actual variable properties, assuming 
that the system is isothermal. Let the temperature be 150°C. (Note that the 
Schmidt number for the dilute mixture is relatively independent of temperature 
and pressure, that D; is relatively independent of composition, and that y; is 
relatively independent of pressure. On this basis, y; can be estimated as a 
function of composition.) Compare the results with those of Prob. 19-3. 


19-5. Prepare a plot of g/g* as a function of B for a laminar constant-property 


boundary layer at an axisymmetric stagnation point, and at a two-dimensional 
stagnation point, for Sc = 0.5. Compare with the similar results on the flat plate, 
m =0; 


19-6. It is required to estimate the average mass-transfer rate per unit area of benzene 


evaporating from the outer surface of a circular cylinder across which air is 
flowing at 6 m/s. The driving force B has been evaluated to be 0.9. It is found 
that if a cylinder of the same diameter is placed in the same air stream, the 
heat-transfer coefficient is h = 85 W/(m? - K). Estimate the mass-transfer rate 
explaining in detail the reasons for any assumptions that you build into the 
analysis. Evaluate the concentrations of benzene in the S state, assuming no 
chemical reaction. 
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Convective Mass Transfer: 
Examples for Application 
of the Simplified Method 


to further develop the applicability of the method presented in the last 

two chapters. The examples are selected in a way to show the reader how 
to best become familiar with the method. To provide guidance, the general prob- 
lem solution method is reviewed before the various examples are solved. 


ae his chapter is devoted to the solution of several mass transfer problems 


GENERAL PROBLEM SOIT .UTION PROCEDURE 


In Chap. 18 the mass transfer rate per unit area was shown to be proportional to 
B, the driving force based on the conserved property 2, such as the mass con- 
centration of a mass species or chemical element, or an enthalpy or a temperature. 
In its generalized form, B is written as 


Tis Sy 


B= ——_— 18-32 
P. —P, ( ) 

With this, the mass transfer rate per unit area is written as 
m= ¢B (18-33) 


If we want to use Eq. (18-33), there are two different issues involved: one is the 
evaluation of the driving force B, and the other is the evaluation of the conduc- 


tance g. 


Choice of the Driving Force 


The convective-mass-transfer methodology requires a choice of the driving 
force that is very much dependent on the type of mass-transfer problem under 
consideration and the information available. When we are concerned with the 
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mass transfer of a single inert species, and we base the driving force on the mass 
concentration of the transferred substance, then we obtain always the simplifica- 
tion that m,r = 1. The following examples show the reader how to choose and 
evaluate B from the given information in the problem. The examples range from 
air—water-vapor systems to combustion of volatile fuels. 


Evaluation of the Conductance 


Evaluation of the conductance g, corresponding to the chosen driving force B, 
has been developed in detail in Chap. 19. The evaluation of this quantity requires 
knowledge of the flow configuration and the physical properties involved. In the 
last chapter, the conductance g was based on the value g* for B — 0 which cor- 
responds to a negligible low mass transfer rate at the interface. Therefore, the 
customary procedure is to develop the value for g* and then adapt it to higher 
mass-transfer rates. 


THERMODYNAMICS OF THE 
AIR-WATER-VAPOR SYSTEM 


The thermodynamics of the air—water-vapor mixture system are simple and pro- 
vide a particularly convenient vehicle for illustrating mass-transfer problems 
where the L state is a liquid phase while the s and oo states are gas phases. A 
familiar example is moist atmospheric air, which may be regarded as a mixture of 
dry air (treated as a single component) and water vapor. An adequate description 
of the thermodynamic state of this system can be obtained by assuming perfect- 
gas mixtures. a table of vapor pressure of water as a function of temperature, the 
latent heat of vaporization of H,O at some reference temperature, and specific 
heat data for H2O in the liquid and vapor forms and for air. 

The following mixture relations are based on the definitions of the quantities 
involved. These basic definitions are summarized here because of their impor- 
tance in understanding air—water-vapor systems. 

The mass concentration of species j has been defined in Chap. 3 by 


mn; = — 
4) 
p 
The molar concentration of species j is given by 
Pj 
Ca ae 
Me 
The molar concentration of species j is the number of moles of this species per 
unit volume. The total molar concentration is 


(20-1) 


c= ig (20-2) 
j 
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The mole fraction of component j in the mixture is 


ee = PMG _ mj [WG _ mM 
a 


Cc i DL ej / MG; -. dem; [MN oF MM; 
j j 
where Vt is the equivalent molecular weight of the mixture. This quantity is 


defined by i 
M = Sx M; = ( 4 (20-4) 
vi J J 


The following summation rules exist for the mole fraction and the mass 


concentration: 
Ea Nihon Ge Ht (20-5) 
i J 


In the examples that follow, it will be necessary to have the mass concentration 
of species j be expressed explicitly in terms of mole fractions and molar weights. 
This can be done by using the following equations: 


(20-3) 


xj We mW 
mj; = “OM => » Sa mM, (20-6) 
‘J 


The mixture pressure P equals the sum of the partial pressures P; of its 
constituents 


1 Meee SN 3h (20-7) 
J 


where P; is given by the ideal gas law Pj = p,R)T = p,(R/M;)T. From 
Eq. (20-7) it follows for a mixture of ideal gases in thermodynamic equilibrium 
; S ; 
Seal {coms hate amd da, (20-8) 
c Ne; Ni; i 9 aed 9 
when we assume that all components of the gas mixture are at the same mixture 
temperature. 
For an air—water-vapor mixture the above equations combine to give the fol- 
lowing relation for the mass concentration of the water vapor in the mixture: 


xH,0Wbi,0 
XAin vain + XH,0tH,0 


Pu 
aS 1 comsauens Srn 20-9 
PMair/Mer,0 + Payo(1 — Mtair/tu,0) 


My,0 = 


and with the ratio of the molecular weights of air (28.96 kg/kmol) and HO 
(18.016 kg/kmol) one finally obtains 


Pu,0 
ei wen GeO OTT 20-10 
EO > o6 LP O16 LP Ao og 
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1= 1 


myo 0.5 0:5 Py,0 (bar) 


~20 0 20 40 60 80 100 
Tat CO) 


Figure 20-1 Vapor pressure of H2O and mass concentration of HO in saturated 
air at P = 1.013 bar (compiled from App. A, Table A-20). 


where P is the mixture pressure of the air—water-vapor mixture and Py,o is the 
partial pressure of the water vapor. If there is an interface in the boundary layer 
between the liquid H,O and the air—water-vapor mixture, and if thermodynamic 
equilibrium is assumed to exist at the interface, then Py,o in Eq. (20-10) is the 
saturated vapor pressure of H2O at the interface temperature 7, = T,. This fact 
is important, because it will help us to define the correct driving force B for our 
problem. 

Figure 20-1 shows the vapor pressure of HO and the mass concentration of 
H,O in saturated air at P = 1.013 bar (see also App. A, Table A-20). It can be 
seen that there is a steep increase in Py,o and in my,o for temperatures 7; larger 
than about 60°C. 

For specifying the moisture content of air, one can use the absolute humidity 
w, kg H2O/kg dry air. Here the amount of water in the air is related to the amount 
of dry air. This has the advantage that the amount of dry air will not change if, for 
example, some water is condensed from the flow and is taken out afterwards. The 
absolute humidity @ is related to the mass concentration of H,O by 


1 
2Hip io thes . 
myH,0 es (20-11) 
Additionally, the relative humidity ¢ is defined by: 
Px,0 
ge 20-12 
P, H20, sat ( ) 


where P4,0,sar is the saturated vapor pressure of HO at the mixture temperature. 
For g = 0, the air is completely dry, whereas for g = 1, the air is saturated with 
water vapor. 

There are a number of different ways in which we could express the enthalpy 
of an air—water-vapor mixture, depending on the datum states chosen. The 
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following scheme is adequate for present purposes, but otherwise has no advan- 


'| _ tages over any other scheme. 


Air: The enthalpy model for air is based on the ideal-gas enthalpy model 
lair — Vair,0 = Cair(T — To) 


Express T in °C and let 0°C be the datum (Jy = 0°C). Then we obtain for a con- 
stant value of the specific heat 


Lair = Caicl, ey 


where c,ir = 1.005 kJ/(kg - K). 
H,O: For the water-vapor enthalpy model, let the datum be liquid HO at 
0°C. Then for HO vapor with a constant value of the specific heat, we obtain 


io = lfeo + CHoT CC) 


where i¢g.9 = 2503 kJ/kg and cy,o = 1.880 kJ/(kg - K). 
Now, the enthalpy for a air—water-vapor mixture is 


b= y m; ij = Mair iair + Mp,0 i,0 = (1 — mH,0) iar + MH,0 10 (20-13) 
j 


Combining Eq. (20-13) with the enthalpy models for air and water yields 
i = (1.005 + 0.875 my,0)T CC) + 2503 myo, kJ/kg mixture (20-14) 
Note that for the pure liquid phase, the water enthalpy is given by 
iriquid! =;Ctiquiad (CG) 


where Chiquia = 4.2 kJ/(kg - K). 


ANALYSIS OF THE WET-BULB PSYCHROMETER 


Consider a thermometer, the bulb of which is surrounded by a cloth wick that has 
been dipped in water. Then allow moist air, the humidity of which is to be deter- 
mined, to flow over the bulb (Fig. 20-2). If the system is allowed to come to equi- 
librium and if the wick remains moist, the thermometer will indicate a tempera- 
ture Ty, lower than the free-stream, or dry-bulb, temperature 7, which can be 
measured independently by another thermometer. At equilibrium, g; = 0, and in 
terms of our formulation of the mass-transfer problem 7,, = 7; = T, and 
Fs ad os 

The concentration of H2O ir the mixture is a conserved property, since this 
problem involves the mass diffusion of the inert substance HO. Because only 
one substance is transferred, we know that my,0,r = 1. With this, we can express 
the driving force as 
eg EO .005, TREO, | MEROioe MH,0,5 (20-15) 


B= 
My,0,5 — H,0,T My.05 
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Ta, = ee —_ 


- Wwo=Trp=T; 


Bg Te 


Figure 20-2 The wet-bulb psychrometer. 


In this equation, my,0,0o is the concentration of H2O in the free stream, which we 
want to predict. The value of my,o0,; can be determined if we know Ty», because 
this temperature determines the saturation pressure Py,0,sa at the interface for the 
case of thermodynamic equilibrium, and we can evaluate my,o,; from Eq. (20-10) 
for a given pressure P = 1.013 bar (see App. A, Table A-20 and Fig. 20-1). . 
To appreciate the order of magnitude of the numbers involved, consider the 
case of 7, = L62C, Tay: Loge. 21:C.and P.= 1.013. bar. Then we find from’ WH 
App. A that my,o0,; = 0.011. Because 714,0,.0 must be lower or equal to my,05, | 
we find from Eq. (20-15) values for B in the range between 0 and 0.01. This : 
shows clearly that we consider here a low-mass-transfer problem, where B — 0. : 
Furthermore, it is clear from the above values that one can approximate the 
driving force B for the case under consideration by : 


B = My,0,5 — ™H,0,00 (20-16) 


because the value of my,o,; is negligible compared to | in the denominator of 
Eq. \.0-15). Inserting Eq. (20-16) into Eq. (18-33) results in 


cy (ee 
WE g(muo,s a M1130,00) 
leading to 
all 


m 
M},0,co = NH0,5 — oe (20-17) 


For the present example, we want to predict 4,0, and the humidity of the air 
stream. Therefore, the mass transfer rate per unit area m” in Eq. (20-17) needs to 
be replaced by known quantities. This can be done by considering an energy bal- 
ance at the interface. If we reexamine the general form of the boundary condition 
for the energy equation [Eqs. (18-25) to (18-27)], we note that the second term in 
the numerator of Eq. (18-27) is simply the convection heat flux q”. Because the 
concentration of H,O is everywhere small, ¢/’ is virtually unaffected by the 


CHAPTER 20 Convective Mass Transfer: Examples for Application of the Simplified Method 


presence of the water vapor and can be calculated as if there is no mass transfer. 
The first term in the numerator of Eq. (18-27) can be obtained from the solution to 
the mass-diffusion equation by using Eq. (18-23). If we now let iy,0 be zero at the 
5 state, so that i; = iy, ,, and express i; in terms of i, and q;/m" by Eq. (18-25), 
we readily obtain the following expression for g/ 


Gi = N(To. — T,) — mm" iggo (20-18) 


where h is the conductance for heat transfer in the absence of mass transfer. In 
this equation the latent heat of vaporization of water i fe.s = lfg(T;) has been re- 
placed by i¢g.o = i¢g(Tp = 0°C) because the latent heat of vaporization of water 
changes only by about 2 percent between 0 and 20°C, which is roughly the tem- 
perature range of interest for T, for our application. 

At equilibrium, g7 = 0, and in terms of our formulation of the mass-transfer 
problem 7,, = 7; = Ty and Tg, = T>,. Then Eq. (20-18) states the simple fact 
that the heat generated by phase change has to be transported away from the 
interface by convection. Inserting Eq. (20-18) into Eq. (20-17) results in 


1,000 = MH,0,5 — é (Tao — Two) (20-19) 
81 fg,0 

Because of the low mass-transfer rates from the interface into the flow, g can be 

replaced by g*, and the ratio h/g* might be obtained from an appropriate geo- 

metric shape of the thermometer. Assuming, for example, laminar flow and that 

the flow around the thermometer can be approximated by a flow around a cylin- 

der, one obtains h and g* from Eq. (10-22): 


P 0.4 
sa = Cair (=) (20-20) 
g* Sc 
Combining Eq. (20-19) with Eq. (20-20) yields 
Cair Pr a 
11,0,00 = M},0,s Bur (=) (Tab ) Two) (20-21) 
lFe.0 Sc 


where my,o0,; is determined by the temperature measured at the wet bulb ther- 
mometer for a fixed pressure by App. A, Table A-20. Therefore 


My,0,s = My,0,s Two, P) (20-22) 


where P in the case considered here is standard atmospheric pressure, 1.013 bar. 
The prediction of the relative humidity ¢ = Py,0/ Pt,0,sat according to Eq. (20-12) 
requires that the partial pressure of H)O be known. The partial pressure can be de- 
termined by using the mass concentration predicted from Eq. (20-21), then using 
Eqs. (20-6) and (20-8). 

The above procedure will now be illustrated by an example: Assume air at a 
pressure of 1.013 bar flows over a combination wet-dry bulb thermometer. The wet 
bulb thermometer measures a temperature of T,,, = 16°C, whereas the dry bulb 
thermometer measures Ty) = To. = 27°C. The objective is to determine the rela- 
tive humidity of the air. From App. A, Table A-20, one obtains: my,0,. = 9.011, 
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Py,0,sar = 1831 Pa. With cair = 1005 J/(kg - K), ifgo = 2503 kJ/kg and with Pr = 
0.716, Sc = 0.599 from App. A, Table A-19, we obtain from Eq. (20-21): 


1005 (3555 


muz0.00 = 0.011 — seA509 | 0.500 


0.4 
) (27 — 16) = 0.00628 


From Eq. (20-6) we get 
741,0,00/ t,o 
M0, 00/ Wtt,0 + Mair,co/ Mair 
aff M44,0,00/ Vino 
~ m4,0,00/Mtu,o + (1 = mH,0,00) /Weair 
0.00628/18.016 
} ~ 0,00628/18.016 + (1 — 0.00628)/28.96 
and the partial pressure is 


FiO = noc. = LOIS Pa 


XH,0,00 = 


0.01 


With this we finally obtain for the relative humidity 


pening JOY ongiss 
Piso jsat 13-1831 

In the analysis of the example we did not assume that the Lewis number is 
unity. In Chap. 18 it was shown that several simplifications could be developed 
for the solution of the mass diffusion and the energy equation. From the calcula- 
tion shown above it can be seen that the air—water-vapor mixture system is close 
to a unity-Lewis-number system. Thus the simplified form of the energy equa- 
tion is a reasonable approximation, and the enthalpy is also a conserved property. 
Furthermore, if Le = 1 then = y;, and it follows that the same value of g ap- 
plies to both the energy- and mass-diffusion problems. The B values are thus the 
same, because m” is common to both equations. We thus can write, from the 
energy equation 


Lab. Tats 
BS 
Ui peram W 2 


Equating this expression with Eq. (20-16) results in 


lag = D3 


F 7 = M¥,0,s — 1430,00 (20-23) 
| Soper Are 


The enthalpies are given by 
ico = (1.005 + 0.875 mu,0,00) Tan + 2503 m,0,06 | 
i, = (1.005 + 0.875 my,0,s) Two + 2503 my0,s 


sh 


:. c L ; 
ly = 1p — Sarr =I, = Tow 
m 
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Solving Eq. (20-23) for my,o,. in the example gives my,0,0 = 0.00654, 
XH;0,00 = 9.01047, and y = 0.58, which shows very nicely that only slightly 
higher values for the relative humidity will be obtained with the assumption of 
Le = 1 for the wet-dry bulb thermometer system. 


DRYING 


Suppose we have a wet surface that we want to dry by blowing air over it while 
at the same time supplying heat to the surface (Fig. 20-3). It is assumed that the 
surface can be estimated by a flat plate. The external flow speed is such that the 
flow is laminar. 

Let Tx. = 27°C and my,0,.0 = 0.02. Suppose we supply heat sufficient to 
hold the surface at 82°C, that is, T, = T, = 82°C. Let P = 1.013 bar. The ob- 
jective of the analysis is to determine the drying rate per unit area m” during the 
period the surface is completely wet and to determine the heat flux g/ necessary 
to hold the surface at 82°C. 

From App. A, Table A-20, we obtain my,0,; = 0.393. For an inert substance 
™y,0 iS a conserved property and we can predict the driving force 

10,00 = My 0,5 11930,00 a ™y30,5 0.02 =< 0.393 


ee eet OS 
My,0,s — MH,0,T my,0,5 — | 0.393 — 1 


Thus 
m’ = gB (18-33) 


Note that in this example the H,O concentration is no longer small and B is suf- 
ficiently large such that g/g* is no longer near unity. This means that the present 
example falls into the class of the high-mass-transfer-rate problems. In order to 
evaluate the mass-transfer conductance g, we first need to predict g* for the flow 
over a flat plate. 

For the above conditions it is known that the flow is laminar. Therefore g* 
can be predicted from Eq. (10-15) by replacing Nu,, with Sh,, and Pr with Sc. For 
a plate with the length / in the flow direction, 


Sh, = 8"T _ 0.664 Sel? Re,” 
y 


> Air, 1.013 bar 
Tx = 27°C 
MyY,0,2 = 0.02 


Wet material 


Figure 20-3 Example of drying of a wet surface. 
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leading to 
ye 70.664 Scl/3 Rel!” 


where the fluid properties have to been taken from App. A, Table A-19. The ratio 
of g/g* can be obtained from Fig. 19-3 to be 0.69 for B = 0.615. Therefore, the 
mass-transfer rate per unit area at the interface (drying rate) is given by 


es 0.69( 0.664 Scl/3 Re)” )B 


To evaluate the necessary heat flux, we turn to the energy equation and the 
unit-Lewis-number simplification (from App. A, Table A-19 it can be seen that 
this is a reasonable engineering assumption, because the Lewis number for the 
present case is about 1.38). Then enthalpy is a conserved property and we obtain 


Ae 2 eS unis 
i, —ir beux bt, ey, LM 


Mt 


Solving for q/ gives 
Gi, = Mm" (1.63ing — 2.63i, + ir) 


where m” has been predicted above and the enthalpies can be evaluated from 
Eqs. (20-13) and (20-14). 


EVAPORATIVE COOLING 


Suppose we have a uniformly porous surface exposed to a hot dry gas and we 
would like to keep the surface cool by forcing water through the surface at a suf- 
ficient rate to keep the surface wet. Consider the example shown in Fig. 20-4. The 
objective is to determine the necessary cooling rate at the equilibrium surface 
temperature 7, = T,. 

For an inert substance 


B eA N,0,00 rr M¥,0,5 at —My, 0,5 
14,0,s — Mipo.r .. Mos — 1 
Air, | atm 
ee 
T= 538°C 
My 0,0 = 9 
ibe — tin 
m’ 
Ty = 15.6°C 


Figure 20-4 Example of evaporative cooling. 
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Again, we will assume that the Lewis number is equal to 1 for the analysis, 
enthalpy becomes the conserved property, and 
Boo es 
is —ir 
For the present case we are not interested in gj, but we do know the 7-state 
temperature, 15.6°C. Equating the two expressions for B and substituting 
Eqs. (20-13) and (20-14) for the enthalpies, we obtain an equation with my,o,s 
and 7, as unknowns: 


myo __ 1.005T — (1.005 + 0.875 my,o,s)T; — 2503 my,0,s 
1 — my,0,s (1.005 + 0.875 my,0,s)T; + 2503 my,0,. — 4.2Tr 


The two unknowns are related by the equation of state and can be separately 
evaluated. The'solution is an iterative one, yielding 


T. = 63.226, MyD0,s = 0.157 
Finally we obtain 


—™M}50,s 34 —0.157 


Se GT 
Muh: ss bong OSI | 


B= 


and 
m = 9B =0.18]2 


We now investigate the low-mass-transfer assumption that would permit the use 
of g* instead of g. This requires evaluation of Eq. (19-21), leading to 
Ingd+B 
tee ee) =0'92 
s* B 
This ratio is significantly close to unity, and thus we can use g* in the above 
equation with sufficient accuracy to predict the necessary cooling water rate. 


NAPHTHALENE SUBLIMATION FROM 
A FLAT PLATE 


As outlined in the previous chapter, the naphthalene (Cj)Hg) sublimation tech- 
nique can be used for determining the convective heat transfer by using the anal- 
ogy between heat and mass transfer. Therefore, this method is usually called an 
indirect method for determining the heat transfer coefficient. For this method, the 
mass-flow rate at the interface is always selected to be very small, in order to 
avoid any influence of blowing at the wall on the mass transfer coefficient. 

As an example of the method, let us consider a flat plate, which is coated 
with a 0.5-mm-thick naphthalene layer. The model is exposed to air flow with a 
free-stream velocity of 10 m/s, a free-stream temperature of 20°C and a pressure 
of 1.013 bar. The plate temperature is held constant at 20°C. The configuration 
and the coordinate system are shown in Fig. 20-5. 
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Air, 1.013 bar 
T.. = 20°C 


MN xn 0 


Naphthalene layer 


Figure 20-5 Naphthalene sublimation on a flat plate. 


Table 20-1 Thickness of the naphthalene layer after 3 hours exposure to a free stream 


Naphthalene thickness dy, mm 0.477 0.484 0.485 0.488 0.490 


After exposing the plate to the free stream for 3 hours, some of the naphtha- 
lene has been sublimated and the thickness of the layer has decreased. At that 
time the new thickness of the layer is described in Table 20-1. The objective is to 
determine the heat-transfer coefficient at the given axial positions of the flat plate 
from the decrease in naphthalene thickness. 

The properties of naphthalene (C;)Hg) are (Presser): 


3734 
Saturated vapor pressure (Pa) log’Py sat = (13.51 s =) 


(213 Rid, < 323) Ke) 
Solid density pn = 1145 kg/m? (280K <T <300 K) 
Molecular weight My = 128.16 kg/kmol 
Schmidt number (in air at 20°C): Sc = 2.53 
From Eq. (18-33) one obtains 


where B is given by Eq. (18-32). For an inert substance 


poe MN,oo— Myn,5 _ MN, — Mn,s 


bey nes My;s — 1 


Now, the mass concentration of naphthalene at the infinite state, subscript 00, is 
negligible and can be set to zero. Furthermore, we will assume that the properties 
of the free stream (air) do not change because of the very small amount of naph- 
thalene that mixes with the air (the properties of the air flow can be taken from 
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Table A-1: o = 1.2047 kg/m’, v = 15.08 x 10~° m?/s, k = 0.02563 W/(m - K), 
Pr = 0.712). The mass concentration at the surface is determined by the satu- 
rated vapor pressure and can be calculated from the ideal gas law 

= bw _ Prt Tar Dt 


MN,s = 
Pair ag air Tn H) Mair 


because the plate is held isothermal at the free-stream temperature, causing the 
naphthalene—air boundary layer and the free stream to be the same temperature. 
From the above equation 


OPP yar Wty 0S \ 68°. 128.46 
Pi. Mar 101300 28.96 


which confirms that naphthalene sublimation is a very low-mass-transfer-rate 
problem. Thus the driving force B can be simplified to 


= 2.97 x 107+ 


MN,s 


MN,o — MN,s 


B= = (My,5 — Mn.o0) = 2.97 x 10+ 


m Nissi aa | 
In order to determine the mass-transfer conductance g, which is equal to g* 
because B — 0, the mass rate per unit area m” needs to be predicted. This can be 
done from the thickness change in the naphthalene layer and the measurement 
time: 
1 Am dy(t = 0) — dy(t = 10800s) 
A At < At 


Finally, the mass-transfer Stanton number can be predicted from Eq. (18-38) 
according to 


* 


fae 
(PU) oo 

Table 20-2 shows the predicted values for g* and St” at various x-Reynolds num- 
bers. As can be seen from this table, the flow is laminar over the entire plate. Be- 
cause the flow is laminar, the heat-transfer coefficient can be formulated by using 
the heat- and mass-transfer analogy equation from Chap. 19, 


* 1/3 
= ia (=) (19-8) 


St 


* 
mass ~ 


Table 20-2 Mass-transfer conductance and mass-transfer Stanton number for the flat plate 
: <8 
0.485 0.488 0.490 


Naphthalene thickness dy, mm_ 0.477 0.484 
Mass transfer conductance 

gre kg/(m? -§) 8.210 5.710 DB EP) 4.284 3.569 
Mass transfer Stanton number 

St*/ 10-3 0.6815 0.4741 0.4444 0.3555 0.2964 


Local Reynolds number Re, 66,312 132,626 198,939 265,251 331,564 
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Table 20-3 Heat-transfer Stanton and Nusselt numbers obtained from the thickness change 
of the naphthalene layer by the analogy between heat and mass transfer 


Local Reynolds number Re, 66,312 132,626 198,939 265,251 331,564 
Heat transfer Stanton number 
Sit 10°? 1.586 1.104 1.035 0.8277 0.6901 


Nu* from analogy 74.9 104.3 146.6 15045 102.9) 


x 


Using the definitions of the heat and mass transfer Stanton numbers gives 


St’ es Gene 
a ree an = 
mass R ey Sc heat R e, Pr 


Eq. (19-8) becomes the defining equation for the heat- and mass-transfer analogy, 


Stheat Sc\7? 
Stia. = Pr 
For this example, predicted values for the heat-transfer Stanton number St,.,, and 
the Nusselt number Nu* are given in Table 20-3, and the results show how the 
analogy between heat and mass transfer can be used for obtaining heat-transfer 


coefficients from low-mass-transfer-rate convection results. 


BURNING OF A VOLATILE FUEL IN AIR 


Let us consider the rate of burning of a droplet of ethyl alcohol (C2H;OH) in air 
(Fig. 20-6). We are concerned with the mass-transfer rate per unit area m” at 
which alcohol leaves the surface. 

As a first approximation, let us assume that the rate of chemical reaction is 
so much greater than the rate at which components are diffused through the 
boundary layer that the reaction can be assumed to be instantaneous, and the 
burning rate is then diffusion-controlled. This assumption allows us to specify 


Det oS 
P= 1.013 bar 


Figure 20-6 Burning of a droplet of ethyl alcohol. 
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rather simple boundary conditions, since there can then be no oxygen at the s 
state and no fuel atthe oo state. 

Next we assume that the “simple chemical reaction” is a valid approxima- 
tion, that all specific heats are equal and yo, = I, and that for the mass-diffusion 
equation Yo, = Yc,H,oH- These are admittedly rather gross approximations, but 
the alternative is a complete solution of the basic differential equations of the 
boundary layer. Our objective here is an approximate solution, obtained by re- 
ducing the problem to a solution of the P equation: 

A complete solution of this problem requires both the energy equation and the 
mass-diffusion equation, but we find it most convenient to use the former. To a 
close approximation, the energy equation alone will give us the driving force B. 

Let us first investigate the chemical reaction of the fuel. It is assumed that the 
fuel will react to CO, and H,O: 


C,H,OH 93 O35, => 2 CO; + 3 HAgO) 

Ikmol C,H;OH + 3kmolO, — 2kmolCO, + 3kmolH,O 

46kgC,H;,OH + 3-32kg0O, — 2-44kgCO, + 3-18kgH,O 
and r = (3 - 32)/ 46 = 2.09. 


Because we are considering atmospheric air, mo,,. = 0.232. The further con- 
stants for this problem are as follows: 


lon Sate 
Ho = 28,145 kJ/(kg fuel vapor), heat of combustion of fuel at 77 = 78°C 
ife,o = 854 kJ/(kg fuel), latent heat of vaporization of fuel at 


Ty = 78°C 

c = 1.005 kJ/(kg - K) 

P = 1.013 bar 

As a first step, let us assume that the entire droplet is uniformly at the same 
temperature 7, = T, = Ty = 78°C, the boiling point of C,HsOH at 1.013-bar 
pressure. The actual surface temperature is somewhat lower and must be estab- 
lished by iteration. However, we will see that we do not need to know this tem- 
perature very accurately to evaluate B. 

For a simple chemical reaction we have previously seen that we can express 
the enthalpy of the system by Eq. (F-17): 


T 
j= mo,— + | cdT (F-17) 
if Tr 


0 


If we assume that c is approximately constant for the temperature range consid- 
ered, it follows 


H 
i =mo,— pet Th) 


For convenience, let us set the s state as the datum for enthalpy, so that Ty = T;. 
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Since C,H5OH is a volatile fuel, the reaction is a gas-phase reaction and 
takes place somewhere between the s state and the oo state. Under the assump- 
tion of instantaneous reaction, we can conclude that mo,,; = 0. 

Then 

i, = O kJ/kg 


pe eee es 
sical 6 


+ 1,005(16 — 78) = 3062-kJ/kg 


ir =i, (since q; = 0 by conditions of this problem) 
—hie80 = —854 kJ/kg 


With these values we can evaluate the driving force B: 


ple dommes 12004 OH bated 
is -iz. O-(-—854) 
Finally, m” = gB can be obtained. For this example one has to notice the large 
value of B. This indicates that there is a large mass transferred from the interface 
into the flow. Therefore, g will take values far away from g*. 

Finally, it should be noted that a proper evaluation of the surface temperature 
would require that we need to know the mixture composition at the s state, so 
that the partial pressure of the fuel at the s state may be evaluated. To do this, we 
can turn to the mass-diffusion equation for a simple chemical reaction, but we 
can see from the above calculations that the result for B is not very sensitive to 
small changes of T,. 


SIMPLE GRAPHITE BURNING IN AIR 


Let us consider the rate of burning of carbon from a graphite surface in an 
atmospheric-air environment. The surface shall be approximated by a flat plate 
(see Fig. 20-7). It is assumed that the only chemical reaction taking place in the | 
vicinity of the surface is 
2 “CR > 2CO 
2-12kgC + 32kg.0,,—>.2:28k¢ CO 


and r = 32/(2- 12) = 1.33. 


Figure 20-7 Graphite burning in air. 
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The vapor pressure of carbon is so low at any reasonable surface temperature 
that we are forced to conclude that the reaction must take place at the surface. 
Unlike with the volatile substance just considered, it appears that the surface 
temperature is going to be very high and will contribute materially to the en- 
thalpy evaluation. In the absence of any initial basis for estimating this tempera- 
ture, it appears that the mass-diffusion equation for a simple chemical reaction 
provides a more direct route to the evaluation of the driving force B. The ex- 
pected high surface temperature also provides the basis for the assumption of a 
reaction to CO rather than CO). This is obviously related to the thermodynamic 
equilibrium state of the carbon—-oxygen system at the temperature and pressure 
at the surface. ; 

On the assumption of the above simple chemical reaction, the quantity 
Mc — Mo,/r is a conserved property. This has been shown in detail in App. E. 
Thus, from App. E, Eq. (E-7) and Eq. (18-13), a possible formulation for the 
driving force is 
(mc — mo,/r),. — (mc — mo,/r), 


B= 
(inc — mo,/r), — (me — mo,/r), 


Whether this expression will be adequate depends on whether values of 
Mc — Mo,/r can be found at the ov, s, and T states. 
If carbon is the only transferred substance, 


( ws 
Me — = 
ay le 


At the oo state there is obviously no carbon and the concentration of oxygen is 


0.232. Thus 
mo, 0.232 

Dee a ee OA 
(mm r ‘4 O- 77333 


The most sensitive state is the s state. It has already been assumed that the sur- 
face temperature is such that the vapor pressure of carbon is negligible, and thus 
mc,; = 0. The concentration of oxygen presents a further problem. If thermody- 
namic equilibrium is obtained, we must conclude that at an elevated temperature 
uncombined oxygen cannot exist at the s surface, thus 


(mc ~ 2) ='0 
1 


x Ss 


This result assumes, of course, that reaction rates are sufficiently high that ther- 
modynamic equilibrium obtains, and it also assumes that no other reactions are 
involved. These are simply the approximations that we make in order to obtain a 
simple solution. Obviously a more precise result is obtained if the reaction rates 
of all possible reactions are considered. 
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On the basis of the various approximations introduced, we then conclude 
that 
Bras (Eo beee ila Ql TA 
0-1 
Thus 
m” = gB = 0.1748 


Note that the magnitude of B is quite small compared with the volatile fuel 
example. 


GRAPHITE ABLATION WITH MORE 
THAN ONE REACTION 


Let us consider a chemically reacting boundary layer where more than one reac- 
tion is of importance, so that the simple-chemical-reaction idealization is inade- 
quate. In this case we find it necessary to consider the diffusion of each element. 
If we can accept the assumption that the diffusion coefficients for all components 
are the same, then the applicable diffusion equation is Eq. (18-15) [see also 
App. E, Eq. (E-10)], where the concentration of chemical element @ is a con- 
served property. 

Consider a combustion-products mixture containing by mass 40 percent 
CO, and 20 percent HO, with the remainder products assumed to be inert. Let 
this mixture flow over a graphite surface at 1650°C. The gas mixture could be the 
products from a rocket motor, and the graphite surface could be a nozzle. The 
problem is to compute the rate of erosion of the graphite surface. 

Again, because of the low vapor pressure of carbon, any reaction between 
the gas and the graphite can be expected to take place at the surface. However, 
there is more than one possible reaction at the surface. Let us examine the equi- 
librium constants Kp, at 1650°C, for some of these reactions. 

For a reaction 


hA+hB=1hC+1LD 
we have 
eth 
where P is the partial pressure of the component of the mixture. 


The following are possible reactions, with the corresponding equilibrium 
constants at 1650°C, with carbon as a solid: 


Kp 


C(s) + CO, = 2C0, Kp = 4000 
C(s) + HyO.=:CO Hs, ss ) Kp 1234 
C(s)-# 2H, = CH, Kp = 1/790 
CO; = CO +0.50,, Kp = 1/18,000 
H,O Hy + 0.50%; Kp = 1/40,000 


C(s) + 0.50, = CO, Kp > © 
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A large value of Kp means that the thermodynamic equilibrium lies on the 
right-hand side of the equation, while a very small value means that equilibrium 
lies on the left-hand side. With these equations (and two of them are redundant), 
we could calculate the equilibrium composition at the s state, but merely by 
inspection it is apparent that at the s state the mixture can contain only CO and 
Hp, plus the inerts. On the other hand, at the oo state only CO, and H20 are pres- 
ent. The T state is entirely carbon. The complete mixture under consideration 
then contains (excluding CH4, which evidently cannot exist anywhere at this 
temperature) 


CO,, H,0, CO, H2, Cs) 


Let us now express the concentration of the elements carbon, oxygen, and 
hydrogen at any point in the system, employing the definition of n, from Chap. 4: 


Ag = ) Ng, j Mj 
J 


The mass concentration of chemical element a in species j is denoted by ng, ; 
and is obtained directly from the chemical formula for the species. For example: 
Nc,co = 12/30 and nc.c = 1/1. For the present example we obtain: 


Nc = Nc,co, Mco, + Nc,coMco + Nc,c Mc 
12 12 
= 44 Mco, + 3g Mco + Mc 
No = No,co, Mco, + No0,H,0 MyH,0 + N0,co co 
Pipe: 16 16 
= % Mco, + 7g H,0 + 3g ™co 
ny = 1y,4,0My,0 + NH MH, 
UNS 
ae 18 M0 ate my, 


Any one of these element concentrations could be used for a conserved 
property in the equation. However, we need a conserved property that can be 
evaluated from presently known data at the s, oo, and T states, and none of 
these qualify. Specially, we do not know the concentration of CO and H) at the 
s state. But it is recalled from Chap. 18 that any linear combination of con- 
served properties is again a conserved property, provided that diffusion coeffi- 
cients are the same. This suggests that a combination of several different ny may 
be found containing only quantities that are known at the s, oo, and T states. 
Both nc and no contain the unknown mo, but the following combination does 
not: 


eh pe a 3 2 
Nc — 720 = Mc — 77 ™Mco, — 3 ™H,0 
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This quantity is a conserved property that can be evaluated at all the neces- 
sary states. Thus 


PP. => (nc — + no), ='0 
Poo = 0— 40.40) — $0.20) = —0.242 


Pr =1 
Then 
Poo — Ps —0.242 —0 
B = ———_ = ————__ = 0.242 
YP, — Pr 0-1 
and 


m” = gB = 0.2428 


It should be evident that the simple chemical reaction is merely a special 
case of this more general procedure. 


THE HIGH-TEMPERATURE BOUNDARY LAYER 
WITH DISSOCIATION 


Consider a boundary layer in which there is chemical reaction, and thus concen- 
tration gradients and mass diffusion, but in which there is no mass transfer across 
the s and L surfaces. An example might be the nose cone surface of a body 
entering Earth’s atmosphere, but cooled so that there is no ablation. The air be- 
hind the bow shock wave is at such a high temperature that dissociation occurs. 
But if the body is cooled to a moderately low temperature, recombination tends 
to occur within the boundary layer, and the equilibrium state at the s surface 
tends toward the state of the original free-stream air (although the process can 
occur sufficiently fast that thermodynamic equilibrium is not established). If the 
unit-Lewis-number approximation, or any of the other energy-equation simplifi- 
cations, is applicable, the boundary condition to the energy equation becomes 
that of the P equation: 


loo — Is loo — is 
Transposing gives 
m" (is —it) + Gr = 8 (ico — is) 
But if m” = 0 (no ablation), the first term drops out, and g = g*. Thus 
G1 = 8" (ico — is) (20-24) 


The surface heat flux to a chemically reacting boundary layer is then seen to 
be proportional to the enthalpy difference across the boundary layer. 
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Note, however, that for the nose of a high-velocity vehicle, the free-stream 
enthalpy i,. must include the specific free-stream kinetic energy u2,/2. This term 
may be so large that the other enthalpy terms can be neglected. 


TRANSPIRATION COOLING BY GAS INJECTION 


An effective way to cool a surface over which a hot gas is flowing is to construct 
it from a porous material and force a cool gas through it from the rear surface. 

The injected cooling gas can be the same as the hot mainstream fluid, in 
which case the boundary-layer problem is that of heat transfer with simple blow- 
ing (see Chap. 12); or it can be of a different composition, in which case we have 
a combined heat- and mass-transfer problem. The two types of problems are, 
however, closely related, since they both involve mass transfer at the surface. 

If the injected gas is the same as the mainstream gas, or if it is different but 
one of the simplifications to the energy equation is applicable, enthalpy is a 
conserved property and the complete solution is contained in the standard 
formulation 


ls — 17 
where i is a function of temperature (and composition in the second case), and 
the problem is generally to evaluate m” to attain a given T, or vice versa. 

It is sometimes preferred, however, to express the solution in terms of the 
heat flux gq” rather than to use the simplified mass-transfer formulation, because 
if properties of the injected gas and the mainstream gas are such that none of the 
simplifications to the energy equation are approximated, enthalpy is no longer a 
conserved property of the second kind and the standard formulation is no longer 
valid. In fact, we are forced all the way back to Eq. (18-27) and Fig. 18-4 for a 
valid expression of the boundary condition at the surface. 

In either case, it can be readily demonstrated that if there is no phase change 


N 


between the L and s surfaces then g/ = q,’. And of course, 


Consider first the case where the injected gas is the same as the mainstream gas. 
Then the standard formulation yields 


i loo rn is g Vso = te 
Bis as ie. a qi /m" i; —ip ah. gu/m" 
But in the case i, = i,,, this equation simplifies to 


If the specific heat may be treated as constant in the considered phase, we can 
then define a heat-transfer convection coefficient in the conventional manner and 
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Figure 20-8 Heat transfer to a laminar boundary layer with transpiration cooling 
and constant free-stream velocity. 


evaluate a heat-transfer Stanton number: 


GQ, = 8C(Too — Ts) = h(Too = Ts), h = ge 


h 
—St= ake 
Goc Gas 
If we denote again the Stanton number for B > 0 by St* then 
St 
Sr, - = f(B, other parameters) 


For the constant-property laminar boundary layer for u., = constant, this 
result is plotted in Fig. 20-8 for Pr = 0.7 and 1.0, and the curves are taken from 
Fig. 19-3. Similarly, a corresponding turbulent-boundary-layer constant-property 
result is plotted in Fig. 20-9. Note, however, that g/G, in the definition of B has 
been replaced by its equivalent for this case, St, and the resulting parameter has 


been denoted by B;, the transpiration parameter introduced in Chap. 12. 
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Figure 20-9 Heat transfer to a turbulent boundary layer with transpiration cooling 
and constant free-stream velocity. 


A few solutions; based on the “exact” energy equation rather than the sim- 
plified energy equation, have been developed for transpiration cooling in which 
some other gas is injected into an air boundary layer. Not only do these solutions 
involve simultaneous heat and mass transfer through the boundary layer, but the 
transport properties of the mixture (including the Lewis number) vary markedly 
through the boundary layer, especially at high blowing rates where the concen- 
tration of the injected gas is high at the s state. (Note that as B — 0, the Stanton 
number must approach its value for the simple constant-property air boundary 
layer, regardless of whether the injected fluid is the same as or different from the 
free-stream fluid.) The results of these variable-property solutions can be pre- 
sented in graphical form on the same coordinate system as employed in Figs. 20-8 
and 20-9. However, B,, will no longer be related to conserved properties. 

Results for helium injection and CO) injection, both into a laminar air 
boundary layer,’ are plotted in Fig. 20-8. Similar results for helium and hydrogen 
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injection into a turbulent boundary layer’ are plotted in Fig. 20-9. The variable- 
property effects are seen to be quite substantial, especially in the case of light- 
gas injection. A correlation of the variable-property results with the constant- 
property solutions, using the reference property concept, is presented by Knuth? 
and by Knuth and Dershin.* The latter authors employ a Couette flow model as 
a basis for determining a reference composition that correlates the variable- 
property results with constant-property solutions. Analysis of the Couette flow 
heat-transfer problem with foreign gas injection indicates that the property most 
responsible for the large variable-property effects shown in Figs. 20-8 and 
20-9 is the specific heat of the injected fluid cy (if different from that of the 
mainstream fluid c..). This suggests that an alternative approximate correlation 
procedure might be based on a property ratio scheme c7/C.. as the additional 
variable. 

A fairly good correlation of the data in Fig. 20-8 is indeed obtained if all 
properties are based on the oo state and B,, is replaced by By, (cr/Coo)'/?. Simi- 
larly, the turbulent flow data in Fig. 20-9 can be approximately correlated if B;, is 
replaced by By, (Cr /Coo)°°. This correlation does not work well at very low blow- 
ing rates, where the hydrogen and helium curves are seen to rise before they 
decrease. This effect occurs because the very high thermal conductivity of the in- 
jected fluid tends to substantially increase the mixture thermal conductivity in 
the sublayers, and this initially offsets the normal effect of blowing to decrease 
heat-transfer rate. 

In applying these solutions, where the problem is to determine the surface 
temperature for a given mass-transfer rate per unit area, or vice versa, an energy 
balance on the L—T control volume yields the desired relation. Thus, referring 
to Fig. 18-4, 


i, — im ip =, = @ = hl 2 — 7) 
iy — iz =cr(T, — Tr) er Gy =F) 
vie SA Dg = Fe) 
n= = 

er Es =—sTr) 


Thermal radiation can, of course, be included in this energy balance as desired 
(see App. FP). 


PROBLEMS 


20-1. Consider the burning of a droplet of ethyl alcohol (or a wet wick) in an 
atmosphere of pure oxygen. How does the burning rate compare with the same 
droplet in atmospheric air, assuming that the logarithmic equation for ¢/g* 
is applicable, other things being equal? 

20-2. Suppose you dip the wick of a wet-bulb thermometer in ethyl ether and expose 
it to atmospheric air at 20°C. What equilibrium temperature will the 
thermometer record under the unit-Lewis-number assumption? 


20-3. Dry air at 315°C flows along a flat wet surface (water) at 9 m/s. The pressure 
is 1.013 bar. If the surface is insulated (except for exposure to the air) and 
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20-4. 


20-5. 


20-6. 


20-7. 


radiation is neglected, what equilibrium temperature will the surface assume? 
If the boundary layer is turbulent, what is the mass-transfer rate per unit area at 
a point 1.5 m from the virtual origin of the boundary layer? 


Consider flow of air normal to a cylinder as described in Prob. 19-4. Let the air 
be at 20°C, 1.013-bar pressure, and 60 percent relative humidity. Inside the 
cylinder there is water at 90°C. The surface is porous so that the water can be 
forced out at a rate sufficient to keep the’outer surface moist. What is the 
average surface temperature and the average mass-transfer rate per unit of 
surface area? 


A thin plate of solid salt (NaCl), 0.15 m by 0.15 m, is to be dragged through 
seawater (edgewise) at 20°C at a velocity of 5 m/s. Seawater has a salt 
concentration of about 3 percent by weight. Saturated NaCl-H2O at 20°C has a 
concentration of 0.036 kg NaCl1/0.1 kg H2O. Estimate the total rate at which 
salt goes into solution. 


Consider an axisymmetric stagnation point on a missile traveling through the 
atmosphere at 5500 m/s where the static air temperature is near zero degrees 
absolute. It is desired to maintain the surface at 1200°C by transpiration of 
hydrogen through the wall. The hydrogen is available from a reservoir at 38°C. 
If the heat of combustion of hydrogen is approximately 116,000 kJ/kg at 
1200°C and the mean specific heats of hydrogen and air are, respectively, 

15 kJ/(kg - K) and 1.1 kJ/(kg - K), evaluate the driving force B from the energy 
equation under the unit-Lewis-number assumption for the conditions of 

(1) reaction of H, with O2 and (2) no reaction. Suggestion: Use the surface 
temperature as the temperature datum for enthalpy. Note that the free-stream 
enthalpy must include the very large contribution of the stagnation enthalpy. 

In Prob. 16-9 the cooling of a gas turbine blade is considered. Considering 
only the stagnation point at the leading edge of the blade, evaluate the surface 
temperature and the necessary water rate per square foot of stagnation area to 
cool by water injection through a porous surface. Assume that the water is 
available at 38°C and that the mass concentration of water vapor in the 
products of combustion is 0.01. 


Continue Prob. 20-7 to include the entire blade surface, using what you feel 
to be the best available approximations for various parts of the surface. 

A rocket nozzle is to be constructed with dimensions as shown in Fig. 11-18. 
The following table gives the composition of the exhaust products. 


‘Compound —=—_sm,, kg/(kg mixture) 
CO> 0.278 
CO 0.279 
H,O 0.209 
H> 0.022 
N5 0.212 


The stagnation pressure is 3400 kPa and the stagnation temperature is 3000°C. 
The nozzle is to be constructed of graphite. The objective of the problem 

is to estimate the rate of erosion (ablation) of the graphite at the threat, and 
particularly to estimate the time elapsed for a 10 percent increase in throat 
diameter. 


Convective Heat and Mass Transfer 


20-10. 


20-11. 


20-12. 


20-13. 


20-14. 


20-15. 


20-16. 


Consider an axisymmetric blunt-nosed vehicle entering Earth’s atmosphere. At 
60,000 m altitude the velocity is 6100 m/s. The radius of curvature of the nose 
is 1.8 m. Calculate the convective heat flux to the vehicle at the stagnation 
point. (Note that this calculation neglects radiation from the very high 
temperature dissociated gases behind the shock wave). If the surface is 
insulated, calculate the equilibrium surface temperature assuming that the 
surface radiates as a black body to the surroundings. Suppose the surface is a 
graphite heat shield; calculate the rate of ablation of the graphite in millimeters 
per minute. ’ 

Let a piece of ice uniformly at 0°C be immersed in water at 27°C. Evaluate the 
rate at which melting occurs in terms of the conductance g. How would you 
evaluate g? 

Consider a 1.2-m-square wet towel hanging from a clothes line. Let sunlight 
fall on one side at an angle of 45°C. The normal solar flux is 946 W/m”, and 


__ the absorptivity and emissivity of the towel are 1. The surrounding air is at 


21°C, with a relative humidity of 65 percent. At the equilibrium temperature 
of the system, it is determined that an equivalent system with no mass transfer 
would have a free-convection coefficient of 8.5 W/(m? - K). What is the drying 
rate during the period when the towel is sufficiently wet that the surface can be 
idealized as a liquid surface? (Note that, in addition to the high-frequency solar 
flux, the 21°C surroundings radiate to both sides of the towel, and the towel 
radiates to the surroundings. Assume that the towel is at a uniform temperature 
throughout its thickness.) 


In a diesel engine the fuel is injected as small droplets, and, after an initial 
ignition delay, during which time part of the fuel vaporizes and then burns 
rather abruptly, the remainder of the fuel burns as fast as the fuel vaporizes 
from each individual droplet. The objective of this problem is to estimate the 
time required for complete consumption of a spherical droplet 5 zm in 
diameter. 


During this period, let it be assumed that the combustion chamber pressure 
is 6200 kPa and the air temperature is 800°C. The fuel may be idealized 

as C)7H6, with heat of combustion of 44,000 kJ/kg and latent heat of 
vaporization 358 kJ/kg. It may be assumed that these values are relatively 
independent of temperature. The boiling point of the fuel is approximately 
427°C at this pressure. 


Calculate the evaporation (sublimation) rate from a snow bank if the ambient 
air temperature is —23°C, solar energy is falling on the bank at a rate per unit 
area of 600 W/m”, the underside of the bank is effectively insulated, and the 
heat-transfer coefficient for free convection from an equivalent surface with no 
mass transfer is 6 W/(m? - K). The absorptivity and emissivity of snow may be 
assumed to be 1. The absolute humidity of the air is 0.0003 kg H2O/kg dry air. 


At a particular region in a steam condenser the fluid is a mixture of 80 percen: 
steam (by mass) and 20 percent air. The total pressure is 6.75 kPa, and the 
temperature is that of saturated steam at that pressure. What is the necessary 
condition at the surface of the tubes for condensation to take place? In simple 
condensation the resistance to heat transfer is usually considered to be entirely 
that of the liquid film that forms on the surface. How does the present problem 
differ? Suppose the liquid film has an average thickness of 0.1 mm; investigate 


| 
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20-17. 


20-18. 


20-19. 


20-20. 


20-21. 


20-22. 


20-23. 


the effect of the air on the overall resistance to heat transfer between the tube 
metal surfaces and the free-stream mixture. 

A wet surface i: to be dried by blowing dry air at 32°C over it, while at 

the same time electrically heating it from the rear with a fixed heat flux of 
25,000 W/m’. Investigate the variation of the drying rate per unit area m” as 
the conductance g is varied (presumably by varying the air velocity). 

In Prob. 20-16 the heat is to be supplied from the rear by condensing steam. 
Let the steam be available at 110°C, and let it be assumed that the overall 
conductance for heat transfer from the steam to the L surface (including the 
condensing resistance, the wall resistance, and the resistance of the material 
being dried) is 280 W/(m? - K). Investigate the influence of the mass-transfer 
conductance g on the drying rate. 

Consider a laundry convective clothes dryer for which there is available dry air 
at 20°C and 1.013-bar pressure. There is also available superheated steam at 
1.013 bar pressure and 260°C. Considering only the “constant-drying-rate” 
period during which the cloth surface is totally wet, investigate whether it is 
possible to increase the drying rate by mixing some of the steam with the air. 
That is, how does drying rate vary with steam-air ratio? 

In a part of a solar-operated seawater desalting plant, air saturated with water 
vapor at 1.013 bar and 55°C passes into a condenser where the fresh water is 
recovered. The condenser is built up of a bank of circular tubes with cooling 
seawater flowing inside the tubes and the saturated air flowing normally. 

The heat-transfer coefficient on the inside of the tubes is estimated to be 

1400 W/(m? - K). The tube wall is 0.75 mm thick and has a thermal 
conductivity of 100 W/(m - K). On the outside of the tubes, it is estimated 

that if there were no mass transfer, the average heat-transfer coefficient would 
be 70 W/(m? - K). If the cooling-water temperature in the first row of tubes 
(the tubes over which the 55°C saturated air is flowing) is 46°C, calculate the 
rate of condensation per unit of surface area and the rate of heat transfer to the 
coolant. Neglect the resistance of the condensate film on the tubes. (Would it 
be significant if the film thickness was, say, 0.1 mm?) 

Air, saturated with water vapor, at 1.013 bar and 77°C, flows downward 

along a flat, smooth plate at a velocity of 3 m/s. The plate is 30 cm high (flow 
direction) and 1.8 m wide. It is cooled by circulating water on its back side. 
The cooling water circulates so that its average temperature is effectively 18°C 
over the entire back surfaces. The heat-transfer coefficient between the coolant 
and the back surface is estimated to be 1100 W/(m? - K). The wall is 1.3 mm 
thick and has a thermal conductivity of 26 W/(m - K). Estimate the total rate of 
condensation of water and the total heat-transfer rate to the coolant, assuming 
that the condensate on the plate surface runs off fast enough that its heat- 
transfer resistance may be neglected. 

Is B aconstant along the surface? What are the necessary conditions for B to 
be a constant? Describe how you would propose to analyze the problem, taking 
into consideration the liquid condensate film on the plate surface. 

Air at 1100°C and 1013 kPa pressure flows along a flat surface at a uniform 
velocity of 30 m/s. Investigate the problem of cooling this surface by 
transpiration cooling. At a point 1 m from the leading edge of the surface, 
consider the use of first air, then helium, as coolants, both of which are 
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assumed to be available at 20°C. Prepare a plot of surface temperature as a 
function of coolant mass-flow rate per unit of surface area. Also calculate the 
surface temperature as a function of coolant mass-flow rate if the coolant were 
used merely to absorb heat rather than to pass into the boundary layer, 
assuming that the coolant leaves the system at surface temperature. 
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Property Values 


ids are presented. The primary purpose of this compilation is to support the 

problems at the end of each chapter and to provide material for additional 
problems. 

The data are presented in the International System of Units (SI), and the 
units should be compatible with the various presently accepted national and in- 
ternational standards for SI. An introduction to SI can be found at the website for 
the National Institute of Standards and Technology (NIST), an agency of the US 
Department of Commerce: http://physics.nist.gov/cuu/Units/introduction.html. 
The units in the data tables include the base units of meter (length), kilogram 
(mass), second (time), mole (amount of substance), and kelvin (temperature). 
The algebraically derived units used in the tables are the joule (energy), pascal 
(pressure), and watt (power). For convenience in some of the tables, the SI pre- 
fixes kilo (k = 10°), milli (m = 107°), and micro (uw. = 10~°) are used. The balance 
of the tables use an abbreviated scientific notation (for powers of 10) that has 
been found useful with hand calculators (for example, —07 = 107’, +00 = 10°, 
and +04 = 10*). Conversion of the table entries from SI to the English Engi- 
neering System of Units can be easily made using the conversion factors on the 
inside covers of the textbook. 

Tables A-1 to A-7 contain the properties of a representative group of gases at 
standard atmospheric pressure, P = 101.325 kPa. For many applications these 
gases may be treated as perfect gases for which the transport properties are 
independent of pressure, and the densities may be computed from 
P/p = (R/MOT, where {kt = 8314.34 J/(kmol - K) is the universal gas constant 
and tis the molecular weight, kg/kmol. The gas data for Tables A-1 to A-5 have 
been primarily obtained from three volumes of Thermophysical Properties of 
Matter, published by the Thermophysical Properties Research Center (TPRC) at 
Purdue University.'? The table entries for specific heat and density are ideal-gas 
values, except near the critical temperature of the gas. For air, oxygen, and nitro- 
gen the first three table entries, and for carbon dioxide the first four table entries, 


if n this appendix the transport properties of a variety of gaseous and liquid flu- 
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Table A-1 Properties of air at P = 101.325 kPa; Nt = 28.966 kg/kmol 


“100 +—-3.5985 70.60 —07 19.62 —07 1.028 92.20 -04 0.787 25.5 +09 


150 2.3673 10.38 —06 43.85 —07 1.011 139/52 —03 0.763 34.0 +08 
200 1.7690 13.36 —06 W320 207 1.006 18.10 —03 0.743 85.9 +07 
250 1.4119 16.06 —06 1137 —06 1.003 22.26 —03 0.724 30:3) 1-07, 
263 1.3421 16.70 —06 12.44 —06 1.003 Paso SVB, 0.720 24.1 +07 
273 1.2930 17.20 —06 13.30 —06 1.004 24.07 —03 0.717 20:3 +07 
283 1.2473 17.69 —06 14.18 —06 1.004 24.86 —03 0.714 17.2. +07 
293 1.2047 18.17 —06 15.08 —06 1.004 25.63 « —03 0.712 14.7 +07 
300 1.1766 18.53 —06 15.75 —06 1.005 26.14 —03 0.711 13723: 4-07 
303 1.1650 18.64 —06 16.00 —06 1.005 26.37 —03 0.710 2.6 O07 
313 SPAY 19.11 —06 16.95 —06 1.005 27.09 >=—03 0.709 10:95 07 
323 1.0928 19.57 —06 17.91) *—06 1.006 27.80 —03 0.708 94.6 +06 
333 1.0600 20.02 —06 18.89 —06 1.007 28.51 +03 0.707 82.5 +06 
343 1.0291 20.47. —06 19.89. —06 1.008 29:21: -.==03 0.706 72.2 +06 
350 1.0085 20.81 .—06 20.63 —06 1.008 29.70 ..:—03 0.706 65.8 +06 
353 1.0000 20.91 —06 20.91 —06 1.008 29:89 —03 0.705 63.5 +06 
363 0.9724 21.34 —06 21.95 —06 1.009 30.58” —03 0.704 56.1 +06 
378 0.9463 21.77 —06 23.01 —06 1.010 31:26 =03 0.703 49.6 +06 | 
400 0.8825 22.94 —06 26.00 —06 1.013 33.05 —03 0.703 36.3 +06 . 
450 0.7844 24.93 —06 31.78 —06 1.020 36.33), —03 0.700 21.6 +06 | 
500 0.7060 26.82 —06 37.99... —06 1.029 39.51 .. —03 0.699 13.6 +06 . 
550 0.6418 28.60 —06 44.56 —06 1.039 42.60 —03 0.698 89.7 +05 ) 
600 0.5883 30.30 —06 S505 06 1.051 45.60 —03 0.699 61.6 +05 | 
650 0.5431 31.93 *—06 58.80 —06 1.063 48.40 —03 0.701 43.6 +05 | 
700 0.5043 33.49 —06 66.41 —06 1.075 SP30%:—03 0.702 31.755 +05 
750 0.4706 34.98 —06 74.32 —06 1.087 54.10 —03 0.703 23.7 e095 : 
800 0.4412 36.43 —06 82.56 —06 1.099 56.90 —03 0.703 18.0 +05 | 
850 0.4153 37.83 .—06 91.10 -—06 1.110 59.70.. —03 0.703 13:9 7-05 
900 0.3922 39.18 —06 99.90 —06 1.121 62.50 —03 0.702 10.9°" +05 
950 0.3716 40.49 —06 10.90 —05 1.131 64.90 —03 0.705 86.9 +04 

1000 0.3530 41.77 —06 11.83 —0O5 1.141 67.20 —03 0.709 70.0 +04 

1100 0.3209 444 —06 13.8. —05 1.160 73:2, +03 0.705 

1200 0.2942 46.9 —06 15.9 ,,=05 LL77. AB. o-O3 0.705 

1300 0.2715 49.3 —06 18-23. 05 WAOS $3.7 | 5—03 0.705 

1400 0.2521 S17 —06 20.5 —O05 1.212 89.1 ~~" —03 0.704 

1500 02353 54.0 —06 22.9 =05 1.230 94.6 —03 0.704 

1600 0.2206 56.3. —06 25.5: 05 1.248 10.052 302 0.703 

1700 0.2076 58.5n51) 306 28:2 vie205 1.266 10/5 -. +02 0.702 

1800 0.1961 60.7 —06 31.0..,,.--05 1.286 11.1-.=—02 0.701 

1900 0.1858 62.9 —06 33.9" _ 05 1.307 11.7. —02 0.700 

2000 0.1765 65.0 —06 36.8 . —O5 1.331 12.4 —02 0.699 

2100 0.1681 67.2 ~=06 40.4 —05 S59) 13.1 —02 0.696 

2200 0.1605 69.3 —06 43.2 —05 1.392 13:9 ~ ~02 0.693 

2300 0.1535 71.4 —06 46.5 —05 1.434 14.9 —02 0.688 

2400 0.1471 73.5, +06 50:0 4.05 1.487 16.1 —02 0.681 

2500 0.1412 75.7, , —06 53.6; —05 1.556 17.5 _ —02 0.673 

$e re ee a ete Sleds eel TO Sogou tard 0 ny ebyee tl 
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Table A-2 Properties of O, at P 


101.325 kPa; Wt = 31.999 kg/kmol 


100 3.9906 76.80 —07 19:25, 07 0.947 90.50 —04 0.804 26.5 +09 


150 2.6186 11.27 —06 43.04. —07 9.918 135763; —03 0.754 35.3 +08 
200 1955i7 14.65 —06 74.91 —07 0.914 18.24 —03 0.735 87.3. +07 
250 1.5598 17.77 —06 114-3935 06 0.912 22.54 —03 0.718 30:2 -F07 
300 1.2998 20.67 —06 15.90) =06 0.918 26.74 —03 0.710 1295-07 
350 1.1141 2337 —06 20.98 —06 0.929 30/56 —03 0.710 63.6 +06 
400 0.9749 25.89 —06 26.56 —06 0.942 34.20 —03 0.713 34.7 +06 
450 0.8665 28.28 —06 32.64 —06 0.956 370s —03 0.717 20.4 +06 
500 0.7799 30.54 —06 39:16- =06 0.971 41.20 —03 0.720 12.8 +06 
600 0.6499 34.70 —06 53:39 =06 1.002 48.00 —03 0.725 SHES 3-05 
700 0.5571 38.50 —06 69.11° —06 1.031 54.40 —03 0.730 PRO aS, 
800 0.4874 42.10 —06 86.37 —06 1.054 60.30 —03 0.736 16.4 +05 
900 0.4333 45.40 —06 10.48 —0O5 1.074 66.10 —03 0.737 99.2 +04 
1000 0.3899 48.50 —06 12.44 —05 1.090 71.70 —03 0.737 63.3 +04 
1100 0.3545 51.40 —06 14.50 —05 1.103 77.10, —03 0.736 ° 42.4 +04 
1200 0.3250 54.20 —06 16.68 —05 1.115 82.10 —03 0.736 29.4 +04 
1300 0.3000 56.90 —06 18:9 jie —05 1,125 87.10 —03 0.735 20.9 +04 
1400 0.2785 59.50 —06 21-30%) 05 1.134 92.10 —03 0.733 15.3 +04 


250 1.3657 15.46 —06 11.325; 206 1.039 Dadoe, BOS 0.724 30.6 +07 
300 1.1381 17.86 —06 15.69 —06 1.039 25,98. +03. 0.714 RSP OO) 
350 0.9755 20.08 —06 20.58 —06 1.040 29:39 —03 0.711 66.1 +06 
400 0.8536 22.14 —06 25.94 —06 1.044 3202, 03 0.711 36.4 +06 
450 0.7587 24.08 —06 31.74 —06 1.049 35.64 —03 0.709 21.6 . +06 
500 0.6829 25.90 —06 37.93, = —06 1.056 38.64 —03 0.708 13.6 +06 
600 0.5691 2927. -06 51.44 —06 1.075 44.10 —03 0.713 61.7 42-05 
700 0.4878 32.35 «06 66.32. —06 1.097 49.30 —03 0.720 S18 epg05 
800 0.4268 35.20 —06 82.48 —06 1122 54.10 -—-03 0.730 18.0 +05 
900 0.3794 37.86 —06 99.80 —06 1.145 38.70 =03 0.739 10.9 +05 
1000 0.3414 40.36 —06 11.82, —05 1.167 63.10 —03 0.746 70.1 +04 
1100 0.3104 42.70 --06 13.76... -05 1.186 67,20) =03 0.754 47.1 +04 
1200 0.2845 45.00 —06 15.82 —05 1.204 71,30,.2-=03 0.760 32.6 +04 
1300 0.2626 47.10 —06 i 93 —05 F219 75.40 —03 0.761 23.4 +04 


1400 0.2439 49.20 —06 20.17 —05 L252 79.10 —03 0.761 17.2 +04 
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2.4728 
2.1652 
1.7967 
1.5369 
1.3408 
1.1918 
1.0726 
0.8939 
0.7662 
0.6704 
0.5959 
0.5363 
0.4876 
0.4469 
0.4125 
0.3831 
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—07 
—07 
=—O7 
—06 
—06 
06 
—06 
—06 
—06 
—06 
—06 
—06 
—06 
—05 
—05 
—05 


—06 
—06 


Table A-4 Properties of CO, at P = 101.325 kPa; Wt = 44.010 kg/kmol 


0.778 
0.806 
0.852 
0.897 


0.938 * 


0.977 
1.013 
1.075 


1.125, 


1.168 
1.204 
1.234 
1.259 
1.280 
1.298 
{ASHES} 


10.83 
12.89 
16.62 
20.50 
24.41 
28.34 
32.28 
40.30 
48.70 
56.00 
62.10 
68.00 
73.30 
78.00 
82.50 
86.70 


—03 
—03 
—03 
—03 
—03 
=—03 
—03 
—03 
—03 
—03 
—03 
—03 
—03 
—03 
—03 
—03 
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Table A-6 Properties of He-4 at P = 101.325 kPa; Yt = 4.003 kg/kmol 


100 0.4870 97.80 —07 20.05 —06 5.194 73.60 —03 0.690 24.4 +07 
150 0.3252 12.50 —06 38.44 —06 5.194 96.90 —03 0.670 44.2 +06 
200 0.2439 15.10 —06 61.91 —06 5.193 11-80 —02 0.665 12.8 +06 
250 0.1951 17.60 —06 90.20 — —06 5.193 13-70) -—02 0.667 48.2 +05 
300 0.1626 19.90 —06 12.24 —05 5.193) 15.50 —02 0.667 21:8: 3-05 
350 0.1394 22.20 —06 15.93 _—05 5.193 17.20 —02 0.670 11.0 +05 
400 0.1220 24.30 —06 19.93 . —05 5.193 18.90 —02 0.668 61.7 +04 
450 0.1084 26.40 —06 24.35 —05 5.193 20:50 —02 0.669 36.7 +04 
500 0.0976 28.40 —06 29.11 —05 52193 2210 —02 0.667 23.1 +04 
600 0.0813 32.20 —06 39.61 —05 5.193 25.10. —02 0.666 10.4 +04 
700 0.0697 35.90 —06 51.52 —05 5.193 28.00 —02 0.666 5228-03 
800 0.0610 39.40 —06 64.62 —05 S693 30.70 —02 0.666 29.3% 03 
900 0.0542 42.80 —06 78.97- —05 5.193 33.40 —02 0.665 fers 08) 
1000 0.0488 46.20 —06 94.71 —O5 Swe 36.00 —02 0.666 10.9 +03 
1100 0.0443 49.40 —06 11.14 —04 51193 38.50 —02 0.666 TNS OD 
1200 0.0407 52.50 +06 12.91 —04 5.193 41.00 —02 0.665 49.0 +02 
1300 0.0375 55.60 —06 14.82 —04 5.193 43.40 —02 0.665 34.3. +02 
1400 0.0348 58.60 —06 16.82 —04 55193 45.70 —02 0.666 2A aU 


250 0.8469 85.29 —07 10.07 —06 2.213 19.68 —03 0.959 


300 0.6971 10.27 -'—06 14.73 —06 2.170 24.55 —03 0.908 
350 0.5948 12.06 —06 20.28 —06 2.211 30.21. “—03. 0.883 
400 0.5193 13.90 —06 26.77 —06 2.289 36.48 —03 0.872 
450 0.4610 15.76 —06 34.19 —06 2.381 43.24 —03 0.868 
500 0.4146 17.63: —06 42.52 —06 2.477 50.42 —03 0.866 
550 0.3768 19.51% —06 51.78. —06 DES. S19 = 03, 0.866 
600 0.3453 21.38 —06 61.92> —07 2.665 65.63 —03 0.868 
650 0.3187 23.24 —06 12.92 —06 ZehDD 73.24 —O3 0.874 
700 0.2959 09 00 84.79 —06 2.844 81.20 —03 0.878 


contain real-gas specific heat and density values obtained from the National Bureau 
of Standards Circular 564.’ For all gas tables the volume coefficient of thermal 
expansion for an ideal gas was assumed, 6 = 1/T. Table entries for air above 1000 K 
are from Ref. 5. 

The properties of helium gas (Table A-6) were obtained from National Bureau 
of Standards Technical Note 631.° 

Tables A-7 and A-10 give gaseous and saturated liquid data for ammonia. 
Density and specific heat data were obtained from Haar and Gallagher,’ and the 
other properties were obtained from the 1976 ASHRAE Handbook.* 

The properties of steam in the superheated state at two different pressures 
are given in Table A-8, and the properties of saturated liquid water are given in 
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Table A-8 Properties of steam 


Density, kg/m? 
P=100kPa 0.460 0.416 0.379 0.348 0.322 0.300 0.280 0.263 0.248 
P = 7500 kPa 37.4 30.8 27.1 24.4 22.4 20.7 19.3 
Viscosity, uPa - s 
P=100 kPa 16.2 18.2 20.3 22.4 24.5 26.5 28.6 30.6 32.6 
P = 7500 kPa 19.7 DOAN 24.4 26.6 28.8 30.9 32.9 
Thermal 
conductivity, 
mW/(m - K) 
P= 100 kPa 33.4 38.3 43.5 49.0 54.7 60.7 66.9 73.3 79.9 
P = 7500 kPa 64.1 60.6 62.9 67.5 72.8 78.7 84.8 
Specific heat, 
kJ/(kg - K) | 
P= 100 kPa 1.979 1.990 2.010 2.037 2.067 2.099 2.132 2.166 2.201 
P = 7500 kPa 4.686 3,228 2.726 2.512 2.420 2.386 2.379 
Prandtl number | 
P= 100 kPa 0.959 0.947 0.938 0.930 0.924 0.917 0.910 0.905 0.989 


P = 7500 kPa 1.443 L179 1.057 0.990 0.956 0.936 0.924 


Table A-9 Properties of saturated liquid water 


0.01 999.8 17.91 —04 17.91" 07 4.217 0.562 13.44 
10 999.8 13.08 —04 13.08. —07 4.193 0.582 9.42 
20 998.2 10.03 —04 10.05 —07 4.182 0.600 6.99 
30 995.6 TOT =05 80.01 —08 4.179 0.615 5.42 
40 992.2 65.31 —05 65.80 —08 4.179 0.629 4.34 
50 988.0 54.71 —05 55:87. —08 4.181 0.640 Sy 
60 983.2 46.68 —05 47.48 —08 4.185 0.651 3.00 
70 CHa 40.44 —05 41.36 —08 4.190 0.659 257 
80 971.8 35.49 —O05 36.52 —08 4.197 0.667 2.23 
90 965.3 31.50 -:=05 32.63 —08 4.205 0.673 1.97 

100 958.3 28.22 +05 29.45 —08 4.216 0.677 1.76 
140 926.1 19:61 -=05 20.17 —-—08 4.285 0.685 1.23 
180 886.9 14.94 —05 16.85 —08 4.408 0.674 0.98 
220 840.3 12.10 —05 14.40 —08 4.613 0.648 0.86 
260 784.0 LOA5'5=05 12:93"! '=-08 4.983 0.606 0.83 


Table A-9. For these tables the density and specific heat values come from the 
equations of the 1967 IFC Formulation for Industrial Use, given in the ASME 
Steam Tables.’ Viscosity and thermal conductivity values are those issued by the 
International Association for the Properties of Steam.'™!! 

The properties of saturated liquid oxygen (Table A-11), were obtained from 
NASA SP-3071,'” and similar properties for liquid parahydrogen (Table A-12) 
were obtained from NASA SP-3089.' 
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150 675 53.7. —06 79.6 09 5.598 0.0724 das 


32 46.0 513-07 112 —08 65.37 0.0915 3.67 
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Table A-13 Properties of mercury, sodium, 22 percent sodium/78 percent potassium, and potassium 


Density, kg/m 
Hg 13,600 13,460 13,350 13,110 12,880 
Na — — 927 905 882 858 834 809 783 
Nak — — 847 823 799 715 gsi 727 703 
K — — 819 795 77 TAT 723 701 676 
Viscosity, mPa - s 
Hg 1.68 1.39 21 1.01 0.862 
Na — — 0.705 0.450 0.345 0.284 0.243 0.210 0.186 
Nak — — 0.529 0.354 0.276 0.229 0.195 0.168 0.146 
K — — 0.463 0.298 0.227 0.190 0.169 (0 (So mm 05) Ko 
Specific heat, kJ/(kg - K) 
Hg 0.140 0.140 0.140 0.136 0.135 
Na — — 1.384 1.339 1.305 1.280 1.264 Te ele 
Nak — _ 0.941 0.908 0.887 0.879 0.874 0.874 0.883 
K — — 0.812 0.791 0.774 0.766 0.761 0.766 0.774 
Thermal conductivity, W/(m - K) 
Hg 8.2 9.3 10.4 12.4 14.0 
Na — — — 81.5 USal/ 71.2 66.8 62.7 59:0 
Nak — — — 24.7 25.9 26.2 26.2 25.9) 255 
Kz Te — — 44.1 42.0 39.4 S12 Sy Os Seas: 
Prandtl number 
Hg 0.029 0.021 0.016 0.011 0.0083 
Na — — — 0.0074 0.0059 0.0051 0.0046 0.0042 0.0039 
Nak — — — 0.013 0.0095 0.0077 0.0065 0.0057 0.0051 
K — — — 0.0053 0.0042 0.0037 0.0035 0.0032 0.0036 


The liquid-metal properties in Table A-13 were obtained primarily from 
Liquid Metals Handbook'*'> and supplemented from Ref. 16. 

The properties of some typical hydrocarbon fuels and oils (Tables A-14 to 
A-16) were adapted from data presented in SAE Aerospace Allied Thermody- 
namics Manual.'® 

Table A-17 contains properties of the atmosphere, taken from the 1976 U.S. 
Standard Atmosphere published by NOAA.” 

Table A-18 gives values of the Schmidt number for a number of dilute 
bindary mixtures, based on data in International Critical Tables'® and Chemical 
Engineer’s Handbook.'®! From the Schmidt number the binary diffusion coeffi- 
cient 217 = M2; may be deduced, since the viscosity and density are the values 
for the medium of diffusion. The Schmidt number for gases varies only slightly 
with pressure and does not vary greatly with temperature; it does, however, vary 
significantly with mixture ratio. With these facts, it is thus possible to estimate 
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Table A-14 Properties of engine oil (unused) 


0 898 38.3 =01 42.7 —04 1.788 14.7. —02 46,540 
15 889 10.6 —0O1 12.0 —04 1.845 14.5 —02 13,530 
30 881 36.9 —02 41.9 —05 1.905 14.3 —02 4,912 
45 872 15.3. ~=02 17:5 —05 1POGSS= 14.1 —02 2,130 
60 863 73.2 =03 84.8 —06 2.035 14.0 —02 1,065 
He 855 39.4 —03 46.1 —06 2.101 13:8" =—02 598 

100 840 17.2 =03 20.5 —06 2.214 Lom 280 
125 826 91.5 —04 11.1 —06 2.328 Sea — (2 159 
150 811 56.4 —04 6955; —07 2.440 13:25 —02 104 


ifs 879 10.6 —03 80.3 —06 (ee 127-02 | 962 


0 868 34.2 —03 39.4 —06 1.788 126 —02 483 
15 858 19.2, -=03 22.4 —06 1.845 A O02 286 
30 847 12.2 -=03 14.4 —06 1.905 tals —02 192 
45 836 84.4 —04 10.1 —06 1.969 te — 02 143 
60 826 63.0 —04 16:3 OF 2.035 12 —02 114 


18) 815 49.9 —04 O12) 07; 2.101 10.8 —02 97 


=I1)5 802 15.3. —04 ie) te Sess Uy) 1.858 | 14.1 —02 20 


0 789 11.2 —04 14.2 —07 1.926 14.0 —02 15 
15 776 86.8 —05 12 07 1.995 13:3;59 —02 13 
30 763 70.1. ,—05 91.9... —08 2.063 13,7, =02 11 
45 750 58:64. —05 13.2... —08 2,132, 1356) —02 9 
60. 737 50.4 —05 68.4 —08 2.201 13.5: ~-—02 8 
TD's 724 44.4 —05 Oils) US 2.269 13:37 —02 8 


Bi» and y;2 over a wide range of pressure, temperature, and mixture ratio. The 
Schmidt number for liquids varies considerably with temperature, although it is 
not significantly affected by pressure. Little data appear to be available on the 
variation of Schmidt number with mixture ratio. 

Table A-19 has been prepared to provide an idea of the variation of proper- 
ties with mixture composition in binary gas mixtures. The molecular weight, 
mole fraction, mass fraction, and specific heat for a gas mixture are given in the 
mass-transfer chapters. The mixture density was calculated according to the 
ideal-gas law. For the table air was the medium of diffusion, and the binary 
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Table A-17 Properties of the atmosphere 


diffusion coefficient %2 was calculated using the viscosity of air and the 
Schmidt number from Table A-18. This allowed calculation of y,, from D1. and 
the mixture density. 

The mixture viscosity was calculated using the Wilke” method and the mix- 
ture thermal conductivity was calculated using the Lindsay-Bromley”' method, 
as reviewed by Gambill.”” References 1, 3, and 23 contain a review of these and 
other methods of computing mixture thermophysical properties. 

Table A-20 has been prepared as an aid in mass-transfer problems involving 
the air—water-vapor system. The vapor pressure of H,O as a function of temper- 
ature is taken from Ref. 9, and then the concentration of H,O in a saturated 
air—water-vapor mixture at 1 atm total pressure is plotted. The latter has been 
prepared from Eq. (20-10). Similar curves can be prepared for other total pres- 
sures, using the same vapor-pressure curve; and, of course, other gas—vapor 
systems can be handled in the same way if vapor-pressure data are available. 
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Table A-18 Some values of the Schmidt number for dilute binary mixtures at approximately 


Ammonia 
Ammonia 
Benzene 
Benzene 

Carbon dioxide 
Carbon dioxide 
Carbon dioxide 
Carbon dioxide 
Carbon disuifide 
Carbon tetrachloride 
Chlorine 
Chlorine 

Ethane 

Ethyl! alcohol 
Ethyl] alcohol 
Ethyl] ether 
Glycerol 
Helium 
Hydrochloric acid 
Hydrogen 
Hydrogen 
Methane 
Methyl alcohol 
Nitrogen 
Nitrogen 
Oxygen 

Oxygen 

Oxygen 
n-Octane 
Sodium chloride 
Sodium hydroxide 
Sucrose 

Sulfuric acid 
Water (vapor) 


normal atmospheric conditions 


Air (gas) 


Water (liquid) 
Air (gas) 


Carbon dioxide (gas) 


Air (gas) 
Hydrogen (gas) 
Water (liquid) 
Ethyl alcohol (liquid) 
Air (gas) 

Air (gas) 

Air (gas) 
Water (liquid) 
Air (gas) 

Air (gas) 
Water (liquid) 
Air (gas) 
Water (liquid) 
Air (gas) 
Water (liquid) 
Air (gas) 
Oxygen (gas) 
Air (gas) 

Air (gas) 

Air (gas) 
Water (liquid) 
Air (gas) 
Nitrogen (gas) 
Water (liquid) 
Air (gas) 
Water (liquid) 
Water (liquid) 
Water (liquid) 
Water (liquid) 
Air (gas) 
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Table A-19 Binary gas mixtures (P 101.325 kPa, T = 290 K) 


Air-H,O 
0.00 28.97 1.003 0.3008 —04 0.714 0.600 1.189 
0.10 213% 1.089 0.2836 —04 0.729 0.597 1.220 
0.20 25.82 PIES) 0.2682 —04 0.751 0.595 1.264 
0.30 24.50 1.261 0.2544. —04 0.780 0.592 1.318 
0.40 23.30 1.347 0.2419 —04 0.813 0.589 1.381 
0.50 Papa | 1.433 0.2307. —04 0.850 0.586 1.451 
0.60 21.22 1.518 0.2204 —04 0.890 0.583 1.528 
0.70 20.32 1.604 0.2110 —04 0.934 0.580 1.611 
0.80 19.49 1.690 0.2024 —04 0.980 0.576 1.701 
0.90 18.72 1.776 0.1944 —04 1.030 0.573 L797 
1.00 18.01 1.862 0.1870 —04 1.083 0.570 1.900 

Air-H, 

0.00 28.97 1.003 0.8204 —04 0.714 0.220 3.244 
0.10 12.40 2.326 0.3511 —04 0.425 0.472 0.900 
0.20 7.88 3.648 0.2233 —04 0.448 0.664 0.674 | 
0.30 5.78 4.970 0.1637 —04 0.482 0.819 0.588 | 
0.40 4.56 6.292 0.1292  —04 0.517 0.951 0.544 | 
0.50 Be 7.614 0.1068 —04 0.550 1.066 0.516 | 
0.60 3.21 8.937 0.0909 —04 0.583 1.171 0.498 | 
0.70 2.80 10.259\ 0.0792. —04 0.614 1.268 0.484 | 
0.80 2.48 11.581 \ 0.0702 —04 0.644 [asia 0.474 / 
0.90 2.22 121903 ~\ 0.0630 —04 0.674 1.446 0.466 | 
1.00 2.02 14.226 \ 0.0571. —04 0.703 1.529 0.460 | 

Air-CO, 
0.00 28.97 1.003 0.1880 —04 0.714 0.960 0.743 
0.10 29.99 0.986 \ 0.1947 —04 0.711 0.911 0.780 
0.20 31.09 0.969 0.2018 —04 0.709 0.862 0.822 
0.30 32.28 0.952 2095 —04 0.708 0.815 0.869 
0.40 33355 0.935 2178 —04 0.708 0.768 0.923 
0.50 34.94 0.918 0.2268 —04 0.711 0.722 0.984 
0.60 36.44 0.901 0.2365 —04 0.715 0.677 1.056 
0.70 38.08 0.884 0.2471 —04 0.722 0.634 1.139 
0.80 39.87 0.867 0.2588 —04 0.731 0.591 1.238 
0.90 41.84 0.850 0.2715 \ —04 0.745 0.549 1.356 
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Table A-20 Vapor pressure of H,O and mass concentration of H,O in saturated air at 
P = 101.325 kPa 


—20 103 0.00064 40 7,378 0.0468 
—15 165 0.00102 45 9,585 0.0614 
—10 260 0.00160 50 12,339 0.0799 
—5 401 0.00248 55 15,745 0.1033 
0 611 0.00377 60 . 19,925 0.1330 
5 872 0.00539 65 25,014 0.1705 
10 1227 0.00760 70 31,167 0.2180 
15 1,704 0.0106 13) 38,554 0.2784 
20 DSL 0.0145 80 47,365 0.3556 
25 3,167 0.0198 85 57,809 0.4554 
30 4,243 0.0266 90 70,112 0.5861 
35 5,623 0.0354 100 101,325 1.0000 
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Dimensions and 
Conversion to SI 


BASIC UNITS 


Length meter (m) 
Mass kilogram (kg) 
Time second (s) 
Electric current ampere (A) 
Thermodynamic temperature kelvin (K) 
Luminous intensity candela (cd) 
Amount of substance mole (mol) 
DERIVED UNITS 


See Table B-2. 


PHYSICAL CONSTANTS 

Gas constant St = 8314.34 J/(kmol - K) 
Stefan—Boltzmann constant o = 5.66961 x 107-* W/(m’ - K*) 
Freefall, standard g = 9.806650 m/s” 
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Table B-1 SI prefixes 
10'8 exa E 
10° peta P 
10/2 tera T 
10? giga G 
10° mega M 
10° ~ kilo k 
10° hecto h 
10 deka da 
107! deci d 
10~? centi c 
10° milli m 
10~° micro m 
10° nano n 
10-2 pico p 
1052 femto f 
10°” | atto a 


Table B-2 Conversion factors 


Acceleration, m/s? foot/second? 3.048 0004 —01 
Area, m? foot” 9.290 3044 —02 

inch? 6.451 600+ —04 
Density, kg/m? gram/centimeter’ 1.000 000+ +03 


pound-mass/inch? 
pound-mass/foot* 


2.767 990 +04 
1.601 846 +01 


slug/foot’ 5.153 788 +02 
Energy, J=N-m Btu,; 1.055 056 +03 
Btu,, (thermochemical) 1.054 350 +03 
calorie;; 4.186 800+ +00 


calorie,, (thermochemical) 
erg 

foot pound-force 
foot-poundal 


4.184 000+ +00 
1.000 000% —07 
1.355 818 +00 
4.214011 —02 


watt-hour 3.600 000+ +03 
Enthalpy, J/kg Btu,,/Ib,,, 2.326.000 +03 
Btu,,/lb,, 2.324 444 +03 
Force, N = kg - m/s” dyne 1.000 000+ —05 
kilogram-force 9.806 650+ +00 
pound-force 4.448 222 +00 
poundal 1.382550 —O1 


Heat flux, W/m? = J/(s - m’) 


Heat-transfer coefficient, 
W/(m? - K) 


Btu,,/(s - ft’) 
Btu,,/(h- ft’) 
cal,,/(s - cm?) 
Btuy,/(s - ft? - F) 
Btu,,/(h - ft” - °F) 
Calqy/(s - cm? - °C) 


1.135 653 +04 
3.154591 +00 
4.186 800% +04 


2.044175 +04 
5.678 263 +00 
4.186 800% +04 


Table B-2. Continued 


Heat transfer rate, W = J/s 


Kinematic viscosity, m?/s 
Length, m 
Mass, kg 


Mass flow rate, kg/s 


Power, W = J/s 


Pressure, Pa = N/m? 


Specific heat, kJ/(kg - K) 


Temperature, K 


Thermal conductivity, 
W/(m : K) = Js: m- K) 


Thermal diffusivity, m’/s 


Velocity, m/s 


APPENDIX B Dimensions and Conversion to Sl 


Btu,,/hour 
Btu,,/hour 
Btu,,/second 
cal,,/second 
cal,,/second 


centistoke 
foot?/second 
stoke 


foot 

inch 

mile (US) 

pound-mass 

slug 

ton (metric) 

Ib,,/second 

Ib,,/hour 

ft- Ib,/s 

horsepower (550 ft - Ib,/s) 
atmosphere (normal = 760 Torr) 
atmosphere (technical = 1 kg, /cm”) 
bar 

dyne/centimeter” 

inch of Hg (0°C) 

inch of Hg (60°F) 

inch of H,O (4°C) 

inch of H,O (60°F) 
mmHg (0°C) = Torr 
poundal/foot” 
pound-force/foot* 
pound-force/ihch? 


Btu,,/(1b,, - °F) 

Btu, /(1b,, « °F) 

cal,,/(g - °C) 

cal,,/(g + °C) 

T (K) = T (°C) + 273.15 
T (K) = T (°R)/1.8 

T (K) = [T (°F) + 459.67)/1.8 
T (°C) = [T(°F) — 32/1.8 
Btu,,/(h- ft - °F) 

Btu,;- in/(h- ft? - °F) 
Btu,,/(h - ft - °F) 

cal,,/(s - cm - C) 
foot?/second 

foot?/hour 


foot/second 
kilometer/hour 
mile (US)/hour 


2.930711 01 
2.928 751 —O1 
1.055 056 +03 
4.186 800+ +00 
4.184 000+ +00 


1.000 000+ —06 
9.290 304% —02 
1.000 000+ —04 


3.048 000+ —01 
2.540 000+ —02 
1.609 344% +03 


4.535924 —01 
1.459 390 +01 
1.000 000 +03 


4.535924 —01 
1.259979 —04 


1.355 818 +00 
7.456999 +02 


1.013 250+ +05 
9.806 650# +04 
1.000 000: +-05 
1.000 000+ —01 
3.386 389 +03 
3.3/6 85), 4-03 
2.49082 +02 
2.4884 +02 
1.33322, +02 
1.488 164 +00 
4.788 026 +01 
6.894 757 +03 


4.186 800+ +00 
4.184 000+ +00 
4.186 800+ +00 
4.184 000+ +00 


1.730735 +00 
1.442 279 —O1 
1729517 --00 
4.184 000+ +02 


9.290 3044 —02 
2.580 640+ —05 


3.048 000+ —01 
Za i Soe 


, 0.447 044 +00 
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Table B-2 Continued 


Viscosity, Pa:s =N- s/m? 


Volume, m? 


Volume flow rate, m?/s 


+ As in App. A, an abbreviated notatio 
+ An exact definition. 


REFERENCES 


Mechtly, E. A.: The International System of Units—Physical Constants and Conversion 


centipoise 
poise 

Ib,,/(s - ft) 
Ib,,/(h - ft) 
Ib, s/ft? 
slug/(s - ft) _ 
foot? 
in? 

gallon (US liquid) 
liter 

ounce (US fluid) 


foot?/minute 
foot?/second 
gallon (US liquid)/minute 


n is used: —01 = 107 etc. 


Factors, 2d ed., NASA SP-7012, Washington, 1973. 
Metric Manual, McDonnell Douglas Corporation, 1976. 


1.000 000+ —03 
1.000 0004 —01 
1.488 164 +00 
4.133 789 —04 
4.788 026 +01 
4.788 026 +01 


2.831685 —02 
1.638 706 —05 
3.785 412 —03 
1.000 000+ —03 
2IST353e—09 
4.719 474 —04 
2.831 685 —02 
6.309 020 —05 


Some Tables of Functions Useful 
in Boundary-Layer Analysis 


Table C-1 Gamma function 


rin) = | x""le* dx, Tn+1) =nIl(n) 
0 


1.00 1.000 135 0.891 1.70 0.909 


1.05 0.974 1.40 0.887 175 0.919 
1.10 0.951 1.45 0.886 1.80 0.931 
1 FS) 0.933 1.50 0.886 1.85 0.946 
1.20 0.918 1.55 0.889 1.90 0.962 
1.25 0.906 1.60 0.894 1.95 0.980 
1.30 0.897 1.65 0.900 2.00 1.00 


Table ‘C-2 Beta function and incomplete beta function 


1 
Rees ay zl — zy"! dz 
0 


_ Para) 
~ T(m #£n) 


= Bi (n,m) 
Incomplete beta function 
7 
primn)= f° 2-2)" az 
0 


= Bi (m, n) =< Bi-r(n, m) 


475 


476 


Convective Heat and Mass Transfer 


Table C-3 Tabulation of 6|(m, n) for some particular values of m and n encountered in 
Chaps. 10 and 12 and values of 8, /8) as a function of r for the same values 


of m and nt 


0 0 0 0 0 0 0 0 


0 
0.02 0.225 0.307 0.402 0.0912 0.635 0.659 0.728 0.0432 
0.06 0.325 0.441 0.568 0.189 0.717 0.744 0.819 0.0917 
0.10 0.387 0.521 0.663 0.264 0.760 0.787 0.862 0.142 
0.20 0.492 0.651 0.801 O:312 0.821 0.849 0.920 0.261 
0.40 0.634 0.804 0.928 0.634 0.890 0.915 0.970 0.477 
0.60 0.745 0.900 0.980 0.800 0.934 0.954 0.990 0.673 
0.80 0.850 0.964 0.997 0.924 0.968 0.981 0.998 0.851 
1.00 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
+ Taken from Baxter and Reynolds.' 
Table C-4 Error function 
Man ree 2. f° ep 
et) = —— Cady —— ed 
(x) oe / n iat. ” 

5 erf(x) x erf(x) X erf(x) 
0.00 0.0000 0.45 0.475 1.10 0.880 
0.02 0.0226 0.50 0.521 1.20 0.910 
0.04 0.0451 0.55 0.563 1.30 0.934 
0.06 0.0676 0.60 0.604 1.40 0.952 
0.08 0.0901 0.65 0.642 1.50 0.966 
0.10 0.1125 0.70 0.678 1.60 0.976 
0.15 0.168 Ou: 0.711 1.80 0.989 
0.20 0.223 0.80 0.742 2.00 0.995 
0.25 0.276 0.85 0.771 3.00 1.000 
0.30 0.329 0.90 0.797 oO 1.000 
0.35 0.379 0.95 0.821 
0.40 0.428 1.00 0.843 


REFERENCE 
1. Baxter, D. C., and W. C. Reynolds: J. Aero. Sci., vol. 25, no. 6, 1958. 


Operations Implied 
by the V Operator 


nate the scalar magnitudes of the components of a vector in the indicated 


] et V represent a vector quantity and S a scalar quantity. Subscripts desig- 
direction. Note that 


VS is a vector 
V-V is a scalar 
V75 is a scalar 
V-V is a vector 


V-VS is a scalar 


RECTANGULAR COORDINATES (x, y, z) 


See Fig. D-1. 
OVy . Wy SV, 
V-V=—~4+— - 
Ox dy dz 
v5 2 07S os 87S? (.0?S 
~ @x2 Ay? Az? 
as as as 
=— VS), = 5 V5), = zr 
Cy rap) WS = gin), 0 OO. = x 


hy as aS 
i.VS=V,—+V,—+V,— 
bY a rien yay) “az 


ee ee at ee) 
be Ce Y; "Ox dy \ dy dz \ 0z 
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GeV 0GNBAVY) 1OAWy 


Vey = 

Wane ax? 5 dy? dz? 

(yy, = 2M 4 PV | BY, 
» Qx2 dy? az? 

ae #V, av, aV, 
.= 


ax? dy? dz7 


CYLINDRICAL COORDINATES (r, ¢, x) 


See Fig. D-2. 

1a 1 Ve OV, 

VaV = V, 
re rt - rae 

1) as 1807 S2-6d"8 
Veo ~ = cp ee 

1 ( iy, 185 

as 10S os 
VS) =—, VS SS V ‘2 = 
CW =a eee 


as Vo chy aS 
or r ao “Ox 


1a chy 10 (ads 0 as 
V-aVvs = -— — -— | -—-— — |a— 
. r or (rat) +o (“sr )+2 (oF 


APPENDIX D Operations implied by the V Operator 


Zz 


x 


Figure D-2 
df{1l0a 1 0°V, 2 OV, 0°V, 
WV), = —|-¢v)|4+ 524 -55%+-5 
( ) ar E or i | 5 r2 0g? —s rr? : OD ns ax2 
0 0 1 0°V, 2 OV, a°V, 
V-V Se AV, ied g ea 6 ¢ 
Pa = a | + Peg rab | ax 
lie OV, 1/a8y.~. eV 
(V?V),=-—\(r =a 
ra or POP ye Ox? 


SPHERICAL COORDINATES (r, 4, ¢) 


See Fig. D-3. 
Ving 52 y,) aie 55 Vo sin) + sae 
ae = (VS)o = — (VS)g = a5 


OSite Vids eh Vs 


dr r 00 rsind dd 
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Figure D-3 


V-aVSs es i fF te [ihoe— 
. = —— | ra— = — 
S e8 oF] p28in6 30 PY 


a 1 ) ( 55) 
a 
r2sin? 60 \ Og 


2V, 2°0Ve  2V_coté 2 -OV3 
r2¥i 72-90 r2 r>sin@ d¢ 


2 OV, Vo 2cos@ dVg 
VV 21,- 
( de a r2 00 =o r*sin@~— r2 sin’ 6 O@ 

Va Dae OVE 2cos@ dV, 
r-sin?@ =r2sind d¢_~—sr2 sin? 6 Og 


(V?V)g = V?V5 = 


a 


Detailed Derivation of the 


APPENDIX 


Simplified Mass-Diffusion and 
Energy Equation (? Equation) 
for Convective Mass Transfer 
Problems and the Corresponding 


Boundary Conditions 


the conserved property equation (18-15) and the boundary condition at the 


| n this appendix, the various simplifications are discussed that finally lead to 


interface according to Eq. (18-29). 


Consider a two-dimensional boundary layer in (x, y) coordinates within the 
considered phase. Let us restrict consideration to steady-flow in the absence of 
body forces, and let velocities be sufficiently low so that we can neglect viscous 
energy dissipation and the influence of pressure gradients on the energy equa- 
tion. Then the differential equations to be satisfied within the laminar boundary 


layer are: 


diffusion of component j, Eq. (4-18), 


dm; om; ) dm; ue 
hare le  inc ocean 4 har ieaeld Peamihaa 
Fie os a ea (v ay i 


diffusion of chemical elements a, Eq. (4-24), 


ONy ONg ) 
One wage 


5 ee m;) =0 
ax) ay ay Se Fay 


(18-1) 


(18-2) 


481 


Convective Heat and Mass Transfer 


energy, from Eq. (4-26) or (4-27), 


di di a oT a dm; , 
G,— + Gy— -— — [k—] -— -—i;} =0 18-3 
“Ox vs: dy dy ( >) dy (> al dy :) ( 


continuity, from Eq. (4-1), 


momentum, from Eq. (4-10), 
du du dP a) du 
Gx ox riGy dy i ax , dy (u*) Gis!) 

In the following process of simplification we are obviously going to lose 
some generality. In applications where we are not satisfied with the validity of 
these simplifications we have no resource but to return to the original five equa- 
tions and attempt a solution by other means (for example with the help of a 
numerical solution method). If, in a multicomponent system, the binary diffusion 
coefficients differ sufficiently to invalidate the use of Fick’s law, or if the Dufour 
or Soret effects are deemed to be of importance (see Chap. 3), we must obviously 
retreat even further before attempting a solution. Whether the increased accuracy 
is worth the time and effort is one of the classic problems of engineering analysis. 


SIMPLIFICATIONS OF THE MASS-DIFFUSION 
EQUATIONS OF THE BOUNDARY LAYER 


Within this section we are discussing first various simplifications of the mass- 
diffusion equation, which will lead to the same simplified equation. 


CASE 1: Diffusion of an Inert Substance 
In this case there is no chemical reaction, and m’” = 0. Thus Eq. (18-1) becomes 
dm; om; 0 om; 
so + Gy = — [4 ] = 0 - 
Panu or Sane (x ae Latah 
Eq. (18-12) is the standard form that we seek for all the other simplifications. 


CASE 2: Simple Chemical Reaction with Equal Diffusion Coefficients 


Consider a simple reaction taking place within the considered phase in which a 
fuel combines with an oxidant to form a single product, without intermediaries. 
Then from stoichiometric considerations, we can write 


1 kg fuel + r kg oxidant = (1 +71) kg product 


We can now apply Eq. (18-1) independently to the fuel (Index f) and the oxidant 
(Index 0), or to the product (Index p), if we prefer: 
omy dm, 0 
oo Ge eee pagel eit vi 
ge ore, (v ne) mn (E-1) 


APPENDIX E Detailed Derivation of the Simplified Mass-Diffusion 


am, om, 0 om 
git SU pa a A MIRO | alc : 
Ox y dy dy (v dy ) mM, (E 2) 


From the stoichiometric relation we obtain 
ri! = rl! [r (E-3) 
If we combine Eqs. (E-1)—(E-2) and use Eq. (E-3), we obtain 


fe) 2 
G5 sey GML inc (v Fe) 


Ox dy dy 7 dy 
1 dm, om Meer om 
=- G} + G nig) Weeten <8 E 2 es 
r ( Ox ” ay ) r oy (v dy ) Age 
Rearranging gives 
) Mo j r) r) , OM 
Ges-(my =") + 6 2( ,-)- 2 , biondn Mes gacty 
0 r 0 r dy dy r -dy 
(E-5) 


If we now suppose that yy = y, = y (and this is the first of our major simplifi- 
cations), then 


G 0 ( Mo 1G r) Mo A) 0 Mo 0 
— -_-— eS ee | a5 Sy |b 
Ox f iF ay f r dy |. dy my r 


(18-13) 
Similar equations can obviously be developed for 
Mp ‘ 

ESS all = E-6 
fe Te lyr aye (E-6) 

Mo, My . 
— %, es E-7 
; fase if y¥ Yp (E-7) 


Note that in assuming equality of the diffusion coefficients, we are not intro- 
ducing significantly more of an approximation than is already incorporated in the 
differential equations. In the development of the latter, Fick’s law was assumed 
to be valid, and from Chap. 3 Fick’s law is accurately applicable to the compo- 
nents of a multicomponent mixture only if the binary diffusion coefficients for 
each pair of components in the mixture are the same. 


CASE 3: Diffusion of Chemical Elements a 
with Equal Diffusion Coefficients 


In a chemically reacting boundary layer in which simple reaction is not applic- 
able we can still consider conservation of the separate elements. Consider 
Eq. (18-2) under the assumption that yj = 4 = y (note that the diffusion coeffi- 
cients refer to the compounds m; and not to the elements a). Then we obtain 
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from Eq. (18-2) 


on on 0 7) 
G,— + Gy - = ]y=— Ng, ;m;) | =0 E-8) 
Ox - Oye. Oe Ly 2! te »| ( 
This equation can be simplified further, because 
Di, tat) = No (E-9) 
ij 
Thus 
on on r) ONy 
GH GS =0 E-10 
Sie oe = (v5) Co 


From the three cases considered for the mass-diffusion equation it can be 
seen that the equation always attains the following form: 


OP IP 9 OP 
G,— +G,— -— |®— }=0 18-15 
a ” ay = ( ~) ( ) 


where ® = y and Y% stands for one of the following functions: 


Mo m Mo m 
P a M;,Na, (m; - “2, (m;+ ne), (“+ ae) (E-11) 


SIMPLIFICATIONS OF THE ENERGY EQUATION 
OF THE BOUNDARY LAYER 


Now we investigate the energy equation in detail in order to see if also this equa- 
tion can be simplified to the same form as given by Eq. (18-15). 


CASE 1: The Unit-Lewis-Number Simplification 


The case of Le = | means that the Prandtl and Schmidt numbers are equal. This 
gives rise to the fact that the thickness of the concentration boundary layer and 
the thermal boundary layer are identical. Therefore, it can be assumed that this 
case will lead to substantial simplifications in the energy equation. 

First let us write the energy equation (18-3) in a slightly different form. The 
last term may be written 


a) oT a) oT C) oT 
= (te) = ~ (rex) = PS mje; — 
Oy aXn ey dy \ oy BNO dy 


But for a perfect gas c;dT = di;, and we have previously indicated an intention 
to use this expression as an approximation for a liquid. Thus 


0 oT a) i 
fet a laa 
oy dy oy ; dy 
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and Eq. (18-3) becomes 


Oi di 0 om; ) di; 
Gy— G i pee y Wad a FIR y ei aK — Ac 


From this equation it is now apparent that a great simplification will result if we 
set y; = I’, which is the assumption that Le; = y;/IT = 1. This simplification is 
valid if the Lewis number for each of the various fluids in the mixture is equal to 
unity at all points in the boundary layer. Of course, this does not preclude y; and 
I’ from varying through the boundary layer. As it has been stated in Chap. 18, the 
assumption that the Lewis number of gas mixtures is equal to unity is reasonably 
valid, because Pr and Sc are of the order of magnitude of unity. 

Note further that under the unit-Lewis-number assumption, no restriction is 
placed on chemical reaction within the boundary layer, so that the resulting sim- 
plified differential equation is applicable to a chemically reacting boundary layer. 

Applying now the assumption that y; = I’ for all components, we find that 
Eq. (E-11) becomes 


di di ) a myo 
CG; Gy— — — i; +1 <2 = 0 . (E-12 
The last term of this equation can be further pel as follows 


ee fs: We a a ; di 
“(oe G5 ap sar =) = op Drei = nee YS (nji;) = we 


j 


(E-13) 
Thus Eq. (E-12) reduces finally to 
di di a) di 
G,—+G,—-—{|r=—]= E-14 
ax) By a 5) ae 


CASE 2: No Chemical Reaction, with Equal Specific Heats 
for All Components 


We express the enthalpy of a component of the mixture by integrating the defin- 
ing expression for the specific heat at constant pressure: 


The temperature 7, is an arbitrary datum temperature associated with i; 9, the 
enthalpy of the j component at the datum temperature. If no chemical reaction is 


permitted then all the i i;g can be arbitrarily set to zero. If, in addition, the specific 
heats are all equal, thai is, c; = cy = c, then 


T, 


ii = feat 


To 
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The third term of Eq. (18-3) then becomes 


0 am; . dmj 
£ (ene) = 3 =15- oat So 


But, from Eq. (4-29), » y; 9m; /dy = O. Thus the entire mass-diffusion term in 


Eq. (18-3) is equal to 7ero. 
Under the condition of equal ptibe heats, one obtains for the enthalpy of 
the mixture 


T if T 
— Sim; ij = ee m, | oat = feat > ii = feat 
‘i 4 rc T To 
and di = cdT. Thus Eq. (18-3) can be simplified to 
di di ) di 
Gye C5 ee E-14 
Ox ee “ay - dy ( 4 ( 


CASE 3: Simple Chemical Reaction, with Equal Specific Heats 
for All Components 


Consider a boundary layer in which the same simple reaction is taking place 
as discussed above under the simplifications of the mass diffusion equation. 
Employing the subscripts f, 0, p, and oc for the fuel, oxidant, products, and 
all other components, respectively, the enthalpy of the mixture can be ex- 
pressed as 


i= Do mpi; = mp ig + meio tmp ip + Moc ioc (E-15) 
M! 

The enthalpy of each component can be expressed in various ways, depend- 
ing on the chemical state of the system chosen for enthalpy datum. A frequently 
chosen datum scheme is to let the enthalpy of the elements be zero at some ref- 
erence temperature, and then the enthalpy of a compound at the same tempera- 
ture is the change of enthalpy associated with the reaction forming the compound 
from its elements, the so-called “heat of formation” of a compound. Such a 
scheme could be convenient to define and derive a heat of combustion Hp, J/(kg 
of fuel), which is actually the negative of the enthalpy difference between the 
products of combustion and fuel and oxidant entering the reaction, all at Tp. 

For calculation purposes H, can be attached to the fuel, oxidant, or product, 
since it is a property of a chemical system and not merely a property of the fuel. 
It cancels out of calculations unless a reaction actually takes place, in which 
case all three components are involved in a fixed stoichiometric ratio. Thus if we 
employ Hp, there are three possible schemes for expressing the enthalpy of the 
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components, and thereby the enthalpy of the mixture, as follows: 


T T 
Scheme 1: if = [ pdt +H, in = [coat 
To To 
T T 
igo | cvat. hos [coat 
To : To 
r via 
= ~ 
Scheme 2: if = | cp aT, loi fi cgdT: 
Bs 
To To 
Yi jl 
[pee [coat loo = [cuat 
To To 
T 
Scheme 3: i; = pera? igi [ovat 
To To 
T T 
: imide i dT 
lp = c eal ; log = oc 
To Th 


For present purposes let us employ scheme 2. Then the enthalpy of the mixture 


becomes 
ii 


T if 
Me = H, cs = 
i =m; [ovat + ma, [eoat +m, aS + My [eoat + Moe [cwat 
vs 
To To To To 
(E-16) 
Now, we will consider the case, where all the specific heats are equal (c; = c). 
Then the above equation simplifies to 


H i 
i, = Mo +f cat (E-17) 
is 
Ty 
Employing the scheme 2 and the above made assumption of equal specific heats, 
the third term in Eq. (18-3) can be written as follows: 


T v 
om, ; omy fy) es IM l 7 dM Hy 
-——_ J+ = 7 E ) -dT 2) 
” Yj dy Fay. feat + dy E il Deg We ae 


dy 
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Because the four integral terms are identical, the equation can be rewritten in the 
following way 


By using now Eq. (4-29) we conclude that 


. am; . OM, Ho 
ees a Saad 
j i dy ’ ie dy 1 


Finally, the last term in Eq. (18-3) may be developed as follows. From Eq. (E-17), 
di Hy dm, oT 
= + 


Paes see E-18 
oy Te Oy) : dy ( ) 
and 
j A x oT Ho om, oT 
ee ee aie oy epee pee 
dy roy oy r Oy dy 
we obtain 
j Ho am, 
pot ep in ioe 
dy dy r oy 
Now substituting for the last term of Eq. (18-3), 
di di 0 am, Ho di am, Ho 
G,—+Gy—-—|% —+4+r—-P. —})=0 E-19 
ad ay = (x yee dy dy >) ( ) 


If we now suppose that y, = I’, Eq. (E-19) reduces to 


di di 0 di 
a aa ay (rx) a= 0 (E-14) 

In some cases this result may be less restricting than the unit-Lewis-number 
simplification, since only the diffusion coefficient for the oxidant must be equal 
to the heat-diffusion coefficient, although, of course, the equality of specific 
heats must be assumed. Note that the unit-Lewis-number simplification includes 
the possibility of “simple” chemical reactions, as well as multiple reactions. 

Eq. (E-14) is obviously also derivable under enthalpy schemes 1 and 3. The 


expression for the enthalpy of the mixture and the diffusion coefficient assump- 
tion are then 


T 
Scheme 1: i = my Ho + [cat with y, =T (E-20) 
To 
T 
el + | cat. with yp =T (E-21) 
defi 


To 


Scheme 3: i =—mp 
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This is an interesting result, because it shows that these assumptions might al- 


ways be very useful, if only one of the diffusion coefficients y; 1s equal to the 
heat-diffusion coefficient. 


CASE 4: Uniform Composition 


The final simplification of the energy equation to the standard form results when 
the composition is everywhere uniform. There is thus no mass diffusion, since 
dm;/dy = 0 everywhere. This, of course, simply brings us back to the single- 
component boundary layer problem, which was the subject matter of Chap. 10 
and Chap. 12. However, this can still be a mass-transfer problem, since fluid of 
the same composition as the mainstream fluid can flow through the interface 
(boundary-layer blowing or suction). 

Under these conditions, the third term in Eq. (18-3) drops out, and we can 
also express di = cdT. Then noting that k = cI’, Eq. (18-3) becomes 


di di 0 di 
Cp te ee BOOP) FSG (E-14) 
Ox dy oy 
An alternative form of Eq. (E-14) is 
oT oT Oo oT 
G,c— + G,er- =| cT— }]= E-22 

<r aa oy aG >) f 
Then if we consider the case of constant specific heat, c drops out and we obtain 
another equation in the standard form 


oT OT iid oT 
G, , west (Ge St peo! E-23 
Ox a dy dy ( ) ( 
From the four cases considered for the energy equation it can be seen that the 
equation always attains the following form 


—) oP 
6 +6, - 2 (0) a (18-15) 
Ox dy dy dy 
where ® = I and # stands for one of the following functions 
P= iE (E-24) 


GENERAL FORM OF THE SIMPLIFIED EQUATIONS 


All the above simplifications of the mass diffusion and the energy equations have 
led to the same differential equation: 


oP Go le >) 

G, G = d— }=0 (18-15) 
Ox ie dy oy ( dy 

where ® = T or y; and the function & stands for one of the following functions 


Mo Mp “Mo Mp 
P=; Nes (m; - “). (ms + we), ee me), iD) irate 


(E-25) 
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BOUNDARY CONDITIONS AT THE INTERFACE 


After we have shown that the simplified mass-diffusion equations and the energy 
equation will attain the same form, it will now be shown that the boundary con- 
ditions of these equations can be written in the same way. Of course, we will only 
be concerned here with the boundary condition at the interface, because the other 
boundary conditions (for x = 0 and at free-stream) can easily be shown to be the 
same [see Eqs. (18-19)—(18-20)]. : 

We will focus again first on the mass-diffusion equation and later on the 
energy equation. 


THE BOUNDARY CONDITION AT THE INTERFACE 
FOR THE MASS-DIFFUSION EQUATIONS 


As has been shown in Chap. 18, the general form of the boundary condition for 
the mass-diffusion equation at the interface can be obtained by applying conser- 
vation of mass for component j for a control volume including the s and T state 
(see Fig. 18-3). 

In Chap. 18 we obtained 


7) (yj dm; /dy)s 
ee 
Mj,5 — Mj,7 


(18-24) 


This is of course the boundary condition for diffusion of an inert substance 
(CASE 1). Now we will consider all the other above discussed cases for the mass- 
diffusion equation. The goal will be to show that the boundary condition at the 
surface can always be expressed in the same form as Eq. (18-24). 
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Figure i8-3 Control volumes at the phase interface for the mass-diffusion equation. 
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CASE 2: Simple Chemical Reaction with Equal Diffusion Coefficients 


Considering the same control volume and applying conservation of mass sepa- 
rately for the fuel and the oxidant, we obtain for the fuel 


Ly omy “it 
m mys — Yt By ae TS om 0 (E-26) 
and for the oxidant 
7 Om, ig 
mM ™M™o,5 — \ Yo —MmM MoT = 0 (E-27) 
dy /, 


Dividing Eq. (E-27) by r and subtracting from Eq. (E-26), 
is" (mp2) — (SL — (M2) rity — 2) 0 
PF” Jou dy oy \ Pod y rJr 
We now let yy = y. = y, and obtain 
7) Mo 
a 
abe ( Mo Mo 
os a) : (m * ae 


CASE 3: Diffusion of Chemical Elements a 


If we apply conservation of chemical element a to the same control volume and 
let yj = % = Y, we obtain 


(E-29) 


i! as (yj ON /OY)s 
No,s — Nat 


(E-30) 


From these three cases it is obvious that the boundary condition at the inter- 
face can generally be written as 


ra lls 6 al A, 
"= 18-29 
m P,P, ( ) 
where ® = y; and is one of the following functions 
Mo Mp Mo Mp 
=m: rat. .{— SE hs E-31 
Pp mj ar (my m2). (my + me) (7 +) (E-31) 


THE BOUNDARY CONDITION AT THE INTERFACE 
FOR THE ENERGY EQUATION 
In Chap. 18 we considered the control volume indicated in Fig. 18-4 and 


the steady flow energy fluxes flowing across the L and T surfaces. Applying 
conservation of energy across the s and T surfaces led to the following boundary 
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Figure 18-4 Control volumes at the phase interface. 


condition at the interface for the energy equation 


¥ [yj Gm; /ay)l, i; + Pe (OT /8y)]. 
ia ae ee an ee et a Pa (18-27) 


is — ir 
It will be shown now that the various simplifications of the energy equations will 
lead to a form of Eq. (18-27), which is identical to the standard form. 


CASE 1: The Unit-Lewis-Number Simplification 


The second term in the numerator of Eq. (18-27) may be rewritten as follows: 


(res). = (35), (mei), 


of dl; 
={T Y¥ m;c,— )-=(T ae 
( mie = ( um Hoh 
Thus, Eq. (18-27) results in 
Y [y; Om; /ay)], ij,5 +P Ym) (0i;/ay), 
“i J j 


a aT EATS a er sey TOT Cal RETR Cow tat Saar (E-32) 
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Under the unit-Lewis-number assumption Vj = VY =---=T, Eq. (E-32) can be 
simplified to 


m” = 


p ! 
PY (emi)/ayyle V5, Di Umsijh 
J oa W 
i, —ir i i, —ip 
Thus 


Tdi/o 
iy! = T9H/9y), 
ts b7 


(18-28) 


CASE 2: No Chemical Reaction, with Equal Specific Heats 
for All Components 


We have already seen that under these conditions 


r 
0 om; C) ~ 0m; 
—(>°y—7i)=— aT) y, + | =0 
eee ean dy [< 4 ay 


and also 


for equal specific heats. Thus Eq. (18-27) becomes 
-n _ (di/dy), 
nm =-———— 


im bp 


(18-28) 


CASE 3: Simple Chemical Reaction, with Equal Specific Heats 


In applying this simplification to the energy equation, it was shown that if the en- 
thalpy of the mixture is expressed by Eq. (E-17) 
Z 
Ewa + [cat (E-17) 
To 


then 
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If these two expressions are substituted into Eq. (18-27) and we make the addi- 
tional stipulation that y, = I’, we obtain again 
n _ (di /dy), 
ih: == Fim ase 
Ly = tT 
Obviously, the other enthalpy schemes lead to the same result. 


(18-28) 


CASE 4: Uniform Composition 


If the composition is uniform, the first term in the numerator of Eq. (18-27) is 
zero, and dT = di/c. Thus Eq. (18-27) reduces to 
oi AE OL OY Js 
(iS aaa 
LR at Y 
Finally, if c is everywhere the same (and this includes the transferred 
substance): 


. (18-28) 


2 ay Oy 
"= E-33 
m T-T, ( ) 
GENERAL FORM OF THE BOUNDARY CONDITION 
AT THE INTERFACE 
All the above simplifications of the boundary condition at the interface for the 
mass-diffusion equations and the energy equation have led to the same equation 
app a MO OL [OY)., 
RY == ——— 
Pe a Pr 
where ® = I or y; and the function ? stands for one of the following functions 


Mo m Mo m 
B=, (mj ~ “2, (ms + me) (+ ed eee 


In summary, we can conclude that it is possible to show that the simplified mass- 
diffusion equations, the energy equation as well as the corresponding boundary 
conditions can be brought to the same form. 


(18-29) 


MODIFICATION OF THE DEFINITION OF B 
TO ACCOUNT FOR THERMAL RADIATION 


In the derivation of the driving force B we ignored the possible influence of ther- 
mal radiation. If g is large, radiation could be negligible, but there are obviously 
many applications where it is not negligible. 

It is assumed that thermal radiation is absorbed and emitted at least an infin- 
itesimal distance inside the L surface and that the considered phase fluid is trans- 
parent. Then the boundary layer is totally unaffected by radiation. However, the 
energy balance on the L-T control volu. +e that leads to the definition of B must 
be modified. 
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mip 


Figure E-1 Modification of the energy balance at 
the phase interface to account for thermal radiation. 


Consider the control volume shown in Fig. E-1, in which a net radiant heat 
flux is included. Without radiation, the original definition of B from the simpli- 
fied energy equation is 


: painah 
i, — ir 
If we retain the original definition of i7, Eq. (18-25), we obtain 
loo — Is 
is — [inf /m"] 
But this definition of B is still valid for radiation, if the radiant flux is assumed to 


act below the L surface. Then we apply the conservation-of-energy principle to 
the L-T control volume 


B= 


ha Se rll 


Thus a modified form of the definition of B for applications of the energy equa- 
tion involving thermal radiation is 


log — 1 
er eee nara (E-34) 
bce tie Gagan 
In applications where it is more convenient to work with 7, than i;, the original 
definition is, of course, still valid, and radiation is handled as a separate effect. 
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TEXSTAN OVERVIEW 


This appendix describes the features of the TEXSTAN computer simulation 
code. It was primarily developed to enhance analysis and understanding of the 
flow fields that accompany surface friction, heat, and mass transfer and to solve 
boundary layer flows with convective boundary conditions that do not permit 
analytical or approximate solutions. We have developed a website for download- 
ing the compiled academic version of the TEXSTAN code, and the compiled 
version is made freely available to the academic community. The site also 
provides the student of convective heat and mass transfer with numerous data 
sets that reflect the spirit of this textbook. In addition, an input manual is avail- 
able at the website which explains the flags and variables which are used in 
the input file. This manual, along with manuals for six key data sets will help the 
reader become familiar with the code. 

TEXSTAN is the outgrowth of a long development period that was carried 
out at Stanford University in the period from the early 1960s through the mid- 
1970s, with further development at The University of Texas at Austin since 1980. 
The genesis of the Stanford code was a sabbatical taken by Professor William M. 
Kays (now Professor Emeritus at Stanford University), which allowed him to 
work with Professor Brian Spalding at the Imperial College-—London (now 
retired, and managing director of CHAM, Ltd., England) and his student, Suhas 


Patankar (now Professor Emeritus at the/University of Minnesota). Kays was _ 


given a copy of Patankar’s thesis code, and the Stanford version of the Patankar- 
Spalding boundary-layer code was started. Several of Kay’s students contributed 
to the development of the early code, with a primary contribution by Dr. Howard 
Julien, and other contributions by Dr. Ben Blackwell and Dr. Peter Andersen: 
In the early 1970s, Dr. Michael Crawford completely revised. the code while 
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developing a film cooling model for simulation of full-coverage film cooling. 
At the urging of Dr. Ray Colladay, then at NASA—Lewis Research Center, 
Dr. Crawford documented the non-film-cooled version of the code, naming it 
STANS (acknowledging there were earlier versions), and NASA published it as 
a NASA-CR."* The companion film-cooled version, STANCOOL, was turned 
over to NASA-Lewis Research Center for utilization by the aeropropulsion 
industry. Commencing in 1980, the code was further developed at UT-Austin by 
Professor Crawford, and his most recent version was renamed TEXSTAN to 
reflect the blending of the codes developed while at Texas and earlier at Stanford. 
Significant contributors to TEXSTAN at UT-Austin include Dr. Joe Pietrzyk, 
Dr. Huei Chen, and Dr. Sriram Neelakantan. 

TEXSTAN is a boundary-layer finite-difference computer code, with the 
source code written in FORTRAN. It is basically a parabolic partial differential 
equation solver for equations of the form: convection = diffusion + source. Cur- 
rently within the code the momentum sources include pressure gradient, free 
convection body force, and a generalized body force. For the stagnation enthalpy 
equation (or temperature, if low speed), the sources include viscous dissipation, 
body force work, and a generalized volumetric source. For convective mass 
transfer, there are currently no source terms implemented for combusticn, but in 
principle the appropriate source terms can be defined. 

A large variety of flow geometries can be analyzed by TEXSTAN, including 
the external wall shear flow family of flat plates, airfoil-shaped surfaces, two- 
dimensional and axisymmetric converging-diverging nozzles, and bodies of 
revolution of the missile shape. The internal wall shear flow family include 
circular pipes, planar ducts, and annular ducts. 

Turbulence models in TEXSTAN include three levels of mean field closure via 
the eddy viscosity model. These include the Prandtl mixing length with Van Driest 
damping a one-equation turbulence kinetic energy model, and numerous low- 
turbulence Reynolds number two-equation k-e models. The turbulent heat flux 
closure is via a turbulent Prandtl (or Schmidt) number concept. In principle, higher 
level turbulence closure models such as algebraic and full Reynolds stress models, 
along with turbulent heat flux transport models, could be adapted to the code. 

TEXSTAN can handle a variety of different boundary conditions. For the 
energy equation the flow-direction variation of either the wall heat flux or the wall 
temperature may be specified. The mass flux at a wall may also vary in the flow 
direction for certain geometries. For geometries with two different walls, such as 
annular or planar ducts, asymmetric thermal boundary conditions can be accom- 
modated. For external wall shear flows, the free-stream velocity, rather than the 
pressure, is treated as a variable boundary condition, while the free-stream stag- 
nation enthalpy is held constant. The user may specify the initial profiles of the 
dependent variables, or an automatic initial profile generator may be used. 

Fluid properties in TEXSTAN may be treated as constant or variable. Con- 
stant fluid properties are user-supplied via the input data set. Variable fluid 
properties are supplied through subroutines. The current routines include those 
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for air at both low and elevated pressures, water, nitrogen, helium, and products 
of combustion. 


BOUNDARY-LAYER EQUATIONS 


The equations for solution within TEXSTAN are for the transport of momentum, 
heat, and mass concentration within flows that obey the boundary layer approxi- 
mations. The equations presented here are formulated in their turbulent axisym- 
metric form appropriate to mean field closure. To conform to the nature of the 
numerical solver within TEXSTAN, the equations are formulated as 


convection (¢) = diffusion (@) + {sources (¢)} 


For the boundary layer momentum equation has ¢ = u, based on Chap. 11, with 
an added x-direction body force term 


du Ou loa Ou dP 
Plan Wel ae Samay Het a Se emer oe 4 


Mert = UW + Uy = p(v + Em) 


The boundary layer stagnation enthalpy equation has ¢ = i*, based on Chap. 16, 
with added x-direction body force work and volumetric energy source terms 


oi* a eg PG bead TERE 
u yo Shr — 
eB Ox Oy. TOY ( Pree Oy 


abt? ‘ad d (Su?) raghien 
_—_—- T e —_—_ —— ———_—_ 
r oy ie Pres dy sone 


where the diffusion coefficient term is redefined using ((epe/ Press) = (Kete/c), 
and 


where 


ke =KkK +k, =k + pctu 
Leff one 1+eéy/v 
Kete/c 1/Pr + (ey /v)/ Pr; 


The temperature-equation counterpart has ¢ = T, where the velocity-pressure 
gradient term, body force work, and volumetric energy source terms are neglected, 


oT OF 9i+ Ayd ec : 2 
pug tS Se (ree ap eff oa 
Ox dy. roy Pree dy c. \ay 


Pres = 


4 


The boundary-layer mass-transfer equation for an inert substance has ¢ = m,, in 
accordance with Eq. (18-12), and is written for laminar flow (the turbulent ver- 
sion has had limited testing): 


om; OM uxirih fb om; 
ie Ox a Oyen mee) 
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where the diffusion coefficient term is redefined using (1 /Sc;) = y;. A typical 
example of m; would be water vapor or naphthalene in an air—water vapor or 
air—naphthalene boundary layer. 

In the strictest sense TEXSTAN is a parabolic partial differential equation 
solver for equations of a common form 

howe A moo” = = ( 89 
Ox dy . Oy 
where C represents the appropriate nondimensional effective transport coeffi- 
cient for scalar variables such as stagnation enthalpy, temperature, or mass 
concentration, and Sy becomes the collective source and sink terms for the 
dependent variable in question. 

These equations are presented in axisymmetric coordinates to accommodate 
axisymmetric flows, where there is a well-defined relationship between the vari- 
able r and y. For example, in pipe flow, y = (r; — r) and y is measured from 
the no-slip surface. With this formulation, when the radius is set to unity, the 
Cartesian form is recovered. 


BOUNDARY CONDITIONS 


Boundary conditions for both planar and axisymmetric flows depend on whether 
the flow is considered an internal flow or an external wall shear flow. The differ- 
ence is in the handling of the pressure gradient in the boundary layer momentum 
equation which governs both types of flows. For the external flows, the pressure 
gradient is predetermined using a potential flow solver to obtain the free-stream 
velocity distribution and Bernoulli’s equation to convert it to a pressure-gradient 
distribution. For the internal flows, the pressure gradient can not be predeter- 
mined. Therefore, it is guessed during the numerical solution and iterated until 
the integral form of the conservation of mass is satisfied. 

For external wall shear flows the momentum boundary conditions include 
the surface and the free stream. For the surface the no-slip is standard, although 
TEXSTAN can be easily modified to accommodate a slip boundary condition. 
The wall-normal velocity is either zero, to reflect no fluid penetration, or it is 
nonzero for the case of wall transpiration. Acceptable values of wall transpiration 
correspond to that described in Chap. 9 for blowing and suction. 


u(svy 0) = 0 
v(x, Seam 0) = Us (x) — my (x)/ Ps 
U(X, Y > CO) = Uoo(X) 


The corresponding thermal boundary conditions for the energy equation 
include the surface and the free stream. For the surface the choice is either to the 
surface temperature or the surface heat flux 


T(x; y =0)=T,(%) ‘or 7g" @,y =0) = 4/@) 
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The surface boundary condition is appropriately converted by TEXSTAN into a 
Dirichlet mathematical form when the surface temperature is specified and into 
a Neumann form when the wall heat flux is specified and then further converted, 
depending on whether the dependent variable is stagnation enthalpy or tempera- 
ture. For the free stream, when the user chooses to solve the stagnation enthalpy 
form of the energy equation, the stagnation temperature is all that is needed to 
determine the free-stream stagnation enthalpy boundary condition, and for the 
low-speed choice of temperature as the dependent variable, the free-stream static 
temperature is appropriate. 


i*(x, y > 00) =i%, = (CT. + u2,/2) or T(x, y > ©) = Too 


The corresponding boundary conditions for the mass concentration equation 
include the surface and the free stream. 


m,(x, y =0) =m, 
m;(X, Y > CO) = Mj.oo 
For internal wall shear flows the boundary conditions are geometry depen- 
dent. For pipe flows, where the flow is axisymmetric, the momentum boundary 


conditions are no-slip and no penetration at the wall and symmetry line at the 
pipe centerline. The latter converts mathematically into a Neumann condition of 


zero gradient of the axial velocity with respect to radius at the centerline. The:. 


corresponding thermal boundary conditions for a pipe of radius r, are 
T(x,r =r) =T,(x) or q"(x,r=rs) = Gi (x) 


The thermal boundary condition for the symmetry line follows that for the 
momentum equation, being converted mathematically into a Neumann condition 
of zero gradient of the temperature with respect to radius at the centerline, and 
then further converted, depending on whether the dependent variable is stagna- 
tion enthalpy or temperature. 

For planar ducts, where the aspect ratio is such that the b/a ratio of Table 8-2 
in Chap. 8 approaches infinity, two geometry configurations are available in 
TEXSTAN. The first configuration is for the case where the thermal boundary 
conditions are symmetrical with respect to the duct centerline, and the second 
configuration is for when the thermal boundary conditions are asymmetrical with 
respect to the duct centerline. The first has momentum and thermal boundary con- 
ditions that match that of the pipe, and the second has momentum boundary 
conditions that are no-slip and no-penetration for both surfaces, and surface ther- 
mal boundary conditions similar to that for the pipe wall. The momentum and 
thermal boundary conditions for the annular duct match the second configuration 
for the planar duct. 


INITIAL CONDITIONS 


The flow or solution domain where the boundary-layer equations are solved will 
depend on the flow geometry. For external wall shear flows, the flow domain 
is bounded in the cross direction to the principal flow direction between the 
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no-slip surface (called the I-surface in TEXSTAN) and the free stream (called the 
E-surface). The domain starts where the initial conditions are specified and is 
essentially unbounded as the flow proceeds in the flow direction. For internal 
wall shear flows, the flow domain is likewise bounded in the cross direction, the 
flow starts where the initial conditions are specified, and the flow is unbounded 
in the flow direction. For pipe flows and the first geometry configuration for 
planar ducts, the centerline is the I-surface and the no-slip surface is the E-surface. 
For the second geometry configuration for planar ducts and for the annular geom- 
etry, the I- and E-surfaces are the inner and outer no-slip surfaces respectively. 

For both the external and internal wall shear flow geometries, there are basi- 
cally two types of initial profile choices: either the user provides TEXSTAN with 
“experimental” initial profiles or the user permits TEXSTAN to generate initial 
profiles. For internal flows, which often start at the entrance to a channel, the 
most obvious choice is for TEXSTAN to generate flat initial profiles correspond- 
ing to the classic combined entry problem. Fully developed initial flow profiles 
for channels, either laminar or turbulent, can also be fairly accurately generated 
by TEXSTAN. The same is true for laminar boundary layer flows using Blasius 
or Falkner-Skan analytical profiles. For turbulent boundary layer flows, the user 
can either choose to have TEXSTAN generate initial profiles, or the user can 
supply experimental profiles. If the latter is chosen, TEXSTAN interpolates the 
experimental data to provide enough points to permit an appropriately fine 
computing grid for the finite-difference solver. 


FLUID PROPERTIES 


In TEXSTAN the choice of whether to model a convective problem using con- 
stant or variable properties is primarily based on the ratio of the expected surface 
temperature to mean temperature for internal flows, or ratio of surface-to-free- 
stream temperature for external flows, where the temperatures are absolute 
(kelvins or degrees Rankine). When this ratio falls outside the interval from 0.95 
to 1.05, the use of variable properties should be considered. Note that TEXSTAN 
does not require the use of variable properties to compute the effect of viscous 
work (or the effect of viscous dissipation). This is an independent effect. For con- 
stant properties, the user supplies quantities such as density, dynamic viscosity, 
and Prandtl number. 
TEXSTAN contains a number of variable-property property tables or curve-fit 
functions, obtained from a variety of sources. There are three variable-property 
models for dry air. The first model derives from tables for air in the open 
literature for the temperature range 100—2800 K (or 243-5040° R), with the ef- 
fect of pressure on all properties except density ignored. The tables are interpo- 
lated. The second model incorporates from the ideal gas law for density, a con- 
stant Prandtl number, a constant specific heat, and the Sutherland dynamic 
viscosity law. The third model supports the approximation introduced in the 
high-velocity chapter of this text, where the density-dynamic viscosity product is 
assumed constant. To achieve this model, the density and viscosity are computed 
at a reference temperature of 300 K, then density is computed via the ideal gas 
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law, and viscosity is computed such that the density-viscosity product at a given 
temperature equates to the same product at 300 K. Variable-property tables are 
also available for nitrogen and helium, and for liquids, water properties and oil 
properties are available. 


TURBULENCE MODELS 


In TEXSTAN internal flows are forced to be either laminar or turbulent. For 
external flows, the boundary layer can be forced to be either laminar or turbulent 
over the entire surface, or the flow can be transitional, with a laminar starting 
flow, followed by the transition region, followed by turbulent flow. 

For turbulent flows the mixing-length model and corresponding turbulent 
Prandtl number are mostly described in Chap. 11 and Chap. 12, respectively. The 
mixing length incorporates the Van Driest damping function, with the A* model 
being a function of both pressure gradient and transpiration, and damped by a 
first-order lag equation. For internal flows, the At model constant is typically 25 
and for internal flows it is typically 26. For internal flows, there is also a provi- 
sion to compute a constant eddy diffusivity for momentum as a function of 
hydraulic diameter Reynolds number for the outer layer away from a wall. 
With this option, the constant eddy diffusivity is used when its value exceeds the 
mixing-length model value or when the distance from the wall exceeds (« x channel 
half-width). This hybrid model is valid only for fully developed pipe flow and 
fully developed flow between parallel planes. For both internal and external 
flows, the turbulent Prandtl number is described by Eq. (12-7), with Pr,,,, the 
value of Pr, far from the surface, being equal to 0.85. 

A model for curvature can be used in conjunction with the external- 
flow mixing-length, following that described in Chap. 11 and by Adams and 
Johnston.! The radius of curvature is allowed to vary in the x direction, and it is 
first converted to curvature, with a damping function controlling the rate of 
change of the curvature to create an effective curvature, and then back-converted 
into an effective radius of curvature. The procedure is to then compute the exter- 
nal flow mixing-length distribution for all y locations and modify it for the effects 
of curvature according to the local Richardson number, for both convex and con- 
cave curvatures. 

A model for roughness can also be used in conjunction with the mixing- 
length model for both internal and external flows, following that described in 
Chap. 11. The roughness model is based on the roughness Reynolds number; 
thus the model is valid only for uniformly distributed roughness of the Nikuradse 
type. For fully rough surfaces, Re, > 43, the mixing length in the inner region is 
modified by using a mixing-length offset described by Eqs. (11-51) to (11-53), 
along with A+ = 0 in the Van Driest damping function. For the transitionally 
rough surfaces, 5 < Re, < 43, the mixing-length offset is used, along with a Van 
Driest damping function, with both the offset and A* linearly changed over the 
transitional range of roughness Reynolds numbers. Below Re; = 5 the offset is 
not used, and the Van Driest damping function is the same as that for a smooth 
surface. 
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The one-equation turbulence-kinetic-energy can be used with the external- 
flow mixing-length providing the length scale. This model is really only suitable 
for boundary layer flows as it is currently programmed. It is an extension of what 
is described in Chap. 11,.and additional documentation can be found in Dawes,” 
Hassid and Poreh,? and Birch,* with the primary source being Hassid and Poreh. 
Because the one-equation model uses the mixing length, it is adapted to the cur- 
vature model. A primary advantage of this model is to incorporate the effects of 
the free-stream turbulence. via the outer boundary condition for the k-equation. 

For both internal and external flows, the TEXSTAN code has a choice of 4 
two-equation (k—e) models by Launder and Sharma,” Chien,° Lam-Bremhorst, as 
described by Schmidt and Patankar,’ and Jones-Launder.* These models vary in 
subtle details, and one of the constants in the Jones-Launder model is changed 
from the literature citation to permit better agreement with benchmark test cases. 


All other constants and functionals agree with the citations. A constant turbulent . 


Prandtl number is most often used with two-equation turbulence models. 

The free-stream boundary condition on the k equation is based on the 
assumption of isotropic turbulence as described in Chap. 11 for the one-equation 
model. Thus its initial value is k,. = 1.5[(Tu/100) x Veol where Tu and Vapp 
are the values of the turbulence intensity and free-stream velocity that approach 
the no-slip surface for the external flow. The free-stream boundary condition on 
the € equation is set equal to ki°/L., where ko is the local value of free-stream 
flow-direction turbulence and L, is the corresponding local free-stream turbu- 
lence length scale. Several choices exist for the L, scale. The most appropriate is 
the streamwise integral length scale obtained from the streamwise velocity auto- 
correlation. Note this should be about twice the vertical spatial scale if the flow is 
nearly isotropic. A second choice is the dissipation length scale, which relies 
heavily on the flow being homogeneous and isotropic. The dissipation scale is 
typically a factor of 2-3 larger than the integral scale. A third choice is to compute 
the length scale from a correlation if the turbulence was produced using a stan- 
dard grid-generation scheme, similar to the procedure described by Van Fossen, 
Simoneau, and Ching.’ Whatever the choice, the resulting free stream € should be 
on the order of 100 to 10,000 m/s’. The ideal situation is to have the distribution 
of free-stream k versus x, thus permitting the L, scale to be the unique value that 
matches the decay of k versus x. Note that the initial value of k is permitted to 
change by solving the k—-e equations as ordinary diffe:cntial equations, neglect- 
ing diffusion and production terms. 

For external boundary layer transitional flows, the mixing-len,. 2nd one- 
equation turbulence models are controlled by starting the flow in a laminar state, 
and turbulent viscosity is computed and added to the laminar viscosity when the 
flow exceeds some criterion such as a critical Reynolds number. For abrupt tran- 
sition, the switch occurs at a prescribed momentum Reynolds number, typically 
in the range of 200, being smaller if the surface is rough and larger if the free- 
stream turbulence intensity (Tu) is below 2-3 percent. There are three smoothly 
varying transition models in TEXSTAN. For intermittency-based transition 
models, turbulent viscosity is computed, multiplied by the intermittency factor, 
and added to the laminar viscosity when the flow exceeds a criteria based on Tu 
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and pressure gradient. The interniittency models in TEXSTAN are from Abu- 
Ghannam and Shah'®-and Mayle.'' A third model, described by Crawford and 
Kays,’ uses a smoothly varying Van Driest At function to simulate transition. 

With two-equation models, the flow is started turbulent at a very low x 
Reynolds number, and the k—e equations are computed along with the x-momentum 
equation. The turbulent viscosity is added to the laminar viscosity from the start 
of computations, and as the k-e profiles develop, the turbulent viscosity becomes 
significant, causing the friction and heat transfer to move from a laminar value 
and approach a turbulent value. This type of transition is called a natural two- 
equation transition. Typically this results in early transition, and the transition 
length (from the point where the friction is 10 percent greater than its laminar 
value to the point where it is within 90 percent of its fully turbulent value) is too 
short. To change this, the k-equation is modified to control the production of (&). 
The model was developed by Schmidt and Patankar® using the Abu-Ghannam 
and Shah!° database; therefore, it can reproduce that database quite accurately 
for start and length of transition. It works fairly well for turbine blade transition, 
but probably needs further adjustments. 


NUMERICAL METHOD FOR TEXSTAN 
Recall that the boundary-layer equations for TEXSTAN have a generalized form 


dg OP 9 (Met OD 
— —_— = — S, 
LIT TURI UL ASN =i (re Dee 
If we define the diffusion term to be 
Met OO 
Scot od dy 


then the generalized form becomes 
od OB osr Divas. 
Se cate estas a; ay + {So} 


The independent variables in this generalized equation are now transformed 


from (x, y) to (x, ¥) coordinates using the following derivative transformation 
operators 


AQ _ 80 |, 80 av 
x 0€ dx|, aw ax |. 
and 
RSG OS 9 0B 
dy a dy|, | dv ay|, 


Let € = x. Using this partial transformation, the donsatne operators become 
a0 _ 80, , a 20 _ 209, A av 
Ox 0g dp dx |, dy 0g Oy dy |, 
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Now, introduce the stream function, wy, to define the von Mises stream-function 
transformation that identically satisfies the variable-density conservation of 
mass, 


ow oy 
eo —} = 
ax, rp and dy |, roU 
The final form of the derivative operators become 
OC) OC) dQ) a() d() 
en AL (Sony V7 iy — = pe 
a aE 4+(=rp ) oy and ay (rpU) DW 


Now, transform the generalized boundary-layer equation, preserving the € variable 
for clarity 


rpU E = rove | +rpV [rou 5 | = roU fea) + {So} 


0& ow aw ow 
Or 
Yl le ae 1 
7 78 liao | 


The independent variables in this generalized equation are now transformed 
from (x, y) coordinates to (x, w) coordinates using the following derivative 
transformation operators 


a) _ a) an 


d& — An 0 


a() ae 
ge i{rd@0§ 


vy 
and 


a0 _ 90. a7], 30 de 

ow dn OW|, Ow oy ; 
Let 7 =& =x. Using this partial transformation, the derivative operators 
become 


a0) _ a0, , AO a 


a dn . dw VE 


v 
and 
a0) _ 84, 2020) 
dy On dw Ow | 2 
Define the nondimensional stream function, w, bounded by the stream func- 
tion values at the domain bounding surfaces I and E. For an external boundary 
layer flow over a flat or curved surface I is a solid surface and E is the free 
stream; for internal pipe flows, I is a symmetry line and E is a solid surface. 
vw 
Ve-—Wi 


(a) 
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The derivative of w with respect to & is 
dw) _ 00h — Wi) BB con el tne Mad 
sel.- {ver E — v1) gg VE v1) \,| 
SAN Gig 22) | VLE epee rey) 
0& ' 
a (ve) _ avi 
ve — v1) ( ae |S BE all 
1 ow (y ai wv ) a7] 7] 
= {10 =(=rjm;)}= PRE ee aa = (ri 
des bw 
= Ae 
where | 
a= rym; | 
b = (rem', — rjm’) / 
AW = (We — Wy) 
and the derivative of w with respect to y is | 
0 Oe seal 
Ovie We-w AW : 
| 


With the w transformation, the final forms of the derivative operators are: 


a() =a) Guo d() ( 1 \e 
ek =H) and A= | — |] — 
0g on AW dw ow AW] dw 


Transformation of the generalized equation to the (x, a) coordinate system is 
straightforward. For simplicity, replace both the € and 7 variables by x, and the 
finalized form becomes 


OF eee 0p 1 SNe: 1 
eee —> = ee —(r eens 
ax AW ) a0 \AW) do°"* * |rpu~? 

Solution to this generalized @ equation is carried out using the method of 
finite differences over the solution domain that is bounded between the I and 
E surfaces in the cross-stream direction and the x location where the initial con- 


ditions are specified. This domain is called a parabolic domain, from the mathe- 
matics, because it is unbounded in the flow direction. 


To obtain the solution, four basic steps are required: 


1. Subdivide the solution domain into numerous subdomains, called finite 
volumes. 
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2. For each finite volume, identify a location within the volume that will 
represent the dependent variable (@). 


3. Develop an algebraic equation that links this dependent variable to the 
values of the dependent variables that are in the neighboring finite 
volumes. 


4. Solve the set of algebraic equations to determine #(x, w) and then transform 
it back to (x, y). 


Because the problem is parabolic, the two-dimensional solution can be started at 
any initial x location and marched in the x direction, rather than having to solve 
for the complete (x, y) field as is required for, say, two-dimensional conduction 
heat transfer problems. Typical starting x locations would be close to the leading 
edge of a flat plate for the Blasius problem or at the entrance for a pipe-flow 
problem. Note that external flows can not be started at a singularity where the 
velocity field is zero because of the nature of the von Mises transformation. 

There exists several methods to develop the algebraic equation that links the 
dependent variable to its nearest neighbors. With each of these methods the 
governing differential equations are replaced with difference equations, which 
become the algebraic equations for solution. 

The method of Patankar’? is to integrate the governing differential equation 
over a finite volume. This method creates integrals for each term of the differen- 
tial equation, and to carry out the integration, one or more assumptions must be 
made as to how the variable ¢; will vary in the cross-stream direction. On the 
basis of these assumptions each integral is evaluated, and the result is a 
linearized algebraic equation for each node location i 


aid; = bidbi4, + C1O:-1 + 


These equations are then assembled into a set and solved by a tridiagonal 
matrix algorithm, and iterated as needed. Boundary conditions on the set of 
difference equations depends on whether their mathematical form is Dirichlet or 
Neumann. 


DATA SETS FOR TEXSTAN 


The website for the TEXSTAN code contains numerous data sets to help the new 
user with understanding a variety of different geometries available for study. 
These are summarized in App. H. For most of the sample data sets there is a 
corresponding output file that is generated by TEXSTAN, and the output is typi- 
cally formatted to contain nondimensional results that compare the calculations 
to accepted laminar or turbulent correlations. At this time there are no graphics 
associated with TEXSTAN, although the output files are suitable for importing 
into various graphical packages. 

The following data sets have extensive documentation on the website to 
permit the new user to understand their construction, and App. G describes in 
detail the construction of the data set s/0.dat.txt. 
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s10.dat.txt laminar Blasius flow on a flat plate 
s31.dat.txt laminar combined entry flow in a circular pipe 
s200_5.dat.txt turbulent flow on a flat plate 
s400_7.dat.txt turbulent combined entry flow in a circular pipe 
s800_Se.dat.txt transitional flow on a flat plate 
s700_Se.dat.txt flow on the suction side of an airfoil 
TEXSTAN FOR RESEARCH 


For more than 25 years TEXSTAN and its predecessor codes STANS and 
STANCOOL have been used worldwide in academia and industry. Research ver- 
sions of this code have extended turbulence modeling closure to include full 
Reynolds stress models, turbulent heat flux models, and multiple-time-scale k—e 
models. The performance of various two-equation models with transition is de- 
scribed in Harasgama et al.'* for the highly-loaded transonic turbine guide vane 
data of Arts et al.'° They discovered the models are generally adequate for the 
laminar and fully turbulent portions of the vane surfaces over the various Mach 
and Reynolds numbers and free-stream turbulence levels of the experiments, but 
predictions indicate a somewhat inconsistent model performance for a given 
model in the start/end of the transition region, especially at lower Reynolds num- 
bers. To model stochastic surface roughness in TEXSTAN, the Taylor-Coleman- 
Hodge'® discrete roughness model and it’s modification for heat transfer by 
Tarada'’ have been incorporated into the research version of TEXSTAN. Tolpadi 
and Crawford'* used this model to predict the suction and pressure side heat 
transfer data of airfoils for heat transfer data by Abuaf, Bunker, and Lee!” at four 
Reynolds numbers and high free-stream turbulence. The roughness elements 
were simulated using full-height right-circular cones, with parameters of the el- 
ements being matched to the airfoil’s roughness statistical profile measurements. 
Both the heat transfer level and transition locations were in good agreement 
for all but the lowest of the Reynolds number cases. 

The film cooling models of TEXSTAN have evolved since the early version 
described by Miller and Crawford.” The revised film cooling models are derived 
based on the early work of Tafti and Yavuzkurt' and the extensions to that work 
by Neelakantan and Crawford.**? Those references show extensive validation 
of the models for flat-plate conditions. For film-cooled airfoils, very little valida- 
tion of the Crawford models has been carried out. Weigand, Bonhoff, and 
Ferguson™ evaluated TEXSTAN and a 3-D Navier-Stokes code for predicting 
heat transfer on a fully film-cooled vane data for both film cooling effectiveness 
and heat transfer. They found the boundary layer program provided good agree- 
ment with the data, providing the appropriate boundary conditions are used for 
the velocity loading. Weigand, Crawford, and Lutum? evaluated TEXSTAN for 
the combined effects of its roughness and film cooling models using the flat plate 
data included in Hoffs, Drost, and Boelcs.”° The combined effects were success- 
fully modeled for both the effectiveness and heat transfer. 
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\ , y e present the construction of the s10.dat.txt data set to provide a feel 
for what is needed by TEXSTAN as an input data set to describe a 
convective problem. This data set is the Blasius problem for laminar 
flow over a flat plate with constant wall temperature and constant free-stream ve- 
locity. The problem permits comparison with analytical solutions for local shear 
stress (Pa or N/m”), local heat flux (W/m), and total heat transfer rate (W), along 
with confirmation of the similarity of profiles for velocity and temperature using 
the Blasius similarity variable and confirmation of the variation of friction coef- 
ficient, Nusselt number, and/or Stanton number with the square-root dependence 
on Reynolds number. At the end of this appendix is a discussion of modifications 
that can be carried out to incorporate variable-property effects, high-velocity ef- 
fects, and a discussion on implementation of a variable-surface-temperature 
boundary condition. 

For the Blasius problem let the free-stream velocity be 15 m/s, free-stream 
temperature be 300 K, and wall temperature be 295 K; let the fluid be air at 1 atm 
(101,325 Pa); the plate geometry is 0.2 m long in the flow direction by | m wide; 
assume constant properties and start calculations at an x-Reynolds number of 
about 1000; neglect viscous dissipation. The input file (s10.dat.txt) for this prob- 
lem will contain a total of 16 sets of data lines: 


si0Q.dat.txt tamobl, flat wlate, “tweed tise 


kgeom neq kstart mode  ktmu_ ktmtr  ktme 
1 2 4 1 0 0) 0 
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kgeom=1 applies to geometries that include flow over flat plates, over 2-D 
airfoils, and inside high aspect ratio 2-D converging-diverging nozzles (either 
subsonic or supersonic isentropic). Computations are carried out from the wall 
(I surface) to the free stream (E surface). The flow is computed per unit width. 


neq=2 tells TEXSTAN to solve two partial differential equations (pde’s). The 
first pde must be the x-momentum equation (boundary layer form). To determine 
what the second pde will be, TEXSTAN will have to examine the variable jsor. 


kstart=4 is a flag to select the type of initial profiles to generate. This value of the 
flag tells TEXSTAN to create Blasius profiles to start the calculations. 


mode=1 is a flag to start the flow as laminar flow. 


ktmu=ktmtr=ktme=0 tells TEXSTAN that the flow will remain laminar (that is, 
no turbulence models will be used, regardless of Reynolds number). 


kbfor Jsor(1) jsor(2) jsor(3) Jsor(4) jsor(5) 
il al 


kbfor=1 tells TEXSTAN to calculate only the pressure gradient in the momen- 
tum equation; other flag values would cause calculation of a body force or an 
arbitrary source introduced through the variable aux3. 


Jsor(1)=1 tells TEXSTAN that diffusion equation (1) will be the thermal energy 
equation (actually, any value between 1-10 will be a thermal energy equation), 
and =1 means do not calculate any viscous or body-force work for the energy 
equation. 


Note: The jsor variables are subscripted from 1 to 5; this is because there can be 
up to five diffusion equations being solved along with the momentum equation. 
Because neq=2, the variables jsor(2) through jsor(5) are left blank. 


kfluid kunits 
1 ngil 


kfluid=1 tells TEXSTAN to use constant properties; other values of the flag ac- 
tivate variable property routines. Constant properties are generally used for small 
temperature difference problems involving gases and low-viscosity liquids, and 
with gases at low speeds. 


kunits=1 tells TEXSTAN that all physical units will be in SI units (using only 
meters, kilograms, joules, newtons, kelvins or degrees Celsius, and seconds); the 
flag can also be set to use British units. 


po rhoc viscoc. amolwt gam/cp 
OSS 0) Miceailete TONG, i 8S 3-05 0.00 OOS pe 0) 
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po=pressure in Pa (N/m2); this will be considered static pressure if kfluid=1 and 
stagnation pressure if kfluid>1 


rhoc=density in kg/m? (user can set =0 if kfluid>1) 
viscoc=dynamic viscosity in kg/(m-s) or Pa- s (user can set =0 if kfluid>1) 
amolwt=molecular weight (user can set =O unless kfluid=14,15) 


gam/cp has a dual meaning. For kfluid=1, it is the specific heat in J/(kg - K) for 
all other kfluid values (except =14,15) user can set =0; for kfluid=14,15 it is the 
ratio of specific heats. User also can set =0 if neg=1 (solving only the momen- 
tum equation). 


pre(1) prc(2) prc(3) prc(4) pre(5) 
0. 707 


prc(1)=Prandtl number for the (1) equation; recall that setting jsor(1) between 
the value of 1-10 flagged TEXSTAN that the (1) equation will be a thermal en- 
ergy equation. If the (1) equation were a mass. diffusion equation (jsor(1)=31), 
then the prc(1) would be technically called a Schmidt number. 


Note: Because neq=2, the variables prc(2) through prc(5) are left blank. 


The following data blocks begin the boundary condition information for the I 
and E surfaces. They are supplied to TEXSTAN in 3 blocks. The first block is a 
set of two data lines representing the I and E surfaces. The variable nxbc tells 
how many boundary condition points to expect for the I surface and for the E 
surface (they must be equal in value). The jbc variable tells TEXSTAN how to 
interpret the boundary conditions for each diffusion equation (Dirichlet or 
Neumann type or symmetry). 


nxbc(1) — jbc(,1)—jbc(1,2)_~——jbe (1,3) ~~ jbe(,4) jc (1,5) 
2 aly 


nxbc(E)  . jbc(E,1) jbc(E,2) jbc(E,3) jbc(E,4) Jbc(E,5) 
2 2 


nxbc(I1)=2 is the number of be locations, I surface; note that 2 is the minimum 


and 100 is the maximum; this will become the number of x(m) locations and the 
number of other be values read by TEXSTAN’s input logic. 


nxbc(E)=nxbc(I) 


jbc(I,1)=1 tells TEXSTAN that the type of boundary condition at the I surface 
for equation (1) is Dirichlet; since the jsor(1) variable tells TEXSTAN that the 
(1) equation is the thermal energy equation, this will be the wall temperature, 
since the I surface for kgeom=1 is a wall. 


jbc(E,1)=1 tells TEXSTAN that the type of boundary condition at the E surface 
for equation (1) is Dirichlet; again, since the jsor(1) variable tells TEXSTAN that 
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the (1) equation is the thermal energy equation, this will be the free-stream tem- 
perature, since the E surface for kgeom=1 is a free stream. 


Note: Because neq=2, the variables jbc(I,2) through jbc(I,5) and jbc(E,2) 
through jbc(E,5) are left blank. 


The second data block is a set of lines (m=1,nxbc) representing the x locations 
of the boundary condition points, the wall radius (rw) at each of these locations, 
and the values of pre-defined variables (aux], aux2, and aux3) at these locations. 
Note that TEXSTAN will linearly interpolate the rw and aux], aux2, and aux3 
variables between the various x(m) locations. 


c= #9 nn nn ne on eo ee ee 
x(m) rw(m) aux 1(m) aux2(m) aux3(m) 

0.0000000 1.0000 0.0000 0.0000 0.0000 
0.2000000 1.0000 0.0000 0.0000 0.0000 


x(m)=x locations, in meters, where boundary conditions will be specified; two x 
locations are sufficient to define the s10.dat.txt geometry. If either the I- or E- 
surface boundary conditions were varying with x, then enough points would be 
required to resolve the distribution using linear interpolation (spline for velocity). 


rw(m)=1.000 is the required wall radius for a plane surface, kgeom=1. 
aux 1(m)=aux2(m)=aux3(m)=0.000 because these arrays are not used. 


The third data block is a set of 2*nxbc lines representing the I- and E-surface 
boundary conditions for each of the x(m) locations, including the velocity (ub), 
mass flux (am), and boundary conditions (f7) for all equations other than the mo- 
mentum equation. TEXSTAN will linearly interpolate the am and fj variables be- 
tween the various x(m) locations, and it will spline-interpolate the ub variable. 
Note that many of the boundary condition values can be set zero because they are 
either not needed or defined using some other variable. 


ubl(m) am(Im) fjd,l,m) fi(1,2,m) ff(,3,m)ff(,4,m)_—_ff(1,5,m) 
ubE(m) am(E,m) fj(E,1,m) fi(E,2,m) fi(E,3,m) fi(E,4,m) fi(E,5,m) 
0.00 0.000 295 a0 


T5100 0.0 OO 
0.00 0.000 2 Dye) 
15.00 0.0 0.0 


ubI(m)=0.00, the no-slip velocity, I surface 

ubE(m)=15.00, free-stream velocity in m/s, E surface 

am(I,m)=0.000, mass transfer, I surface (only non-zero for blowing or suction) 
am(E,m)=0.0, mass transfer, E surface (always =0 for free stream) 


fj(1,1,m)=295.0, the wall temperature (I surface), because jbc(I,1)=1, in units of 
kelvins (can be °C for iptv Note if jbc(I, I)= 2, this would be interpreted as 
a wall heat flux in units of W/m’. 
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fi(E,1,m)=0.0, the free steam (E surface) energy equation variable is set =0 be- 
cause it will be defined using the variable tstag. Note that tstag is interpreted as 
static temperature for kfluid=1, and interpreted as stagnation temperature for 
kfluid>| and converted to stagnation enthalpy. 


Note: Because neg=2, the variables fj(I,2,m) through fj(I,5,m) and fj(E,2,m) 
through fj(E,5,m) can be left blank. 


xstart xend deltax fra enfra 
0.0010410 0.200000 0.100 0.010 1.000E-06 


xstart=user-calculated value, in meters, to produce (approximately) the starting 
x-Reynolds number; xstart must be > x(1). It is important to note that TEXSTAN 
cannot start at a free-stream velocity singularity, such as x=0 for a Blasius or 
Falkner-Skan problem (the F—S m=1 problem is the cylinder in crossflow, ap- 
proximating the leading edge of a turbine blade). 


xend=user specified value, < x(nxbc), in meters, where integration is stopped. 


deltax=recommended value, =0.1. This is a nondimensional ratio of the true in- 
tegration stepsize divided by the boundary layer thickness. When one is check- 
ing effect of integration stepsize, this value is tested. A value of 0.1 means inte- 
gration in the flow direction proceeds at a stepsize no larger than 10 percent of 
the 99 percent boundary-layer thickness. 


fra=recommended value, =0.01. This is a complicated parameter relating to 


controlling stepsize in the event the boundary layer starts to grow rapidly, which 
is often the case in an adverse pressure gradient, or when large blowing is 
prescribed. 


enfra=recommended value, =1.0E-06. This controls how close to zero TEXSTAN 
keeps the gradient of the velocity profile at the E surface (if the flag kent=0) or 
for all dependent variables (if the flag kKent=1). In effect, this is controlling the 
mesh expansion in the + direction by creating entrainment. Changing this value 
to 1.000E-03, for example, would result in the numerical answers deviating from 
the Blasius solution to some degree. 


Note: Numerical simulations always require testing to ensure the solution is grid 
and stepsize independent. In TEXSTAN testing is carried out by refining the res- 
olution of the initial profile by changing dyi and rate, by changing deltax, and by 
changing enfra. We recommend you use kstart>0 (which allows TEXSTAN to 
generate initial profiles that have been well tested for grid spacing) and use the 
recommended values for dyi, rate, deltax and enfra. 


kout kspace kdx kent 
8 100 0 i 


kout=8 causes output to be formatted to compare friction (and heat transfer) re- 
sults with accepted academic correlations; this is most frequently chosen when 
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testing the various TEXSTAN sxxx.dat benchmark data sets: otherwise use 


kout=2 as a general external flow output format; output is always printed to a file 
named out. txt. 


kspace=print interval in terms of integration steps in the file out.txt. 


kdx=recommended value; =0. Rarely is this set =1, and if so, it is used in con- 
junction with the aux/(m) variable; typically useful if step changes in boundary 
conditions are being studied and one wants to vary stepsize immediately after the 
step. 


kent=recommended value; =1. Rarely is this set =0, except for free convection 
profiles. 


k1>0 permits defining a virtual origin for the x-Reynolds number using the gxx 
variable. Rarely necessary for laminar flows. 


k2>0 permits using a recovery factor in the definition of the heat transfer coeffi- 
cient and Stanton number. 


k3>0 sets the print interval for diagnostics when the user sets k8>0. 


k4 is useful only with analytical laminar flows. It allows the user to select vari- 
ous analytical free-stream velocity distributions built into TEXSTAN, such as 
the Falkner-Skan m=1 or the potential flow over a cylinder. 


k5=print interval for various files that contain useful information that can be easily 
plotted using plot software. For the external boundary layer with heat transfer 
these files include: 


ftn84.txt: x/s, yl, uinf, del2, h12, del3 
ftn85.txt: x/s, rex, rem, cf/2, reh, st, htc 
ftn86.txt: intg, x/s, htc, qflux, twall, tinf 
ftn87. txt: intg, x/s, htc, uinf, st 


where: 
cf/2 friction coefficient 
dell boundary layer displacement thickness, m 
del2 boundary layer momentum thickness, m 
del3 boundary layer enthalpy thickness (meters) 
h12 shape factor, dell/del2 
htc heat transfer coefficient, W/(m? - K) 
intg integration step 
gflux wall heat flux, W/m? 
reh enthalpy thickness Reynolds number 
rem momentum thickness Reynolds number 


rex x-Reynolds number 
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st Stanton number 
tinf free stream temperature, kelvins or °C 
twall surface temperature, kelvins or °C 
uin free-stream velocity, m/s 
x/s x location, normalized by s=exx; exx=0.0 sets s to its default 
value, s=1.0 
yl boundary layer thickness, where u/uinf =0.99, m 
k6>0 permits the user to stop TEXSTAN at integration step =k6. 
esta cee eee eee eee 
k7 k8 k9 k10 kil k12 


k7 is not used in academic TEXSTAN. 


k8 permits spe: * ‘Fagnostics to be printed (see the input manual). The two that 
are really useful are: 
=335 to print diagnostics to files fin35 and to ftn74 (and to the screen) 
from subroutines that create starting profiles when kstart>0. 
=36 to print analysis of various boundary conditions, as interpolated by 
TEXSTAN. The user should use this option if any input data vary 
with x, including free-stream velocity, wall temperature, or wall 
curvature. Be sure to plot the interpolated data to check for smoothness. 
Note: x distribution can be scaled to be x/s, where s is the input variable exx. 


k9 is not used for laniinar flows. 


k10 permits profiles of velocity and other variables to be printed to files that can 
be easily plotted using plot software. Two options exist: 
First option: punt profiles to the output file: out.txt. For this option: 
=10 to print non-dimensional forms of the profiles at each x(m) be 
=11 to print dimensional forms of the profiles at each x(m) be 


Note: If the user needs profiles at locations other than the x(m) values, then the user 
can add additional values to the x(m) array; this option works only for kout =2 
(bl flow) or kKout=4(internal flow). 
Second option: print one set of profiles to fin74 at a location defined by the 
input variable bxx. : 
=21 to print profiles at x-Reynolds number =bxx 
=22 to print profiles at momentum Reynolds number =bxx 
=23 to print profiles at enthalpy Reynolds number =bxx 


k11 is not used in academic TEXSTAN. 


k12 is not used in laminar flows. 


bxx CX dxx eXX x £5 Qxx 


0.UV00E+00 0.000E+00 0O.000E+00 0.000E+00 0O.000E+00 0.000E+00 0.0008+00 
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axx_ is used (k4>0) to define an analytic free-stream velocity distribution built 
into TEXSTAN. 


bxx is used (k4>0) to define an analytic free-stream velocity distribution. 
or if (kJ0>0) to define where to print profiles. 
or if (k2>0) to define a special recovery factor. 


cxx is used (k4>0) to define an analytic free-stream velocity distribution built 
into TEXSTAN. 


dxx is used (k4>0) to define an analytic free-stream velocity distribution built 
into TEXSTAN. 


exx is used (k5>0 or k8=36) as a scaling coefficient, s, to convert x to x/s. 
jfxx not used with laminar flows. 


gxx is used (k/=1) to define the x-virtual origin in the Reynolds number. 
or if (kbfor=4) to define an alternative gravitational constant. 


The initial profiles in TEXSTAN typically come from within the code or they are 
user-specified for kstart=1,10. The input manual describes how to provide user- 
specified profiles. For laminar boundary layer flows, kstart=4 generates Blasius 
profiles for velocity and temperature for use with constant free-stream velocity. 
Use of kstart=5,6 provide either the Falkner-Skan m=1 profiles or the cylinder 
in crossflow profiles. These profiles are documented in the input manual. The fol- 
lowing input variables apply only for kgeom=1,2,3 (the external wall shear flows 
where free-stream velocity is supplied as a boundary condition), and an alternate 
set of variables will be presented for kgeom=4,5,6,7 (the internal wall shear 
flows where the pressure gradient is iterated to conserve mass flow rate). 


dyi_- rate tstag vapp tuapp epsapp 
5..000EB-—05 0.0900 S00 e,0 0.00 Oi5,0 0.00 


dyi=recommended value for kstart=4 
rate=recommended value for kstart=4 


tstag is interpreted as the free stream static temperature (kelvins or °C) for 
kfluid=1, and it is interpreted as the stagnation temperature (kelvins) for kfluid>1 


vapp=turbulence variable; set =0.0 
tuapp=turbulence variable; set =0.0 
epsapp=turbulence variable; set =0.0 
Output file for s10.dat.txt 


The following output data set (s/0.bm.txt) was produced by TEXSTAN for this 
s10.dat.txt input data set. 


TEXSTAN (academic) 
dat: s10.dat.txt lam bl, flat plate, twall(i)se 
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stepsize: const, dx= 0,100 
entrainment based only on mom + energy eqns; enfra= 1.00E-06 fra= 0.010 
dpdx: not-a-knot spline curve fit 
energy eqn: solved, no source terms 
props: const 
po= 1.01325E+05 den= 1.17700E+00. vis= 1.83800E-05 sp_ht='1.00500E+03 
pre(je)= 0.707 
initial profiles: Kkstart= 4 dyi= 5.000E-05 rate= 0.0900 
laminar flow at xstart, transition not possible 
axx= 0.0000E+00 bxx= 0.0000E+00. cxx= 0.0000E+00 dxx= 0.0000E+00 
exx= 0.0000E+00 |fxx= 0.0000E+00 gxx= 0.0000E+00 
Stanton number and htc based on (twall-tinf) 


Laminar flat plate flow benchmark 
GE/27 theo = 02632 /sdre ex) 
nux, theo = 0.332" (rex**0.5) *(pr (7e,npl) **Ors30 


intg rex rem ED nu cfrat nurat h12 reh 
5 1.008E+03 2.108E+01 1.046E-02 9m 4526000505 99552 .59025598E+01 
100 2.180E+03 3.103E+01 7.110E-03 13.8 1.000 0.995 2.590 3.846E+01 
200°5.074E+03 4.735E+01 4.658B-03 21:0 0.999 0.993 2.590 °5.893E+01 
300 9.175E+03 6.367E+01 3.464E-03 28.2 0.999.0.993 2.590 7.940E+01 
400 1.448E+04 7.999E+01 2.757E-03 35.4 0.999 0.993 2.590 9.985E+01 
500 2.100E+04 9.632E+01 2.290E-03 42.6 1.000 0.992 2.590 1.203E+02 
600 2.8738+04 21.126E+02 1.958F-03 49.8 1.000 0.992 2.590 1.407E+02 
700 3.766E+04 1.290E+02 1.710E-03 57.0 1.000 0.992 2.590 1.6125+02 
800 4.780H+04 1.453E+02 1:518E-03 64.2 1.000 0.992 2.590 1.816E+02 
900 5.915B+04 1.616E+02 1.365E-03 71.4 1.000 0.992 2.590 2.0208+02 
1000 7.171E+04 1.779E+02 1.240E-03 78.7 1.000 0.992 2.590 2.225R+02 
1100 8.547E+04.1.942E+02 1.135E-03 85.9 1.000 0.992 2.590 2:429E+02 
1200 1.004E+05 2.106E+02 1.047E-03 93.1 1.000 0.992 2.590 2.633E+02 
1300 1.166E+05 2.269E+02 9.721E-04 100.3 1.000 0.992 2.590 2.837E+02 
1400 1.340E+05 2.432E+02 9.068E-04 107.5 1.000 0.992 2.590 3.042E+02 
1500 1.526E+05 2.595B+02 8.498E-04 114.7 1.000 0.992 2.590 3.2468+02 
1600 1.724E+05 2.759E+02 7.995E-04 122.0 1.000 0.992 2.590 3.450E+02 
1694 1.9218+05. 2.9128+02 7.574E-04 128.7 1.000 03992 2.3590 3.6428+02 
where 

intg integration 

rex x-Reynolds number 

rem momentum thiekness Reynolds number 

Ck2 friction coefficient 

nu , Nusselt number 

cfrat ratio cfi2/cf2,theo where cf2,theo defined in output 

nurat ratio nu/nu,theo where nu,theo defined in output 

hi2 bl shape factor 

reh enthalpy thickness Reynolds number 


Note: The following files, useful for data plotting, were also produced during ex- 
ecution of TEXSTAN (because k5>0), but they have not been reproduced here 


fin84. txt: x/s, yl, uinf, del2, h12, del3 
Sin85. txt: x/s, rex, rem, cf/2, reh, st, htc 
fin86.txt: intg, x/s, htc, qflux, twall, tinf 
ftn87. txt: intg, x/s, htc, uinf, st 
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Variable-property modification 


To change this data st to variable properties, set kfluid>1; for example, kfluid=14 
models air using the Sutherland viscosity law, a constant Pr, and the ideal gas law 
for density, and requires two user-specified variable values for molecular weight 
and the ratio of specific heats, typically amolwt=28.97 kg/kmol and gam/cp=1.4; 
for variable-property water, set kfluid=4. Note: For variable properties, the auto- 
matic input profile generator is somewhat inaccurate, but this effect damps out 
fairly quickly. 5 


High-velocity or high-Prandtl-number modification 


For flows with Mach number > 0.3 or Pr > 10; viscous dissipation should be con- 
sidered, requiring jsor(1)=3; and variable properties should be used. 


Wall heat-flux boundary condition modification 


To prescribe a variable wall heat flux, change the value of jbc to jbc(I,1)=2 and 
enter values for the wall bc, fj(I,1,m) as appropriate (units of heat flux will be 
W/m’). 


Variable wall boundary conditions 


For this example, let the wall temperature be 295 K over the x distance from 0.0 m 
to 0.10 m; at x=0.10 m, the wall temperature is lowered linearly down to 290 K 
over the x distance from 0.10 m to 0.15 m; at x=0.15 m, the wall temperature is 
abruptly changed back to 295 K. Recall that TEXSTAN will linearly interpolate 
between boundary condition values, so for step changes, specify x(m) values close 
together. Note: To resolve the step wall temperature effect in detail, especially to 
compare numerical output with theory, you may elect to either reduce deltax or em- 
ploy a more elaborate stepsize control method. For the latter, set kdx=1 and let 
aux1(1)=aux1(2)=0.2 and then let aux/(3)=aux1(4)=aux1(5)=0.05 (or some 
smaller value). 


nxbc change as follows: 


nxbc(I)=5 
nxbc(E)=5 
boundary condition table change as follows (five entries to match nxbc =5): 

x(m) rw(m) aux1(m) aux2(m) aux3(m) 
0.0000000 1.0000 0.0000 0.0000 0.0000 
0.1000000 1.0000 0.0000 0.0000 0.0000 
0.1500000 1.0000 0.0000 0.0000 0.0000 
0.1510000 1.0000 0.0000 0.0000 0.0000 
0.2000000 1.0000 0.0000 0.0000 0.0000 


(and 10 entries in these tables to match nxbc=5) 
ubi(m) am(Im) fj,l,m) ff(,2,m) ff(1,3,m) ff(l4,m) — fj(,5,m) 
ubE(m) am(E,m) fj(E,l,m) ff(E,2,m) f(E,3,m) ff(E.4,m) fj(E,5,m) 
0.00 0.000 ANS) (0, 
57010 0.0 OLA 
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0.00 0.000 UES) SO) 
US OW 0... 0 0.0 
0.00 0.000 2.9/0) 20 
15.300 0.0 0.0 
0.00 0.000 VSP NINO) 
15%,0:0 0.0 0.0 
0.00 0.000 295%-0 
L5%00 0.0 Ov. Ore? 33 


STARTING AND RUNNING TEXSTAN 


Once the compiled TEXSTAN has been downloaded to the user’s computer, it 
can be started by double-clicking its icon, which launches a DOS window. 
Within the DOS window, the user types the following command from the 
keyboard: 


bexsStani<cire> 
TEXSTAN immediately writes the following message to the DOS window: 
Starting program TEXSTAN - academic version xxxx 
Enter the TEXSTAN data set filename 
Now the user types the following command from the keyboard: 
SLO vedere er 


TEXSTAN (hopefully) writes the following 20-30 lines of messages to the DOS 
window to help the user track the execution of TEXSTAN as the integration 
proceeds: 


VATA DAMA D VAAL 
/// all input reads written to file: in.txt 
TUNA TT iad 
WAY, input data check in subroutine inpt ok 
IY file in.txt closed 
TA AYIA MIA AEN ILE 
/// output will be written to file: out.txt 
Vfl lid aha al ea a ah 


s10.dat.txt lam bl, flat plate, twall(I)=c 


write: sub johte. toe f£tng4wixt: x/siiiw)) dell. Gaile midel3 
write: sub, ohte, to £tn85.txt: x/s,,rnex, rem, Gif, ren, rst, htc 
Write: sub ohtc to ftn86-txt sintg, x«/s, htc, ghux,~twall, tink 
Writes sub: ohtc to Limgyetxty gntG 1) os. htc, ulmi, se 


integration step = 0 

intg= 1 xu= .1.04262E-03 xvo= . .00000E+00 rex= 1.00149F+03 
rem= 2.10187E+01 reh= 2.58965E+01 

integration step = 500 

integration step = 1000 
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integration step = 1500 
/// TEXSTAN (academic) is finished 


s10.dat.txt lam bl, flat plate, twall(I)=c 


The user will note that TEXSTAN writes numerous data files to disk. In this case 
TEXSTAN wrote the following files: 


aise eects 
QUE CEXE 
iG eel Wiebe 
PENS. sesck 
PiEmMS 6.2 exe 
Leen eentesct= 


and the DOS window messages teil the user what each of these files contain. It is 
the file out.txt that the user can compare to the s/0.bm.txt file using appropriate 
comparison software (the UNIX diff or Microsoft Word compare feature). Note: 
Some computer FORTRAN compilers create a real annoyance—they drop the 
leading zeros for floating point numbers, and comparison software will detect 
these differences between out.txt and the file sxxx.bm.txt because the leading 
zeros are missing. 

At several points during reading the input data, TEXSTAN does limited 
error checking of the values assigned to the input variables. This is by no means 
definitive, and we add to it as we discover new “pitfalls” and “‘mistakes” with in- 
terpretation of the meanings of input variables. All reads of the input to TEX- 
STAN are free format. This makes it easy to generate an input data set, but it is 
potentially troublesome to the input logic. With free format, all input variables 
must appear in the input data set, even if they are required to be zero (0 or 0.0). 
If you use a blank in place of a zero, the free-format read will skip to the next 
nonzero entry, thus creating an input-read problem that is sometimes hard to 
identify. 

Debugging the input is always frustrating. Every effort has been made to an- 
ticipate errors and incompatibilities. The structure of the input is to continuously 
read and write such that when a failure does occur, at least part of the file in. txt 
has hopefully been generated. Pay attention to whatever is written to the screen, 
and the same statement should exist in the file in.txt. One serious failure that is 
hard to diagnose occurs when you leave out a variable that TEXSTAN expects to 
read via the free format. FORTRAN will read the next line of data and try to 
process it, and from that point on, the data wil! be out of sequence and the error 
display that will eventually print may not be meaningful. 

We wish you the best of luck with academic TEXSTAN. It and STANS have 
been in continuous use worldwide for almost three decades, and we continue to 
support it for the academic community of convective heat and mass transfer. 
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output files to help the new user understand the variety of different 
geometries available for study. Listed below are representative data sets 
for external and internal flow geometries. 


T he website for TEXSTAN contains numerous data sets and corresponding 


EXTERNAL-FLOW DATA SETS 


Boundary layer—laminar flow over a flat plate 
low-speed, constant-property air; T=const be 


s10.dat lam 
ss10.dat (same as s10.dat, but in English units) 


low-speed, constant-property air; q’=const be 
sl1.dat 


low-speed, variable-property, small temperature differences; T=const be 


v10_2.dat air (kfluid=2) 
v10_6.dat nitrogen (kfluid=6) 
v10_8.dat helium (kfluid=8) 
v10_14.dat air (kfluid=14) 
v10_15.dat gas (kfluid=15) 
low-speed, variable-property, small temperature differences; q’”=const be 
v11_2.dat air (kfluid=2) 
low-speed, variable-property air, large temperature differences; T=const bc 
v10_0.7.dat (Ts/Tinf=0.7) 
v10_1.4.dat (Ts/Tinf=1.4) 
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v18_0.01_0.25.dat M=0.01, Ts/Tinf=0.25, Tinf=217.82 K 
v18_0.01_2.0.dat M=0.01, Ts/Tinf=2.0, Tinf=217.82 K 
high-speed, variable-property air, large temperature differences; T=const bc 
v18_6.0_0.25.dat M=6.0, Ts/Tinf=0.25, Tinf=217.82 K 
v18_6.0_2.0.dat M=6.0, Ts/Tinf=2.0, Tinf=217.82 K 


high-speed, variable-property air, large temperature differences, adiabatic wall; 
q’=0 be 


v18_6.0_aw.dat M=6.0, Tinf=217.82 K 
low-speed, constant-property water; T=const be 
w10.dat 
ww 10.dat (same as w10.dat, but in British units) 


low-speed, variable-property water, small temperature differences; T=const be 


wl0_4.dat 
ww10_4.dat (same as w10_4.dat, but in British units) 


low-speed, constant-property Reynolds analogy fluid, Pr=1; T=const be 
$12.dat 


Boundary layer—laminar flow over a flat plate with mass transfer 
low-speed, constant-property binary mixture, Pr=0.707, Sc=2.50; T=const be 
m10.dat 


low-speed, constant-property Reynolds analogy binary mixture, Pr=1, Sc=1; 
T=const be 


m12.dat 


Boundary layer—laminar flow over a flat plate (user-supplied 
initial profile test cases) 


Note: Data sets are similar to s10.dat 


p10.dat tests the use of the kstart=0 option 
file p10.pro provides a set of 107 velocity and temperature profiles 
Note: The finite-difference mesh will be calculated exactly, on the 
basis of the u(y) distribution contained in file p10.pro 

pp10.dat tests the use of the kstart=10 cption 
file pp10.dat provides a set of 54 velocity and temperature profiles 
Note: The finite-difference mesh will be calculated by interpolating the 
u(y) distribution contained in file pp10.pro, based on the specified dyi 
and rate 
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t10.dat also tests the use of the kstart=0 option using set of 107 velocity 
and temperature profiles contained within the data set 
Note: The finite-difference mesh will be calculated exactly, on the basis 
of the u(y) distribution 


ttl0.dat tests the use of the kstart=10 option using a set of 54 velocity 
and temperature profiles contained within the data set 
Note: The finite-difference mesh will be calculated by interpolating the 
u(y) distribution contained within the data set, on the basis of the 
specified dyi and rate 


Boundary layer—laminar stagnation-point flow 
(Falkner-Skan m=1) 


low-speed, constant-property air; T=const be 
Note: s15 analytically generates the m=1 free-stream velocity distribution 
Note: s15mod provides the m=1 free-stream velocity distribution as input data | 


s15.dat . 
s15mod.dat 


Boundary layer—laminar cylinder in cross flow 


low-speed, constant-property air; T=const bc 
Note: s16 analytically generates the free-stream velocity distribution 


s16.dat Ts/Tinf=0.997 


low-speed, variable-property air, large temperature differences; T=const be 
Note: v16 analytically generates the free-stream velocity distribution 


v16_0.7.dat Ts/Tinf=0.700 
v1l6_1.4.dat Ts/Tinf=1.400 


Boundary layer—laminar-flow-free convection over a vertical 
flat plate 


variable-property air, small temperature differences 


v90.dat 


Boundary layer—turbulent flow over a flat plate 


low-speed, constant-property air; T=const be 


s200_5.dat ml turb model 
s200_11.dat j-eqn turb model 
s200_21.dat 2-eqn L-S turb model 
s200_22.dat 2-eqn KYC turb model 
s200_23.dat 2-eqn L-B turb model 


s200_24.dat 2-eqn J-L turb model 
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low-speed, constant-property air; q’”=const be 


s210_5.dat ml turb model 
low-speed, variable-property air; T=const be 

v200_5.dat ml turb model 

v210_5.dat ml turb model 


low-speed, constant-property Reynolds analogy fluid, Pr=1, Prt=1; T=const be 
s220_5.dat ml model 


Boundary layer—turbulent accelerated flow over a flat plate 
172968.dat Thielbahr strong acceleration 


Boundary layer—turbulent flow over a curved flat plate 


170280.dat Simon strongly curved surface 
18000.dat Gibson mild convex surface 
18100.dat Gibson mild concave surface 


Boundary layer—turbulent flow over a rough flat plate 


low-speed, constant-property air; T=const bce 


s200_rek_30.dat m-! turb model 

171374_16.dat Pimenta fully rough surface (16 m/s) 
i71374_27.dat Pimenta fully rough surface (27 m/s) 
171374_40.dat Pimenta fully rough surface (40 m/s) 

171374.dat Pimenta fully rough surface (40 m/s) (kstart=10) 
171374_40a.dat Pimenta fully rough surface (40 m/s) (kstart=3) 


Boundary layer—flow in a converging—diverging nozzle 
s9000.dat m-! model 
Boundary layer—transitional turbulent flow over a flat plate 


low-speed, constant-property air; T=const bc 


s800_S5a.dat ml turb model w/ abrupt transition model 
s800_5c.dat ml turb model w/ A-G&S transition model 
s800_Sd.dat ml turb model w/ A* sine fn transition model 
s800_5e.dat ml turb model w/ Mayle transition model 
s800_1le.dat l-eqn turb model w/ Mayle transition model 
s800_21.dat 2-eqn turb model L-S, natural transition 
s800_22.dat 2-eqn KYC turb model, natural transition 
s800_23.dat 2-eqn L-B turb model, natural transition 
s800_23p.dat 2-eqn L-B turb model w/ controlled transition 


s800_24.dat 2-eqn J-L turbulence model, natural transition 
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low-speed, variable-property air; T=const be 


v800_Sa.dat ml turb model w/ abrupt transition model 


Boundary layer—flow over a turbine blade suction surface 
Daniels & Browne turbine blade, suction side at the design blade Re; T=const be 


v/00_Se.dat ml turb model w/ Mayle transition model, no curvature effect 
v700_Sec.dat ml turb model w/ Mayle transition model, curvature effect 
v700_lle.dat — 1-eqn turb model w/ Mayle transition model 

v700_23p.dat 2-eqn L-B turb model w/ controlled transition 


INTERNAL-FLOW DATA SETS 


Couette flow—laminar 
Study of effects of viscous dissipation on laminar constant-property couette flow 
c51 data sets use air with T=const be (I surface), T=const be (E surface) 


c51.dat no viscous dissipation 
c51_vd.dat viscous dissipation with V=10 m/s 
c5la_vd.dat viscous dissipation with V=350 m/s 


c52 data sets use oil with T=const be (I surface), T=const be (E surface) 


c52.dat no viscous dissipation 
c52_vd.dat viscous dissipation with V=10 m/s 
c52a_vd.dat viscous dissipation with V=200 m/s 


c53 data sets use oil with T=const be (I surface), q’”=0 be (E surface) 
c53_vd.dat viscous dissipation with V=10 m/s 
c53a_vd.dat viscous dissipation with V=200 m/s 

Pipe flow—laminar 

combined entry flow, constant-property air; T=const be 
s30.dat 

combined entry flow, constant-property air; q’=const be 
s31.dat 

combined entry flow, variable-property air; T=const be 
v30_2.dat 

combined entry flow, variable-property water; q’=const be 


v31_4.dat 
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thermally fully developed flow, constant-property air; T=const bc 
$32.datc 

thermally fully developed flow, constant-property air; q’=const be 
s33.dat 

unheated starting length (usl) flow, constant-property air; T=const be 
s34.dat 

unheated starting length (usl) flow, constant-property air; q’”=const be 
s35.dat 


Pipe flow—laminar (user-supplied initial profile test cases) 
Note: Data sets are similar to s32.dat, but in British units 


p32.dat tests the use of the kstart=0 option 
file p32.pro provides a set of 64 velocity and temperature profiles 
Note: The finite-difference mesh will be calculated exactly, on the basis 
of the u(y) distribution contained in file p32.pro 
pp32.dat tests the use of the kstart=10 option 
file pp32.dat provides a set of 33 velocity and temperature profiles 
Note: The finite-difference mesh will be calculated by interpolating the 
u(y) distribution contained in file pp32.pro, on the basis of the specified 
dyi and rate 
Parallel-plane flow—laminar 
combined entry flow, constant-property air; T=const (symmetric) be 
s50.dat 
combined entry flow, constant-property air; q’=const (symmetric) be 
s51.dat 
Note: These data sets check code symmetry for s50 and s51 using kgeom=6 


s506.dat T=const be (I surface), T=const be (E surface) 
s516.dat q’=const be (I surface), q’=const be (E surface) 


thermally fully developed flow, constant-property air; q’=const (symmetric) be 
s53.dat 

Note: This data set checks code symmetry for s53 using kgeom=6 
s536.dat q’=const be (I surface), q’=const be (E surface) 

unheated starting length (usl) flow, constant-property air, T=const (symmetric) be 
s54.dat T=const be 
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unheated starting length (usl) flow, constant-property air; q’=const (symmetric) be 
s55.dat q’=const be 
Note: These data sets check code symmetry for s54 and s55 using kgeom=6 


s546.dat T=const be (I surface), T=const be (E surface) 
s556.dat T=const be (I surface), T=const be (E surface) 


combined entry, flow, asymmetric heating, constant-property air 


s596.dat q’=const be (I surface), q’=const be (E surface) 


Annulus flow—laminar 


combined entry flow at r*=0.5, constant-property air 


s60.dat T=const be (I surface), T=const be (E surface) 

s61.dat q’=const be (I surface), q’”=const be (E surface) 
unheated starting length flow at r*=0.5, constant-property air 

s64.dat T=const be (I surface), T=const be (E surface) 

s65.dat q’=const be (I surface), q’”=const be (E surface) 


combined entry flow at r*=0.9, constant-property air 
s66.dat T=const be (I surface), T=const be (E surface) 
combined entry flow at r*=0.1, constant-property air 


s67.dat T=const be (I surface), T=const be (E surface) 


Couette flow—turbulent 


c560_6.dat T=const be (I surface), T=const be (E surface), 
ml turb model 

c560_8.dat T=const be (I surface), T=const be (E surface), 
ml turb model + ev turb model 

c560_21.dat T=const be (I surface), T=const be (E surface), 
2-eqn L-S turb model 

c560_22.dat T=const be (I surface), T=const be (E surface), 
2-eqn KYC turb model 

c560_23.dat T=const be (I surface), T=const be (E surface), 


2-eqn L-B turb model 


Pipe flow—turbulent 


combined entry flow, constant-property air; T=const be 


s410_6.dat ml turb model 
s410_7.dat ml turb model + ev turb model 
s410_21.dat : 2-eqn L-S turb model 
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s410_22.dat 2-eqn KYC turb model 
s410_23.dat 2-eqn L-B turb model 
s410_24.dat 2-eqn J-L turb model 


combined entry flow, constant-property air; q’”=const be 
s420_7.dat ml turb model + ev turb model 


combined entry flow, constant-property water; T=const bce 


w410_6.dat ml turb model 

w410_7.dat ml turb model + ev turb model 
w410_21.dat 2-eqn L-S turb model 
w410_22.dat 2-eqn KYC turb model 
w410_23.dat 2-eqn L-B turb model 


thermally fully developed flow, constant-property air; T=const be 
Note: Not particularly useful because initial profiles only an estimate 
better to just compute from entrance to thermally fully developed region 


s450_6.dat ml turb model 
s450_7.dat ml turb model + ev turb model 
s450_22.dat 2-eqn KYC turb model 


Pipe flow—turbulent (user-supplied initial profile test cases) 
Note: Data sets are similar to s450_6.dat, but in British units 


p450_6.dat tests the use of the kstart=0 option 
file p450_6.pro provides a set of 91 velocity and temperature profiles 
Note: The finite-difference mesh will be calculated exactly, based 
on the u(y) distribution contained in file p450_6.pro 


pp450_6.dat tests the use of the kstart=10 option 
file pp450_6.dat provides a set of 46 velocity and temperature profiles 
Note: The finite-difference mesh will be calculated by interpolating the 
u(y) distribution contained in file pp450_6.pro, on the basis of the 
specified dyi and rate 


Parallel-plane flow—turbulent 


combined entry flow, constant-property air; T=const (symmetric) be 


s510_6.dat ml turb model 

s510_7.dat ml turb model + ev turb model 
s510_21.dat 2-eqn L-S turb model 
s510_22.dat 2-eqn KYC turb model 
s510_23.dat 2-eqn L-B turb model 


s510_24.dat 2-eqn J-L turb model 
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Note: These data sets check symmetry of s510 using kgeom=6 


s516_6.dat ml turb model 
s516_22.dat 2-eqn KYC turb model 
combined entry flow, constant-property air; q’”=const (symmetric) be 
s520_7.dat ml turb model + ev turb model 
combined entry flow, constant-property water, T=const (symmetric) be 
w510_6.dat ml turb model 
w510_7.dat ml turb model + ev turb model 
w510_21.dat 2-eqn L-S turb model 
w510_22.dat 2-eqn KYC turb model 
w510_23.dat 2-eqn L-B turb model 
w510_24.dat 2-eqn J-L turb model 


thermally fully developed flow, constant-property air; T=const (symmetric) be 
Note: Particularly useful because initial profiles only an estimate 
Better to just compute from entrance to thermally fully developed 


s550_6.dat ml turb model | 


s550_22.dat 2-eqn KYC turb model 
Note: This data set checks symmetry for s550 using kgeom=6 
s556_6.da T=const be (I surface), T=const be (E surface), 
ml turb model 


unheated starting length flow, variable-property air with viscous dissipation, 
asymmetric heating 


v586_22.dat q’=const be (I surface), q”=const be (E surface), 
2-eqn KYC turb model 


Turbulent free convection between parallel planes 
body-force opposed, asymmetric heating, variable-property nitrogen 


t916.dat channel is 0.3 m wide and 18 m long 
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Adiabatic deceleration, 345 
Aerodynamics, 2 
surface roughness and, 215-219, 
268-271 (see also Surfaces) 
Air, 234-235, 237 
water-vapor systems and, 430-433 
Analogies, 3 
Annulus flow, 119. See also Circular 
~ tubes 
asymmetric heating and, 92-95 
concentric, 305—309 
eccentricity effects and, 308-309 
Nusselt number and, 94 
Texstan and, 528 
thermal-entry-length and, 
107-109 
Approximate solutions, 144 
Arbitrary-shape flow, 167-168, 170 
Asymmetric heating, 92-95 
Asymptotic accelerating flow, 211 
Asymptotic suction layer, 211, 215 
Axial conduction, 118 
heat flux and, 115-118 
surface temperature and, 109-114 
wall shear force and, 210 
Axial curvature, 219-221, 271-273 
Axisymmetric flow, 24, 27-28 
energy equations and, 33, 46-51 
laminar external boundary layers 
and, 156, 169 
laminar internal flow and, 69 
momentum and, 40-43 


Bernoulli’s equation, 43, 138, 499 
Beta function, 475 
Binary mixtures, 14 
Blasius equation, 355, 374 
heat transfer and, 150 
momentum transfer and, 134—135 
Texstan and, 510-521 
Blowing, 140, 186, 237 
convection and, 380-381 
parameter, 219, 267 
Boundary conditions, 406-407 
Boundary layers 
approximations for, 18-19, 40-51 


asymptotic suction layer and, 
SAUNA ISS 

axial curvature and, 219-221 

Blasius equation and, 134-135 

body of revolution and, 143-145 

concentration layer and, 19, 25-26, 
401-406 

concept of, 17-19 

condensation and, 139 

conditions for, 406—409 

conservation principles and, 5-8 

conserved property equation and, 
409-428, 481-495 

continuity and, 19-22, 402-403 

control surfaces and, 5—8 

convection and, 368-370, 374-390 
(see also Convection) 

cubic parabola and, 142, 160 

differential equations for, 52-66, 
401-404 

diffusion of chemical elements 
and, 402 

diffusion of component and, 
402-403 

energy equation and, 29-38, 402-403 

equations of state and, 37 

equilibrium and, 208-212 

evaporation and, 139 

Fourier’s law of heat conduction 
and, 11—12 

function tables for, 475-476 

high-temperature with dissociation, 
448-449 

high velocities and, 344-366 

incompressible, 131-141 

integral equations for, 40-51 

interface conditions and, 490-494 

kinetic energy model and, 201—206 

laminar external, 130-147 (see 
also Laminar external 
boundary layers) 

laminar internal flow and, 68-129 
(see also Laminar internal 
flows) 

law of the wall and, 242-247 
(see also Wall coordinates) 


mass diffusion equations and, 25-29 
mixing-length theory and, 183-186, 
196-200 
momentum and, 17-18, 22--25, 
130-147, 402-403, 406-409 
nonsimilar, 159 
partial differential equations 
and, 3-4 
primary variables of, 400-401 
separated flow and, 171-172 
shear thickness and, 143 
similarity parameter and, 133 
strongly accelerated, 259-260 
Texstan and, 496-509 (see also 
Texstan) 
thermal, 29-38 
thickness and, 18, 40-49, 153, 
161-162, 188-196, 373 
transferred-substance state and, 
407-409 
transpired, 212-215 
tubes and, 282-289 (see also Tubes) 
turbulence and, 52-66, 178-228 
(see also Turbulent external 
flows; Turbulent internal flows) 
Van Driest model and, 178, 194-196, 
335-336, 497, 502 
wedge solutions and, 138-139, 
143-145 (see also Wedge 
solutions) 
Boussinesq approximation, 368-370, 
372, 381 
Brinkman number, 92 
Buoyancy, 56, 372, 389-391 


Cartesian coordinate system, 6, 9 
continuity equations and, 19-21 
Navier-Stokes equations and, 24—25 
Nusselt number and, 303-304 
Reynolds number and, 55—56, 

303-304 
tensor notation and, 11 
Texstan and, 499 
tubes and, 36-37 
vector/scalar quantities and, 
477-478 
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Centrifugal force, 367 
Chain rule, 63 
Chemical reactions, 2,25 ~ 
boundary condition interface and, 
490-494 
diffusion and, 27-29, 481-484 
energy equation simplification and, 
484 489 
equal specific heats and, 486-489 
graphite ablation and, 446-448 
graphite burning and, 444-446 
heat of formation and, 486 
mass-transfer and, 402-406 
volatile fuel burning in air, 442-444 
Circular tubes, 21. See also Turbulent 
internal flows 
axisymmetric flow and, 24, 
27-28, 33 
concentric annuli and, 92-95, 
305-309 
constant heat rate and, 84 
Couette flow and, 283 
cylindrical coordinates and, 478-479 
eccentricity effects and, 308-309 
energy differential equations and, 
81-82 
enthalpy and, 81-82 
entry length and, 74-76, 97-105, 
283, 312-322 
fully developed flow in, 282-287 
hydraulic diameter and, 310 
laminar internal flow and, 67—71 
liquid metals and, 299-302 
mixing length and, 293 
model correlations for, 311-312 
parallel planes and, 305-309 
peripheral flux variation and, 
304-305 
Prandtl number and, 294-302 — 
pressure-gradient and, 36, 82 
surface roughness and, 322-323 
temperature profiles and, 82-95 
Texstan and, 524 
velocity profiles and, 82-95 
Closure problem, 182 
Concentration boundary layer, 19, 
25-26, 401-406 
Condensation, 139 
Conduction, 1-3, 80, 430 
axial, 109-118, 210 
conserved property equation and, 
409-428 
constant-heat-rate solution and, 
86-88 


convection and, 83 

eddies and, 229-231, 238 

energy equations and, 29-38 

enthalpy thickness and, 48-49 

fluid properties and, 330-343 

Fourier’s law of, 11-12 

gases and, 331-332 

high mass-transfer rates and, 
418-427 

high velocities and, 344-366 ~ 

laminar external boundary layers 
and, 149-158 (see also Laminar 
external boundary layers) 

laminar internal! flow and, 80-129 
(see also Laminar internal 
flows) 

mass-transfer driving force and, 
409-411 

molecular, 245 

nondimensional, 151 

Nusselt number and, 151 (see also 
Nusselt number) 

Prandtl number and, 233-242 
(see also Prandtl number) 

Reynolds decomposition and, 56 

small mass-transfer rates and, 
414418 

Stanton number and, 51 (see also 
Stanton number) 

surface roughness and, 215-219, 
268-271 


Conservation principles, 33, 41 


energy and, 7-8 

instantaneous turbulence equations 
and, 54-55 

mass and, 5-6 

momentum theorem and, 6-7 

Reynolds-averaged equations 
and, 52-66 

transport equations and, 58-66 


Conserved property equation, 429, 448 


boundary conditions and, 406-409 

continuity and, 482 

Couette flow and, 418-420 

defined, 405 

derivations of, 481495 

diffusion and, 481484 

high mass-transfer rates and, 
418-427 

laminar boundary layer and, 
414-416, 420-426 

1’ Hospital’s rule and, 420 

mass-transfer driving force and, 
409-411 


momentum and, 482 

property-ratio scheme and, 424-425 

reference property and, 424 

small mass-transfer rates and, 
414-418 

turbulence and, 416-418, 426-427 


Constant-heat-rate solution, 84, 


86-88, 118-119 


Constant-property solutions, 331-332, 


359, 362-363 


Constant surface temperature, 85-86, 


91, 118 
laminar external boundary layers 
and, 149-158, 166 


Continuity, 32, 336, 368 


conserved property equation and, 
409-428, 482 

Fick’s law of diffusion and, 13-15 

Fourier’s law of heat conduction 
and, 11-13 

mass-transfer and, 402-404 

stress and, 10-11 

transport coefficients and, 15 


Control volume, 5-8 
Convection, 2, 140-141, 378, 382-383, 


387-389, 453-456 
air—water-vapor system and, 430-433 
approximate solutions and, 381-382 
blowing and, 380-381 
boundary layers and, 400-406 

(see also Boundary layers) 
Boussinesq approximation and, 
368-370, 372, 381 
buoyancy and, 389-391 
centrifugal forces and, 367 
conductance and, 83, 430 
conservation principles and, 5-8 
conserved property equation and, 
409-429, 448 
continuity and, 368 
Coriolis forces and, 367 
cylinders and, 387-388 
diffusion and, 81 
driving force and, 429-430, 
433-434, 437-440, 
445-446, 448 
drying and, 437-438 
in enclosures, 390-394 
equations for, 65, 368-370 
evaporative cooling and, 438-439 
flow regimes and, 370-373 
forced, 1, 367, 389-390 
free, 367,.368-373 
gas injection and, 449-452 


general solution procedure for, 
429-430 

graphite ablation and, 446-448 

graphite burning in air, 444-446 

Grashof number and, 373, 377, 379, 
387, 390-391 

gravity and, 367-368 

heat-exchanger theory and, 80-81 
(see also Heat-transfer) 

high mass-transfer rates and, 406, 
418-427 

high-temperature with dissociation, 

. 448-449 

high velocity, 344-366 

inclined surfaces and, 386-387 

inertia and, 377 

interferometers and, 370, 383 

laminar internal flow and, 81—83 

low mass-transfer rates and, 406, 
409, 414-418 

Mach number and, 344 

mixed free, 389-930 


molecular weight and, 424-425, 431, 


436, 440-441 

naphthalene sublimation and, 
439-442 

natural, 1, 367, 390-394 

Navier-Stokes equation and, 
370, 391 

Nusselt number and, 378, 380, 
386-394 

other-geometry solutions and, 
386-388 

plates and, 381-382, 387 

power-function laws and, 384 

Prandtl number and, 377-378, 
389-390 

Rayleigh number and, 387, 
391-393 

relative humidity and, 432 

Reynolds number and. 370-371 

sealing and, 370-373 

similarity solutions and, 374-381! 

suction and, 380-381 

transferred-substance state and, 
407-409 

transpiration cooling and, 449-452 

turbulence and, 300, 383-386 (see 
also Turbulent external flows; 
Turbulent internal flows) 

variable property effects and, 
382-383 

volatile fuel burning in air, 442-444 

wet-buib psychrometer and, 433-437 


Cooling, 438-439, 449-452 
Coriolis force, 367 
Couette flow, 186, 213 
circular tubes and, 283 
conserved property equation and, 
418-420 
l Hospital’s rule and, 420 
Texstan and, 526, 528 
thickness and, 188-189 
transpiration and, 260-264 
Van Driest model and, 195 
wall coordinates and, 187-191, 
242-247 
Creation, 5—8, 26-27 
Cubic parabola, 142, 160 
Curvature effects, 219-221 
Cylinders, 387-388. See also Tubes 


Damping function, 335-336, 497, 502 


Density 

Boussinesq approximation 
and, 368-369 

conserved property equation 
and, 421 

continuity equations and, 19-21 

Fourier’s law of heat conduction 
and, 11-12 

gases and, 331-332 


kinetic energy model and, 201-206 


laminar internal flow and, 69 
naphthalene sublimation and, 440 
Reynolds decomposition and, 56 
viscous stress and, 9-11 
Derivative rule, 58 
Destabilization, 219 
Differential equations. See Equations 
Diffusion. See also Heat-transfer 
axisymmetric, 27-28 
binary mixtures and, 14 
boundary condition interface and, 
490-494 
chemical reactions and, 27-29, 491 
(see also Chemical reactions) 
conserved property equation and, 
48 1-484 
convection and, 81 
defined, 13 
eddies and, 182-183, 229--231 
energy equation simplification and, 
484489 
Fick’s law of, 13-15, 25-26 


Fourier’s law of heat conduction and, 


11-12 
high velocities and, 344-346 
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k-e model and, 206-208 

kinetic energy model and, 201-206 

mass, 25-29, 264, 402-406 

mixing-length theory and, 183-186, 
196-200 

molecular thermal, 82 

psychrometers and, 433-437 

Schmidt number and, 464 

Soret effect and, 14-15 

temperature and, 98-104, 194-196 
(see also Temperature) 

thermal-entry-length and, 97-107, 
117-119 

transpiration and, 264 

tubes and, 282-291 (see also Tubes) 

unheated starting length and, 
251-254 

Van Driest model and, 194-196 

volatile fuel burning in air, 
442-444 

wall coordinates and, 242-247 


Diffusion-thermo effect, 12 
Dimensionless groups, 15 
Displacement thickness, 43-45 
Dissipation, 35 


high velocities and, 347, 350, 
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‘ 


Convective Heat and Mass Transfer presents a strong theoretical basis 
for the subject, concentrating on boundary layer theory, with special 
emphasis on laminar and turbulent thermal boundary layers. 


@ Numerous design sections show how analytical techniques are 
actually used to model heat exchangers, etc. | 
@ Computer Problems are included in each chapter problem set. 
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